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This Technical Note was originally given limited distribution

as NBS Report No. 5092, dated July 25, 1957. Since that time parts

of this report have been published in the following references:

(1) K. A. Norton, "Low and medium frequency radio

propagation", Proc. of the International Congress on the

Propagation of Radio Waves at Liege, Belgium, October,

1958, to be published by the Academic Press.

(2) K. A. Norton, "System loss in radio wave propagation",

J. Research, NBS, 63D , pp. 53-73, July-August, 1959.

(3) K. A. Norton, "System loss in radio wave propagation 11

,

Letter to the Editor, Proc. I. R. E. , to be published.

All of the material in reference (1) is included in this

Technical Note. Some of the material in references (2) and (3) is

new, particularly the definitions of the new terms "system loss" and
"propagation loss". The transmission loss concept was adopted by
the C.C.I. R. at its IXth Plenary Assembly in Los Angeles as is

discussed more fully in reference (3) above.



TRANSMISSION LOSS IN RADIO PROPAGATION: II

by

Kenneth A. Norton

SUMMARY

In an earlier report with this title the concept of trans-

mission loss was defined and its advantages explained. In

this report a survey will be made of the transmission losses

expected for a wide range of conditions, i. e. , for distances

from 10 to 10, 000 statute miles; for radio frequencies from 10 kc

to 100, 000 Mc; for vertical or horizontal polarization; for ground
waves, ionospheric waves, and tropospheric waves; over sea

water or over land which may be either rough or smooth; and for

various geographical and climatological regions.

Note: Tbr attention of the reader is called to additional terms,
discussed in appendix III, which must be added to the transmis-
sion losses shown in this report when the antennas are near the

surface. These terms arise from changes in the antenna radia-
tion resistances which occur when the antennas are near the

surface, and represent important corrections to the transmission
loss, particularly at the lower frequencies where the antennas,

assumed to be 30 feet above the surface for many of the calcula-
tions, are only very small fractions of a wavelength above the

surface.





TRANSMISSION LOSS IN RADIO PROPAGATION: II

by

Kenneth A. Norton

1. Transmission Loss in Radio Propagation

We will be concerned primarily with the transmission loss

encountered in the propagation of radio energy between a transmit-
ting and a receiving antenna. Simple methods will be given for

determining the magnitude of this transmission loss and its varia-

tion in space and time (fading) for any frequency in the presently-

used portion of the radio spectrum and for any kind of transmission
path likely to be encountered in practice. In addition, methods will

be given for estimating radio noise and interference levels. When
combined, these two methods make possible the estimation of the

transmitter power and antenna gain required for satisfactory com-
munication, navigation, or other specific uses of the transmissions.

The transmission loss in a radio system involving propaga-
tion between antennas is simply the ratio of the radio frequency
power, pr, radiated from the transmitting antenna divided by the

resulting radio frequency power, pa , available from an equivalent

loss -free receiving antenna; thus the system transmission loss =

(p /p )• We see that the transmission loss of a system is a
r a

dimensionless number greater than unity, and that it will often be
convenient to express this in decibels; the transmission loss, L*

expressed in decibels, is thus always positive:

L = ioiog
10 (pr

/Pa) = p
r
-p

a a>
t

*

f

See references 1, 2 and 3.

Throughout this report capital letters will be used to

denote the ratios, expressed in decibels, of the corresponding
quantities designated with lower-case type; e.g. , P =10 log p ,

r 10 r



This particular choice of definition excludes from the transmission

loss the transmitting and receiving antenna circuit losses'" and any

loss which occurs in any transmission lines which may be used

between the transmitter and the transmitting antenna or between the

receiving antenna and the receiver. This exclusion has the advan-

tage that it results in a measure of loss which is attributable solely

to the transmission medium including the path antenna gain , G_ ,

which arises from the directivities of the transmitting and receiving

antennas. In addition to the actual transmission loss, L, of the

system, it is also convenient to define the basic transmission loss,

L^, to be the transmission loss expected if the actual antennas were
replaced by isotropic antennas; • this also serves to define the path

antenna gain:

G
p
= Lb - L (2)

Consider first an idealized isotropic transmitting antenna
in free space radiating a power, pr , expressed in watts. Such an
antenna produces a field intensity of p /4ud watts per square mile
at a distance d expressed in miles provided d > > \, The absorbing
area of a perfectly conducting, isotropic receiving antenna in free
space is equal to \ /4ir where X is the free -space wavelength ex-
pressed in miles; the resulting radio frequency power available from
such a receiving antenna when placed at a distance d > > \ from the

isotropic transmitting antenna is thus pa = pr(\/4ird) . Thus we find

Antenna circuit loss includes the ground losses arising

from the induction field of the antenna, but excludes losses
occurring in the radiation field.

' In some of the past literature on radio wave propagation,

the intensities of the expected fields have been given in terms of E,

the field strength expressed in decibels above one microvolt per

meter for one kilowatt effective power radiated from a half-wave
dipole. It can be shown that Lm and E are simply and precisely

related by LK = 139. 367 + 20 log,„f - E.
D 10 mc



that the basic transmission loss, L^f* for isotropic antennas in free

space ' is given by:

Lbf = 10 log
1Q

(p
r
/p

a
) = 10 log

1()
(4TTd /\)

2
.36.58 + 20 log^d + 20 log

1Q
fMc

(3)

In the above f, denotes the radio frequency expressed in megacycles.
Mc

Fig.l shows this basic transmission loss for isotropic antennas in

free space. For d - 2\, Ly = 28 db and thus (3) is only approximate

when the indicated values of Lw are less than, say, 30 db.

In fact, whenever the calculated transmission loss is less

than, say 30 db, we must consider that the problem involves a

transfer of an appreciable portion of the power between the transmit-
ting and receiving antennas by other than radiation. For example,
there is a direct coupling between the antennas via their induction and
electi*ostatic fields, and this is a negligible factor in the calculation

of the transmission loss only when L. > 30 db. When high gain

antennas are used, their separation must be much greater than 2\ in

order to maintain the condition L > 30 db.

For an actual radio transmission system there will always be

some path antenna gain so that the transmission loss L = Lt_ - G
will be less than the basic transmission loss. In some systems the

free space gains G^ and Gr of both the transmitting and receiving

antennas, respectively, will be fully realized so that G = Gf + Gr .

For example, with half-wave dipoles having a common equatorial

plane and separated by a distance d > > \ in free space

Gj- = Gr = 2.15 db so that G = 4. 30 db; the transmission loss for such
a system is thus just 4. 3 dl) less than that given by (3) and shown on
Fig.l. Similarly, electrically short dipoles have gains

In some of the past literature on radio wave propagation, the

intensities of the expected fields have been given in terms of

A = L^ - L Df» the attenuation relative to that expected for propagation
in free space; in the case of surface wave propagation with vertical

polarization, the attenuation has usually been expressed relative to an
inverse distance field which is twice the free space field and thus
A 1 = L, - Li r + 6. 021 in this case.



BASIC TRANSMISSION LOSS IN FREE SPACE

ISOTROPIC ANTENNAS AT BOTH TERMINALS
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G^ = Gr
- 1. 76 db so that G = 3. 52 db for propagation between

appropriately oriented electrically short dipoles in free space.

The free space gain of a large receiving antenna with an

effective absorbing area of ae square meters will increase with in-

creasing frequency at sufficiently high frequencies:

G
r

= 10 1og
10

ae+2 1og
10

fMc -38.54 (4)

(Fori, >100/ «s/a )Mc e

For example, a large parabolic antenna will have an effective ab-

sorbing area a between 50 and 70 per cent of its actual area.

2. Transmission Loss in Free Space

Before considering the additional influences of the earth's

surface and of its atmosphere on the propagation and transmission
loss of the radio waves, it is instructive to consider first the charac-
teristics of the transmission loss in free space for three kinds of

systems which are typical of most of the applications encountered
in practice.

Consider first a broadcast type of system in which essentially

non-directional antennas are used at both terminals of the transmis-
sion path. For example, if half wave dipoles were used we have
already Been that the system transmission loss, L, will be just 4. 3 db
less than that given by (3) and shown on Fig. 1. For such systems
we see that the loss increases rapidly with increasing frequency
because of the decreasing absorbing area of the receiving antenna.

For this reason such systems should, in general, use the lowest
available frequencies.

Consider next a type of broadcast service in' which a directional

array may be used at one end of the path: television is an example
since the televiewers in remote areas consistently use high gain re-
ceiving antennas. If we assume that a half-wave dipole is used at

the other terminal, we may combine (3) and (4) and obtain for the
system transmission loss:

L
f
= 72. 97 + 20 log

1()
d - 10 log

1()
*
q

(5)



Note that the free space transmission loss in this case is independent

of frequency. In this case again, because of the additional loss

arising from the effects of irregular terrain'1
" which increase with

increasing frequency, it is generally desirable to keep this kind of

broadcasting service at the lowest available frequencies.

Finally consider a point-to-point type of service in which
two identical high gain (and thus highly directional) antennas are used
at each terminal of the transmission path. For such a system the

free space transmission loss may be obtained from:

L
f
= 113. 67+20 log

1()
d - 20 to^f^ - 20 log^% (6)

For services of this type it is clear that the highest frequencies free

from the effects of atmospheric absorption are likely to be the most
efficient. The above formula is applicable only to line -of-sight

systems with first Fresnel-zone clearance over terrain which appears
rough to the radio waves, and we will consider later within -line -of

-

sight smooth-terrain systems and beyond-the -horizon systems
employing tropospheric scatter.

Rayleigh's criterion of the roughness may be used to determine
whether a surface appears to the radio waves to be rough or smooth:

4tt <r sin ib

R—\ (7)

In the above equation a, denotes the standard deviation of the terrain
h

heights relative to a smoothed mean height (see Fig. 2), ib = ib = if*T R
denotes the grazing angle with the smoothed mean surface and

X is the wavelength expressed in the same units as ov. When R is

less than 0.1, there will be a well defined specular reflection from
the ground, but when R > 10, the reflected wave will be substantially

weaker and will usually have a very small magnitude.!

The concept of first Fresnel-zone clearance provides a means
of determining when the effects of the ground may be neglected so

that the simple formula (6) may be used for determining the expected

See reference 2.

See references 4, 5 and 6.
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transmission loss to a first approximation. Fig. 2 illustrates the

first Fresnel zone concept. When the terrain along ths path just

touches the elliptical first Fresnel-zone defined by the locus of points

such that a + b = d + \/2, the path is considered to have first Fresnel-
zone clearance for a system with wavelength X. On Fig. 2, T and R
represent the locations of the transmitting and receiving antennas.

The presence of the ground will have only a small effect on the propa-
gation, provided the antennas are sufficiently elevated so that none of

the terrain lies within the first Fresnel zone and if, in addition,

R > 10 so that the surface appears rough to the radio waves.

3. Transmission Loss for Ground Wave Propagation

The ground wave is that component of the total received field

which has not been reflected (or scattered) from either the iono-

sphere or the troposphere. It is convenient to divide the ground
wave into two components :' a space wave and a surface wave.
The space wave is the sum of a direct wave and a ground-reflected

wave. Figs. 3 and 4 give examples of space wave propagation.?

Near the radio horizon the ground -reflected wave is out of phase with
the direct wave, and the received fields are quite weak; as the re-
ceiving antenna is raised, the relative phase increases until finally

the direct and ground-reflected waves are in phase— at the lobe

maxima shown on Figs. 3 and 4. At still higher heights the relative

See references 7 and 8.

See references 3, 9, 10, 11, 12, and 13.

The term Norton surface wave has been used in several
recent papers in order to distinguish this component of the ground
wave from the Zenneck surface wave with which it has sometimes
been confused; the latter does not exist in practice as shown by Wise
in reference 14. A recent discussion of surface waves by Wait in

reference 15 further clarifies the physical nature of this and other
surface wave components.

See references 16 and 17 for a further discussion of air-to-
ground propagation.

8
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phase continues to increase, lobe minima and maxima occurring

where the direct and ground reflected waves are out-of-phase and

in-phase. Figs, 3 and 4 may be used to show approximately what

happens at some other radio frequency, fj^jc, and ground antenna

height, h, if we modify the transmission losses indicated on these

figures by adding 20 log (fj^/328) and, at the same time, determine

hfor Fig. 3 by (h/35) = (328 /fMc ) and for Fig. 4 by (h/115) = (328/fMc ).

Figs. 3 and 4 correspond to smooth earth conditions, i. e.

,

for R < < 0. 1. In this case the space wave field strength may be

represented approximately by:

F = 2F sin(2ir h sin ip/X) (8)
o

For example, the above equation represents very accurately the

expected field strength for propagation from a horizontal dipole over
a smooth, flat, perfectly conducting surface, where F is the field

strength in free space, F is the expected field strength at a receiving

point corresponding to a grazing angle i|j, and h is the height of the

ground terminal antenna above the smooth surface. The maximum
of the first lobe (F = 2FQ ) occurs when (2-rrh sin i^/M = t/2; according
to Rayleigh's criterion (4tt ov sin i^A) must be less than 0.1 for the

surface to appear smooth to the radio waves. Combining these two
results we find that cr-^ must be less than h/lOir , independent of the

frequency, if we are to expect (8) to apply at the angle i|j correspond-
ing to the maximum of the first lobe. At still higher angles the

requirements for smoothness of the terrain are correspondingly more
stringent. At lower grazing angles, however, the terrain may be
correspondingly rougher; for example, at the angle below the first

lobe maximum where F = 0. 2 FQ corresponding to a transmission

loss 20 db greater than at the maximum of the lobe, cr^ must be less

than 0. 5h for the earth to be considered sufficiently smooth for (8)

to apply and where F = 0. 02 FQ corresponding to a transmission loss
40 db greater than at the lobe maxima, a

-

, may be as large as 5h.
Thus we see that the large reductions in the received field below the

maximum of the first lobe as shown on Figs. 3 and 4 and indicated by
(8) are expected to occur even over comparatively rough terrain.

For propagation conditions such that R is large, i. e. , high
frequencies, very rough terrain, or large grazing angles, the ground

11



reflected wave may be described statistically. It has been found''" that

the Rayleigh distribution is appropriate for this purpose when R is

very large, say R > 100, and that a combination of a constant specular

component plus a random Rayleigh component is required foi*

0. 01 < R < 100. Fig. 5 shows theoretical probability distributions

for this case with the parameter K increasing from (- co) for R<0. 01

to values of K greater than 20 for R > 100. Here K is the level in

decibels of the mean power in the random, Rayleigh distributed,

component relative to that of the steady component. As an example
of the use of probability distributions of this kind for describing

space wave propagation conditions, suppose we have an air-to-air

communication system operating at 328 Mc. As we fly over irregular

terrain at a fixed high altitude away from another aircraft at the same
altitude (See Fig. 6), the grazing angle fy decreases from a compara-
tively large value to zero on the radio horizon, and this corresponds
to a decrease of R from a very large value to zero on the radio

horizon. Thus at short distances the ground-reflected wave will

fluctuate in magnitude over a range indicated by the K = 20 curve on
Fig. 5, while at larger ranges these fluctuations will occur over
smaller and smaller ranges corresponding to the smaller values of

K.

The above statistical description of space wave propagation
over rough terrain is appropriate for propagation paths with Fresnel-
zone clearance. For still smaller antenna heights involving propa-
gation very near to or just below grazing incidence, the received
space wave is log normally distributed. ' For example, a study r

of the fields received on over -land paths from television stations in

the frequency range from 50 to 220 Mc and on receiving antennas with
heights in the range from 12 to 30 feet indicates that the standard
deviation of the received fields is of the order of 6 to 10 db about mean
values of the order of magnitude expected for propagation over a
smooth surface.

Finally, when the transmitting and receiving antennas are
both actually on the surface, the received ground wave is a surface
wave. Furthermore, when the transmitting and receiving antennas

See references 4, 6 and 18.

See references 2 and 19.

See reference 19.

12
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DISTRIBUTION OF THE RESULTANT AMPLITUDE
OF A CONSTANT VECTOR PLUS A RAYLEIGH DISTRIBUTED VECTOR
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are both only a small fraction of a wavelength above the surface, the

received ground wave is still primarily a surface wave together with

a small space-wave component. The transmission loss in surface

wave propagation 1
' is very much influenced by the electrical constants

of the ground, especially its conductivity. Although efforts have been
made to correlate these ground constants with soil types so that pre-
dictions of the effective ground conductivity could be made, such
studies have not been very successful so far. However, a publication

of the National Bureau of Standards is available T which gives the

measured values of effective ground conductivity for various propa-
gation paths in the United States. For propagation over average land

one may use an effective ground conductivity of 5 milli-mhos per
meter and an effective dielectric constant of 15 although individual

over land paths may have substantially different ground constants,

while over the sea the effective ground conductivity is of the order of

5 mhos per meter with an effective dielectric constant of 80.

Figs. 7, 8, 9, and 10 show the basic transmission loss ex-
pected for ground wave propagation over a smooth spherical earth

with the transmitting and receiving antennas both at a height of

30 feet, for either vertical or horizontal polarization and with ground
constants typical of over land and over sea water paths. At frequen-
cies less than 10 Mc, the antenna heights are less than a wavelength
and the ground waves shown for vertical polarization are primarily
surface waves, whereas for frequencies greater than 100 Mc the

ground waves with these antenna heights are primarily space waves
with only a small surface wave component. Note that the proximity
of the earth at low frequencies doubles the received fields for

vertically polarized waves, but suppresses the propagation of hori-
zontally polarized waves: i. e. , horizontally polarized surface waves
are highly attenuated. However, at the higher frequencies involving

primarily space wave propagation, the expected transmission loss

becomes independent of the polarization used.

On frequencies above 10, 000 Mc the radio waves are
appreciably absorbed by the oxygen and water vapor in the atmos-
phere. Fig. 11 shows the total gaseous atmospheric absorption
near the surface at Washington, D. C. The absorption shown on
Fig. 11 is the median value; for small percentages of the time the

absorption will be considerably greater as a result of absorption

'fi

See references 9, 10, 11, and 12,

See reference 20.
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BASIC TRANSMISSION LOSS EXPECTED FOR GROUND WAVES

PROPAGATED OVER A SMOOTH SPHERICAL EARTH

OVER LAND: a = 0.005 MHOS/METER, € = 15

POLARIZATION: VERTICAL

TRANSMITTING AND RECEIVING ANTENNAS BOTH 30 FEET ABOVE THE SURFACE
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BASIC TRANSMISSION LOSS EXPECTED FOR GROUND WAVES

PROPAGATED OVER A SMOOTH SPHERICAL EARTH
OVER SEAWATER: a = 5 MHOS/METER, € = 80

POLARIZATION: VERTICAL

TRANSMITTING AND RECEIVING ANTENNAS BOTH 30 FEET ABOVE THE SURFACE
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PROPAGATED OVER A SMOOTH SPHERICAL EARTH

OVER LAND: <r = 0.005 MHOS/METER, € = 15

POLARIZATION: HORIZONTAL

TRANSMITTING AND RECEIVING ANTENNAS BOTH 30 FEET ABOVE THE SURFACE
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BASIC TRANSMISSION LOSS EXPECTED FOR GROUND WAVES

PROPAGATED OVER A SMOOTH SPHERICAL EARTH
OVER SEAWATER: a = 5 MHOS/METER, € = 80

POLARIZATION: HORIZONTAL

TRANSMITTING AND RECEIVING ANTENNAS BOTH 30 FEET ABOVE THE SURFACE
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AVERAGE GASEOUS ATMOSPHERIC ABSORPTION

NEAR THE GROUND AT WASHINGTON, D.C.

Meteorological Data From the Ratner Report

July II, 1957
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by rain. The transmission losses shown on Figs. 7, 8, 9» and 10

for frequencies above 10, 000 Mc were estimated by using the August
absorption shown on Fig. 11.

The heights of the antennas are very important in ground wave
propagation at the higher frequencies. This is illustrated on Fig. 12

which shows for a frequency of 50 Mc the great reduction in trans-

mission loss expected when the antenna height at one terminal is

increased from zero up to 10, 000 feet while the other antenna height

is increased from zero up to 30 feet.

4. Transmission Loss for Ionospheric Propagation

Radio waves with frequencies less than the maximum usable

frequency for a given transmission path are reflected by the ionized

regions of the upper atmosphere with sufficient intensity so that they

often provide a mode of transmission with less loss than that involved

in ground wave propagation. The maximum frequency usable on a

given ionospheric transmission path depends upon the length of the

path, its geographical location, the time of day, the season of the

year, and the phase of the sunspot cycle. Predictions of these

maximum usable frequencies are published regularly three months
in advance by the Central Radio Propagation Laboratory. T Fig. 13

is an example of these predictions showing how the maximum usable

frequencies vary with local time and with geographical location for a

path 4, 000 kilometers long. This particular chart is for February^
1957, a period near sunspot maximum as may be seen on Fig. 14

which shows the smoothed Zurich sunspot numbers from 1750 to 1957.

The sunspot numbers shown on Fig. 14 are averaged over a period of

13 months, but the author has shown in unpublished work that the

sunspot numbers obtained by averaging over a period of three months
are just as well correlated with ionospheric propagation conditions

and thus provide a more useful index for prediction purposes. Fig. 15

shows a typical correlation between the observed maximum usable
frequencies and these three -months -smoothed sunspot numbers.

See references 21, 22 and 23.

f
See references 24 and 25.
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BASIC TRANSMISSION LOSS EXPECTED IN PROPAGATION

OVER A SMOOTH SPHERICAL EARTH AT 50 MEGACYCLES

HORIZONTAL POLARIZATION; a =0.005 MHOS/ METER; 6=15

FOR THE TERMINAL ANTENNA HEIGHTS INDICATED
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NORTH LATITUDE SOUTH

FIG.I3 MEDIAN F2-4000-MUF, IN Mc, W ZONE, PREDICTED FOR FEBRUARY 1957
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CORRELATION OF THE MONTHLY MEDIAN WASHINGTON 2PM.
MAXIMUM USABLE FREQUENCIES FOR FEBRUARY WITH THE
THREE-MONTHS-SMOOTHED ZURICH SUNSPOT NUMBERS
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4.1 Very Low Frequency Ionospheric Propagation

At the very low frequencies below 30 kc, the ionosphere

reflects the waves at relatively low heights, about 70 km in the day-

time and 90 km at night. At these low heights the ionization gradients

are sufficiently large so that the ionosphere behaves as a sharp

boundary, and it is convenient to use wave guide theory for deter-

mining the phase and amplitude of the received waves; good discus-

sions of this theory are presented in the June, 1957 issue of the

Proceedings of the Institute of Radio Engineers. Figures 16, 17, 18,

and 19 give examples for this frequency range of the transmission loss

expected in propagation between vertical electric dipoles over land

and over sea and for day and night conditions. The values shown on
these four figures -were computed by the methods described by

Wait; _' zJJ the minima and maxima shown are caused by inter-

ference between the ground wave and ionospheric wave modes at

distances less than about 1, 000 miles, and are caused by interference

between the several ionospheric modes at the larger distances. At
these long wavelengths the fading of the received waves is caused
by a gradual shift from midday to midnight conditions and consequently
has a very long period; thus at certain distances the received field

may remain weak throughout the day or the night. The comparison
between the calculated and observed locations and magnitudes of such
anomalies provides a useful means for determining the effective

constants of the ionosphere. The dimensionless constant L/H provides
a measure of the effective conductivity of the ionospheric boundary,
and the values of this constant assumed in these examples were
determined by a comparison with observations of transmission loss.

It is expected that L/H will also vary somewhat with the geomagnetic
latitude of the receiving point, but such variations are not expected
to have a large influence on the transmission loss.

It should be noted on Figs. 16 - 19 that values are shown for

the transmission loss expected at distances beyond the antipode of the

transmitter (about 12, 500 miles), and at these larger distances a

stronger signal would be expected from the shorter great circle path
corresponding to transmission in the opposite direction; when short
pulses are transmitted, these signals traveling in opposite directions z~J
will interfere with each other, and the results given on these figures
should be useful in determining the magnitude of this multipath
problem.
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TRANSMISSION LOSS EXPECTED BETWEEN
SHORT VERTICAL ELECTRIC DIPOLE ANTENNAS

Day Over Land cr = 0.00477 Mhos /Meter;

Ionospheric Constant L/H=0.l- h = 70km
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TRANSMISSION LOSS EXPECTED BETWEEN
SHORT VERTICAL ELECTRIC DIPOLE ANTENNAS

Day Over Sea cr = oo

Ionospheric Constant L/H = O.I-, h=70km
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TRANSMISSION LOSS EXPECTED BETWEEN
SHORT VERTICAL ELECTRIC DIPOLE ANTENNAS

Night Over Land cr = 0.0037l Mhos/ Meter

Ionospheric Constant L/H = 0.05
;
h =90km
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TRANSMISSION LOSS EXPECTED BETWEEN
SHORT VERTICAL ELECTRIC DIPOLE ANTENNAS

Night Over Sea <x = oo

Ionospheric Constant L/H=0.05^ h = 90km

to
_cd

o
Q.

Q
o

o

Ld

o

3

c
CD
CD

5
"CD

00

"D

"o
CD
Q.
X
L±J

_Qo

o

c
o
to
CO

"e

c
o

250 400 2,000 4,000 6,000 10,000 20,000 40,000

Kilometers

200 2,000 4,000 6,000 10,000 20,000 40,000

Statute Miles

Figure 19



We will see in a later section how convergence at thecu:*ved sur-
face of the ionosphere is expected to affect the transmission loss; in

calculating the losses shown on Figs. 16-19, allowance was made onlyfor
the convergence expected in the vertical plane and on the as sumption that

the ionosphere is smooth. Allowance for convergence in the horizontal
plane leads to large additional reductions in the transmission loss expected
near the antipode-12, 441 miles -and near 24,881 miles and 37,322 miles.
For a smooth, spherical ionosphere, we should subtract the horizontal
plane convergence C-. - 10 log, [d(miles)/3960 sin {d(miles)/3960 }] from
the transmission losses shown; at distances, p, from the antipodal
points less than 100 miles but greater than 0.1\, we may write
0^= 40.948 -lOlog-^Q p(miles); the value right at the antipodal points is

given by C^= 34.210+ 10 log^o^kc* but this latter includes both long and
short great circle path energy.

The available experimental data indicate that the parameters of
the ionosphere chosen for these calculations lead to about the right conclu-
sions over the range of frequencies from 10 to 20 kc, but at 8 kc the
calculated losses are somewhat greater- than those observed.

Finally, it should be noted that mixtures of day and night and
land and sea conditions are to be expected over these long paths, and
suitable methods of calculation have yet to be developed for such mixed
paths. It will likely be possible, however, to develop empirical methods
for combining the results given here to obtain good estimates of the

transmission loss expected on such mixed paths inmuch the same manner
as has been used for estimating the transmission loss expected in ground
wave propagation over mixed paths. zZ/ izJ

4. 2 Low and Medium Frequency Ionospheric Propagation

As we increase the radio frequency well above 30 kc, the iono-
sphere behaves much less as a sharp boundary and instead gradually
refracts the waves back to the receiving point only after they have pene-
trated many kilometers into it, this penetration being greater the higher
the radio frequency. The available evidence appears to indicate that the
D and E regions of the ionosphere, which extend from 70 to 110 km, are
turbulent, consisting of "blobs" of ionization which drift with the mean
wind with velocities often in excess of 100 miles per hour. Aninteresting
discussion of these irregular ionospheric motions is given in a recent
article by Gautier. _/ The radio waves will travel along many different
paths through this turbulent ionized medium, the received field being the
resultant vector sum of the waves received after propagation along these
different paths. At sufficiently high frequencies, the relative phases of
these waves will be random, and the resultant received field will have
a Rayleigh distributed amplitude as shown on Fig. 5; on this figure
K represents the ratio in decibels between the field intensity of the
random ionospheric waves and a steady ground wave or, in the case
of a single ionospheric mode, K represents the ratio in decibels
between the field intensity of the random ionospheric waves and the
steady, specularly-reflected component. Thus it becomes convenient,
particularly for frequencies above 30 kc, to determine the transmission

31



loss separately for the ionospheric and ground wave modes of propa-

gation. Figs. 20 and 21 show the transmission loss expected at 100 kc

between short vertical electric dipole antennas for the ground wave
and several ionospheric wave modes of propagation over land and

over the sea, and for day and night conditions. The method of

calculation used in determining the results shown on Figs. 20 and 21

involves a combination of ray and wave theory. Fig. 22 illustrates

the geometry of our model and some of the assumptions made in the

calculations. The waves are refracted in the troposphere down
towards the earth and, as a consequence, the distance, dp traveled

for a given ray angle of elevation, vJj , before the waves arrive back
at the earth is substantially larger than if there were no atmosphere.

We have idealized our problem by assuming for all points

along the path that the ionosphere has the same height, h, and the

same reflection coefficient, while the ground is assumed to have the

same electrical constants even for propagation all the way to the

antipode at a distance of about 12, 500 miles. The actual ionosphere
and ground reflection conditions over particular propagation paths

are obviously much different from these idealized paths, but our
present model seems better for expository purposes. The principle

of stationary phase (essentially the same as Fermat's principle) leads
to the conclusion that the received waves may be considered to travel

along several discrete ray paths between the transmitter and the

receiver. All of these paths are great circle paths, the shortest

corresponding to the ground wave mode of propagation. The other

paths involve m reflections at the ionosphere, and the waves propagated
along these other paths arrive at the receiving point at successively
later times. By transmitting short pulses, it is possible to observe
these several modes independently at a distant receiving point, and
in this way their physical reality has been verified. The term
"mode of propagation" here, and in the remainder of the ionospheric
propagation discussions, refers to the waves propagated along one of

these ray paths, and has a distinctly different meaning from the usage
in the previous section where the modes of propagation were the

wave guide modes which are simply the successive terms in a mathe-
matical expression for the field. The use of short pulses to make
possible the separate reception of each of these modes is a very
useful device for radio navigation and, in this connection, the estima-
tion of the time of arrival of the successive modes becomes of great
practical importance. These time delays have been studied both

theoreticallyW III H/ and experimentally 15/ Ikl 11/ 15/ and the
reader is referred to the references for information of this kind; here
we will be primarily interested only in their transmission losses.
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Consider the phase of a radio wave for a given ray path,

Q{i\i) = 2-rrR/X, where X is the wavelength and R is the total length of

the ray path between the transmitter and the receiver. Now consider

the variation of this phase for all possible adjacent paths between the

transmitter and the receiver as we vary the angle of elevation, ip,

and azimuth, x> i* should be clear (a) that Q{*\>) will be a minimum with
respect to variations in x for the set of rays lying in the great circle

plane, i. e. , for x = an<i (b)» °f this se* there will bem+1 points of

stationary phase, fi
t (ib) = 0, for the ray representing the ground wave

and for the m rays reflected at the ionosphere in such a way that the

angle of incidence, <j>, at the ionosphere (for example, at b, d, and f

on Fig. 22) is equal to the angle of reflection, and also (for m > 1)

that the angle of incidence, (90° - ip), at the ground (for example, at

a, c, e, and g on Fig. 22) is equal to the angle of reflection at the

ground. When the angle of elevation, ip, is positive, the waves may
be considered to travel both along the direct ray path, tb, from the

transmitter to the ionosphere and along the ground-reflected ray path,

tab; the reflection points b and f at the ionosphere and c and e at the

ground will be very slightly different for the direct and ground-reflected
ray paths, but this small difference is ignored in our calculations. Note
that the angle of elevation, ip, can be negative as is illustrated on
Fig. 22, case (b).

The following formula may be used to calculate the median transmis-
sion loss of an ionospheric mode of propagation involving m reflections
at the ionosphere and a ray path of length, R:

Lm = L
bf

(R)+ A
t
(

l
J
J)+ A

r
(^)+ (m - 1) AJip) - C_(R,0.5)+P+mA(c|>,0.5)

g m
(9)

Each of the terms in the above is expressed in decibels; L (R)
bf

denotes the basic free space transmission loss (Set d = R in (3) in
Section 1) for the ray distance, R. We see by Fig. 22 that we may
calculate R as follows:

R & d + d^ + 2m R (ip > 0) (10)

R s d + d + 2m (R -kaip) (ib < 0) (11)
t r om ' ' '

d
t

= v(ka tan ip) +2kah-ka tan ty (12)

36



The distance, d , is determined by a formula similar to (12) with h
r t

replaced by h ; in this equation ka is the effective earth's radius,
r

and k has been chosen equal to 4/3 in our ionospheric examples.
Methods for estimating k as a function of time and geographical

location are given in a later section. It is convenient to choose

several values of i|j at conveniently spaced intervals and then to cal-

culate all of the remaining factors at these particular values of ty.

The space wave radiation factors, A (iM, and A (iM include the
t r

gains of the transmitting and receiving antennas, respectively,

relative to that of an isotropic antenna in free space, and allow for

the radiation patterns of the antennas and the loss arising from the

proximity of the antennas to the curved earth. The magnitude of

A (\\t) can be determined from AAty) = L.C^) - L, f(R- + d ), where
t t 1 bf o t

L.^) denotes the transmission loss expected for the ground wave mode
propagated between the actual transmitting antenna and an isotropic

receiving antenna placed at the first point of reflection in the

ionosphere, while L, r(R + d ) is the corresponding basic free space
bf o t

transmission loss at this distance. Figs. 23 and 24 give typical

values of A (40 expected for short vertical electric dipoles 30 feet

above the ground; in this case we may express A (ip) as follows:

A
t

(i|i) = 20 log
1()

|
F| - 1. 761 - 20 log

1()
cos i|i - 20 log

1()
£(q) (13)

In the above |F| is a "cut-back" factor. When ty is large and positive,

|f| is just jl + R (i|j)| where R is the complex Fresnel reflection

coefficient for plane vertically polarized waves incident on the ground

at the grazing angle ty; when i}j is small or negative, the curvature of

the earth becomes important and the values of
|
F

|
have then been

determined by formulas recently developed by Wait. zJj _L~/ The term
1. 761 is just the gain of the short dipole; the term 20 log cos ip

allows for the cosine pattern of the dipole; and finally f(q) is the

height gain factor given by equation (19) in reference (11) which allows

for the effect of the height, h of the antenna above the surface. The
, ,

t
"cut -back" factor jF

|
was calculated for a spherical surface of radius,

a = ka, with k = 4/3; this provides approximately for the effect of

air refraction.

The factor (m - 1)A M) allows for loss on reflection at the
g

ground, for example at c and e on Fig. 22 in Case (a) and at c in

Case (b). The amount of this loss will depend on the polarization of
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the downcoming waves. Since the waves reflected from the ionosphere
will have both vertically and horizontally polarized components, even

when the incident waves are linearly polarized, it becomes necessary
to know the relative amounts of energy associated with each polariza-

tion in the downcoming waves. This problem is not easy to solve

precisely, and we have obtained an estimate for A (4>) by assuming,

quite arbitrarily, that the energy in the downcoming waves is equally

divided between the two polarizations. Thus, for angles fy > 2°, we
have:

A (i|i) & - 10 log
10 [( |R* | + |k£ |)/2] i|i > 2° (14)

where R and R^ are the complex Fresnel reflection coefficients for

vertical and horizontal polarization, respectively. Since the value

determined by '(14) represents only a few decibels, the use of the

above approximate expression will not lead to serious errors.

It has been shown by Rice 11/ and by Focki^/ that A (0)= 6. 021 db

when ijj equals zero (in the limit as R /X is very large, i. e. , for
2 i-i om

h > (5/f ' ) kilometers) regardless of the polarization or ground

constants; their results can also be used to compute A (if>) for other

values of i{j, but we have instead assumed that A (4>) can be calculated

for tp < by the following approximate formula:

A (iW £ 6. 021 - 2 AJO) + 2 AM) (i|> < 0) (15)
g t t

For values of ^ between and 2°, it is easy to sketch in a smooth
curve between the results given by (14) and (15).

We turn next to a consideration of the convergence factor
C (R, p) which provides a measure of the focusing of the energy on

reflection at the curved surface of the ionosphere exceeded with
probability p. Fig. 25 is a geometrical construction which demonstrates
the nature of this focusing of rays in the vertical plane for ip near zero.
At the antipode of the transmitter, half way around the earth, the rays
are also focused in the horizontal plane. A detailed discussion of this

phenomenon is given in Appendix I. For rays leaving the earth's surface
at grazing incidence (iJj < 0) and at the antipode (m = 90°), it is

necessary to use a wave treatment of the problem, the amount of the
focusing then being a function of the frequency. At points substantially
removed from these caustics, geometrical optics leads to the following
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formula for C (R) which provides for a smooth ionosphere a measurem
in decibels of the expected increase in the received field due to this

focusing.

r R -« rZmR COS^-k

C (R) = 10 1ogln c = 10 1og_X ;
°

, JQIJtt [• \ r-^ 5-f"m 610 m e10 L - a sin i|i (d9/dip) J |_ a sin 2m 9 J

(16)

d0
=

sin (9
:
t) dr

(1?
.

dtp cos ip cos.
<J>

dip

In the above t denotes the total bending of a radio wave in passing

through the troposphere, and methods of calculating T are given in a

later section. The two factors in (16) correspond to the focusing in

the vertical and horizontal planes, respectively. Equation (16) may
be used except near the caustics (ty < 9) and (m 9 = 99°). When vb <
and m 9 ^ 99 #

, we may use:

Cm(R) = 29 log
1()

[Rom
- 92.153 i|i (degrees)]+ (19/3) log^f^

- 19 logln [sin 2m (9 - 4/3 M± (49/3)loglrtm - 69. 694 (18)
10 m 10

When ip > 9 and we are at a distance in wavelengths (p/X) from the

antipode, we may use:

Cm (p) - 20 log
10<V**> + " to«M { .,fa"So/d») } ' 10 l

°h0
m

+ 10 log
1()

f
kc

+ 10 log
10fJQ

(2ir cos ty p/X)]
2
+ 36. 172 (i|i > 9)

(19)

The above may be used for m >9 at night since ip is greater than zero
for these modes with h = 99 km. For m < 8, ip < 9 near the antipode
at night, and we may then use the following formula:

Cm(p) = 29 log
1()

(R
a
Ara) - (29/3) log^m + (4°/3>l°g

10
f
kc

+ 191og. n [j (2ir p/X)]
2
+44.422 (4*^0)

10 o

(29)
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In (19) and (20), R denotes the ray distance to the antipode. If a

horizontal magnetic dipole is used for reception of the field radiated

from the vertical electric dipole, then the J in (19) and (20) is to be

replaced by Jij here JQ and Jj are Bessel functions. Very near ip = 0,

the values of C (R) determined by (16) will exceed those given by (18),

particularly at the lower frequencies, and in this region a smooth
curve may be drawn between the values for iJj > > and the values

given by (18); similarly, at the antipode the values of Cm (p) given by

(19) will exceed those given by (20), and a smooth curve may be drawn
between the values for 4* > > and those given by (20). Fig. 26 gives

examples of Cm(R) calculated in this way form = 1, 2 and 9 for day-

time propagation (h = 70 km), for a smooth ionosphere, and typical

refraction conditions.

It is clear from Fig. 25 that this focusing will be fully realized

in practice only to the extent that the ionosphere presents a smooth
surface to the radio waves. A discussion is presented in Appendix I

which indicates how allowance may be made for ionospheric roughness.
It is shown that an individual ionospheric mode of propagation consists

of a steady specularly-reflected component plus a random Rayleigh
distributed component. If we let k denote the ratio of the power in

the random component relative to that in the specularly-reflected

component, then we may estimate the convergence C (R, p) exceeded

100 p% of the time in terms of the values of k (1 - p) exceeded 100(1 - p)%
of the time:

Cm (R, p) = 10 log
1()

r c + k (1 - p)m
- 1 + k (1 - p)

(21)

Here c (see 16) denotes the ratio of the received power with andm
without focusing at a smooth ionosphere. As the probability varies

from to 1, k (1 - p) will vary from zero for a smooth ionosphere to

oo for a perfectly rough ionosphere, and Cm (R» p) will vary from the

values given by (16), (18), (19), and (20) for a smooth ionosphere to

zero for a perfectly rough ionosphere. The transmission losses given
in this report correspond to median values, i. e. , p = 0. 5. The random
variable k^ depends upon the radio frequency, angle of incidence, § t

and time of day.

As an illustration of the effects of focusing near the antipode
and of the influence of ionospheric roughness, Fig. 27 shows the
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transmission loss expected between vertical electric dipoles in the

range from 8, 000 to 18, 000 miles for 100 kc at night over land. Three
values are shown for each of the modes m = 6, 8, 10, 12, 14, and 16

2
corresponding (a) to a smooth ionosphere (p = 0, k (1) = 0), (b) to an

ionosphere of median roughness (p =0. 5), and (c) to a perfectly rough

ionosphere (p = 1, k (0) = co).

In the immediate vicinity of the antipode, i. e. , within a few
wavelengths, the focusing for a smooth concentric ionosphere is

very large. Thus Fig. 28 shows the value of Cm(Ra , p) expected

right at the antipode at night for a smooth, concentric ionosphere

and for a rough, concentric ionosphere; the values expected for

h = 70 km during the daytime would be only slightly different; Fig. 29
shows the rapid decrease of the focusing as we leave the antipode

and, at distances greater than 100\, the envelope will be just 6 db above
the values of transmission loss shown on Fig. 27, i. e. , the values

shown on Fig. 27 correspond to the single wave expected from a

directive transmitting antenna with an infinite front -to -back ratio.

We see on Fig. 29 that the field expected from the non-directive

dipole oscillates with increasing distance from the antipode; this

oscillation is caused by the interference between the waves arriving

at the receiving point along the short and long great circle paths.

Thus there will be concentric rings around the antipode at which the

expected field will be equal to zero. The radii of these concentric
rings are the same for a concentric ionosphere, regardless of the

number, m, of ionospheric reflections, and are determined by the

zeros of the Bessel functions; for the electric field, the first two
such rings have radii equal to 0. 38X and 0. 88\.

The actual ionosphere will never be concentric with the

surface of the earth. In practice, as the sun rises and sets, or as
the geomagnetic latitude of the reflection point is varied, the surface
of the ionosphere will undoubtedly change in such a way that its

radius of curvature and slope relative to a tangent plane on the earth
will vary over appreciable ranges, and this will cause Cm(R) to vary
up and down relative to the values expected on the basis of the above
analysis. However, except near the antipode, it seems plausible to

assume that the median values of C (R) may not be much influenced

by such changes. The magnitude of the antipodal anomaly will be
substantially reduced by these macroscopic perturbations of the

spherical concentric shell model assumed for our calculations. Also,
for the actual non-concentric ionosphere, the geographical location
of the antipode may be expected to vary with time over a fairly large
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area, and this should result in a net increase in the fading range in

this region. Furthermore, the antipodal locations may be expected

at any given time to be different for the different modes, and thus

the zeros predicted by (19) and (20) and shown on Fig. 29 are not

likely to be observable unless some means is used to exploit the dif-

ferent times of arrival of the individual modes.

Consider next the loss, P, arising from the polarization

characteristics of the downcoming ionospheric waves. An incident

linearly-polarized wave will be reflected as two component waves,
an ordinary and an extraordinary wave, each of which will be ellipti-

cally polarized. These two component waves, which will have roughly

the same amplitudes except on frequencies near the gyrofrequency
(near 1. 5 Mc in the United States) will mutually interfere, and this

causes the rapidly varying polarization characteristics of the observed
downcoming waves. The polarization loss, P, arises from the fact

that typical receiving antennas will respond to only one polarization.

The amount of this loss will depend principally upon the transmission
frequency, the penetration frequency for the layer involved, and the

intensity and direction of the earth's magnetic field relative to the

path; it can be calculated if/ 34/ 43/ with some accuracy when these
parameters are known. For more than one reflection at the ionosphere,
the polarization loss becomes a very complex function of the reflection

coefficients for the parallel and perpendicular components of the

incident fields and is difficult to separate from the absorption loss,

A((J>, 1 - p). All of the low frequency examples of ionospheric wave
propagation in this report have been obtained using the empirical
estimates described below for P + A(4>» 1 - p) which thus includes the

polarization loss P; consequently we have calculated the total reflection

loss as m{P + A(cJ>, 1 - p) } - (m - 1)P for m > 1. The calculations at

f = 100 kc have been made in this report by setting P = 3. 01 db, but

this estimate is now believed to be substantially too large, except near
vertical incidence, The calculations for all of the other frequencies
from 20 kc to 1, 000 kc were calculated with P = for all values of m B

although this assumption probably leads to somewhat more transmis-
sion loss than would be expected for m > 1 since the appropriate value
of P probably lies between and 3 db, approaching the latter value

near vertical incidence; however, we are usually more interested in

the values near oblique incidence for our applications, and this latter

assumption should yield more nearly correct results for the solution

of these problems.

Finally we will consider the loss, A((j>, 1 - p), on reflection

at the ionosphere, exceeded for 100(1 - p)% of the time; this depends
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on the angle of incidence, <}>, at the ionosphere, the radio frequency,

time of day, season of the year, phase of the sunspot cycle and the

geomagnetic latitude of the reflection point. For the examples
developed in this report, we have used some empirical evaluations

of P + A(<}>, 1 - p) made by Belrose 121 on transmission paths between
stations in England, the Scandinavian countries, and Germany.
Using the results in his doctoral thesis, we may express the median
values of P + A((j>, 0. 5) as follows:

P +A(<|>, 0.5) = 17.2 log, n (f cos <M- 12.4 (70 < f < f ) (22)
10 kc kc D

(NIGHT)

P +A(<j>, 0.5) = 30.8 log, n (f cos <}>) - 22.6 (70 < f < f ) (23)
10 kc kc D

(FEB. , NOON, SUNSPOT MINIMUM)

P +A(<|>t 0.5) = 33.6 log (f cos
<f>)

- 22.6 (70 < f <f ) (24)
JLU iCC ICC \-J

(FEB. , NOON, SUNSPOT MAXIMUM)

P + A(<|>, 0. 5) = 77. 3 log (f cos
(f>)

- 64. (70 < f < f ) (25)
1U ICC ICC Ay

(AUG., NOON)

The above formulas were determined empirically from data extending

only over the range of frequencies from 70 - 250 kc and the range of

distances from 350 to 900 miles; a recent analysis of lower frequency
data by Watt, Maxwell and Whelan Z2/ indicates that the absorption
is greater at frequencies less than 70 kc than would be predicted by
the above formulas. Consequently, as shown on Fig. 30, we
have used the theoretical results of Wait and Murphy _' at 20 kc and
then interpolated linearly on a logarithmic frequency scale to obtain

values for intermediate frequencies; the same ionospheric parameters
L/H = 0. 1 by day (i. e. , w/w = 0. 467) and L/H = 0. 05 at night (i. e.

,

u/u) = 0. 3002) were used in these calculations at f = 20 kc as for
r

those leading to Figs. 16 to 19, but the index t for the earth's

magnetic field was set equal to 60° in the present calculations^

whereas t was set equal to zero in the calculations leading to

Figs„ 16 to 19.

Figs. 31 to 36 give the median transmission loss expected
in accordance with the above methods of calculation at 20, 50, and
200 kc in over-land and over-sea propagation and for day and night

conditions.
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MEDIAN TRANSMISSION LOSS OVER SEA AT 50 kc
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Figs. 31 and 32 show the large decrease in the transmission
loss near the antipode, and illustrate the fact that each mode of

propagation has two important branches at points somewhat removed
from the antipode, corresponding to propagation via the short and long

great circle paths, respectively; actually there are still other branches
for each mode corresponding to propagation more than once around the

earth, but these are not shown* The decrease in transmission loss

shown at the antipode is the value for an idealized concentric iono-

sphere and will, in practice, undoubtedly be somewhat smaller.

Transmission loss curves for the separate modes are not given at

20 kc for sea water since they differ so little from those for over-
land. It should be noted that the curves on Figs. 16 and 17 for 20 kc
will be more useful for most applications than those on Fig. 31 since

they combine the separate modes with proper relative phases.

Throughout this section the formulas and graphs refer to the

median values of transmission loss for individual modes of propaga-
tion. This form of presentation was used since it is more useful in

applications such as the design of navigation systems or of systems
to avoid multipath distortion. To determine the expected median
transmission loss for a continuous wave transmission, it is necessary
to convert the transmission losses for the individual modes to power
ratios, and then add these power ratios; at 500 kc, and possibly even
as low as 50 kc, it is reasonable to assume, that the several ionospheric
modes will have random relative phases so that the median power of

the resultant will be equal to the sum of the median powers of the

individual modes. For example, if there were two modes with equal
median transmission losses, the median transmission loss for the sum
of these two modes would be 3 db less, and for three equal modes the

sum would have 4. 77 db less transmission loss than each individual

mode.

The author has studied the behavior of P + A( <f>,
0. 5) at night

in the United States for frequencies in the standard broadcast band
from 500 to 1, 500 kc over a very wide range of distances, and has
found the following semi -empirical formula:

P t AU, 0. 5) =
26cOS

^ 4
(26)

(f COS (j>)mc

(NIGHT)
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Note that (22) indicates an increasing loss with increasing frequency,
presumably because of a deeper penetration of the D layer as the

frequency is increased, while (26) indicates that the loss decreases
with increasing frequency. At the higher frequencies where (26) was
established, the waves penetrated the D layer and, as shown by

MartynJLi/ this behavior of P + ($, 0. 5) with frequency and angle of

incidence is to be expected. By virtue of the method used for its

determination, (26) includes the polarization loss P; since the extra-

ordinary waves are much weaker than the ordinary waves in this

frequency range, there will be additional polarization loss at each
reflection from the ionosphere. With the above discussion in mind,
it seems appropriate to assume that the penetration frequency of the

D layer at night is effectively defined by the following relation:

P + A(«>, 0. 5)
6)

= P + A(4>, 0. 5) (27)

(At the D layer penetration frequency, f , at night)

As determined in this way, the D layer penetration frequency at night

varies from about 500 kc at vertical incidence to about 250 kc with
cos <}> = 0.164, the minimum value expected for a 90 km layer height;

the anomalous behavior of this penetration frequency suggests that

neither of our empirical absorption formulas are very dependable in

this intermediate range of frequencies. Since nothing better is readily

available, it was decided to calculate the transmission loss at night at

frequencies greater than the above -defined D layer penetration fre-

quency by using m 26 cos cb/(f cos (j>)
°* ** as the total loss onMc

reflection; the reflection height was assumed to be 110 km at night, but

the value of cos <(> to be used in the absorption equation was determined
on the assumption that the absorption takes place at a height of 100 km,

Figs. 37 to 40 give the median transmission loss expected
between short vertical electric dipoles at 500 kc and at 1, 000 kc in

over-land and over-sea propagation and for day and night conditions.

The absorption at night was determined by (26) as described above,

but, .in the daytime, (24) and (2 5) were used since radio waves in

this frequency range are then presumably reflected and absorbed by
the D layer at an assumed height of 70 km,

At still higher frequencies during the daytime, the radio waves
will penetrate the D layer and be reflected by the E layer at a height

of about 110 km. The ionospheric absorption is so great during the

daytime in the range of frequencies from, say 500 kc to 4 Mc, and
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MEDIAN TRANSMISSION LOSS OVER SEA AT500kc
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the reflection phenomena so complex, with reflections taking place

sometimes at the D layer, sometimes at the E layer and sometimes
at the F layer, that useful, simple absorption formulas are not

available. For this reason the calculations of transmission loss

given in this report for this range of frequencies have been made by
extrapolating (23), (24) and (25) to higher frequencies, and by extra-

polating to lower frequencies the absorption formulas applicable to

the high frequency band as discussed in the next section.

Figs. 41 to 45 give transmission losses for propagation over
land, based on the above -de scribed methods of computation and on the

methods described in following sections, and are designed to show more
clearly the effect of radio frequency for day and night, for two seasons
and for minimum and maximum sunspot conditions. Only one set of

curves are presented for propagation at night since the seasonal and
sunspot cycle effects on the transmission loss are comparatively small
at night. The curves on these figures give the transmission loss

expected between short electric dipole antennas, oriented vertically at

frequencies less than 5 Mc and horizontally for frequencies greater
than 5 Mc, for the ground wave and for the particular sky wave mode
with a minimum transmission loss at the distances 200, 500, 1, 000,

2, 000, 5, 000 and 10, 000 miles. At each distance we have shown only

the value expected for the single sky wave mode with the minimum
transmission loss; with continuous wave transmission, the losses would
be several db less than these values, particularly at the larger distances
where several sky wave modes with comparable intensities are expected.
Note that ground proximity losses L and L , as discussed in Appen-
dix III, have been omitted in calculating the values shown on Figs. 41

to 45.
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4. 3 High Frequency Ionospheric Propagation

We see on Figs. 41 to 45 that the variation of transmission
loss -with frequency changes as the various layers of the ionosphere
are penetrated. The method of determining the D layer penetration

frequency was described in the preceding section, and the penetration

frequencies for the higher layers were determined by the methods
described in references 24 and 25; for this purpose the propagation
path was assumed to be from West to East with its midpoint at

Washington, D. C. , and with either noon or midnight at the eastern

end of the path.

During the daytime the polarization and absorption losses in

the high frequency band have been calculated by the methods described
in a Signal Corps report. Z~J Thus the constant attenuation of 8. 9 db
found in their analysis has been somewhat arbitrarily attributed to a

polarization loss P, and the following semi-empirical formula used
for calculating the daytime absorption:

A(+, 0.5)^ 615- 5 {cos (0.881 x)}
1^^ 0.0037 s)

(DAy) (2g)

<fMc + V COS *

In this formula x denotes the zenith angle of the sun at the reflection

point, and s denotes the smoothed Zurich sunspot number; for sunspot
minimum, s was set equal to 10, and for sunspot maximum, s was
set equal to 150. The gyrofrequency, f = 1. 5 Mc, on the average in

the United States. The angle of incidence,
(J),

to be used in (28) refers

to the value this angle will have at the absorption level, and this angle

will be systematically larger, for a given angle of elevation iJj , than

the angles of incidence at the higher layers where the reflections take

place. The Signal Corps analysis was based on the assumption that

the absorption takes place at a height of 100 km and this same height

was used in our calculations. In the Signal Corps report, convenient
graphical methods are given for determining many of the factors

involved in calculating (28). Prof. A. Kazantsev sZJ zR/ has proposed
a method for calculating A(cj), 0. 5) which, in essence, involves the

replacement of the numerator of (28) by a constant times the square
of the penetration frequency of the E layer at vertical incidence; this

method appears to have considerable merit, but a critical determina-
tion of its accuracy compared to that of the Signal Corps method has

not yet been published.

70



Thus, during the daytime we have used (9) for calculating the

median transmission loss in the high frequency band with P = 8.9 db

and A(fj), 0. 5) determined by (28). Note that the focusing is probably

negligible in this frequency range since the ionosphere will very likely

appear rough to these radio waves most of the time; in the absence

of quantitative information on ionospheric roughness at these higher

frequencies, we have arbitrarily set C (R, 0. 5) = at all distancesm
for f > 2 Mc both day and night.

At night the absorption in the high frequency band is quite

small; it has been estimated in this report by means of (26). We have
already noted, however, that (26) includes a polarization loss, P, and
the Signal Corps report indicates, in effect, that the absorption plus

the polarization loss at night is equal to 8.9 db; thus it appears to be
appropriate to use (9) for calculating the transmission loss with

P + A((}), 0. 5) calculated by (26) for the lower frequencies where
m{p+A(<t>, 0. 5)} > 8.9 db and to set m {P + A(4>, 0. 5)} = 8. 9 db for

all higher frequencies. This is the method used for the examples
presented in this report.

4. 4 Ionospheric Scatter Propagation

At frequencies above the penetration frequency of the E layer t

the radio waves are scattered forward with sufficient intensity to be
usable for communications over distances of the order of 600 to

1,400 miles, zll —' —-J The transmission losses shown on Figs. 41 to

45 for this mode of propagation are based on the measurements
reported by Bailey, Bateman and Kirby_' for the Fargo, North Dakota
to Churchill, Manitoba path as extrapolated to other distances and
frequencies by means of a theory developed by Wheelon. _/ _' z2l

Thus Wheelon attributes the scattering to turbulence in the D and E
regions of the ionosphere and, on the assumptions (1) that the spectrum
of this turbulence may be determined by the mixing in gradient

hypothesis and (2) that the viscosity cut-off has a characteristic scale

I = 1. 5 meters, is able to develop a formula for the transmission
loss expected with this mode of propagation.

Wheelon' s analysis leads directly to the spectrum of the

turbulence, but the turbulence may also be characterized in the range
of wave numbers smaller than the viscosity cut-off by the correlation
function (r/l )K.(r/i ) which describes the degree of correlation in

o \ o
the fluctuations in electron density at points a distance r apart; K_
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denotes the modified Bessel function of the second kind and t is a
o

characteristic scale of the turbulence, set equal to 100 meters in our

subsequent analysis. It is interesting to note that this same correla-

tion function is applicable for describing tropospheric turbulence as

well. 57/58/

The following formula gives the median transmission loss

expected for the ionospheric scatter mode of propagation, i.e., on
frequencies above the effective maximum usable frequency, f , of

the scattering region:

Lms
= L

bf
(R) + A

t
(4;) + A

r
(+) "

S( °- 5) "
10 1Og

10
S6C *

+ B(k
2

, I , I ) + P + A(4>. 0. 5) (f > f ) (29)
o s Mc MUF

In the above, L. (R) denotes the free space transmission loss for waves
bi

traveling a distance corresponding to an average scatter path of

length R; this path length has been determined in this report on the

assumption that the mean layer height h = 87 km both day and night.

For horizontally polarized waves the following formula may be used to

estimate the median value for the sum of the space wave radiation

factors:

Am + A (4») = - 20 log1ft [2 sin (2ir h sin i|j A)]
t r 10 t

- 20 log [2 sin(2ir h sin ^/M] - G (0. 5) (Horizontal polarization)
10 r p

(30)

In the above, h and h denote the heights of the transmitting and
receiving antennas above the local terrain, and G (0. 5) denotes the

pmedian path antenna gain. For the high gain antennas normally used
for communication by scatter, there will usually be a substantial

"loss in gain" relative to the value G would be expected to have for
Pcommunication between similar antennas in free space. For example,

on the Fargo to Churchill path, G as determined for successive half-

hour periods of time, was found to be a random approximately normally
distributed variable with a median value G (0. 5) = 25. 7 db and a standard

deviation of 5. 85 db; the sum of the free space gains in this case was
about 40 db. It has been found that some of this "loss in gain" can be

recovered by directing the antenna towards the better scattering

regions. The values of transmission loss shown on Figs. 41 to 45 are
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for propagation between short horizontal electric dipoles, and in

this case G = 3. 52 db. The antenna heights, h and h , were taken
p ,

t r
to be 30 feet except at the higher frequencies where somewhat lower

values of h and h were chosen so that 4 h sin ijJ/X. = 1; this choice
t r t, r

of h and h effectively minimized the loss and in this case
t r

y

A {$>) + A (i|j) = - 12. 041 - G . Near the maximum effective range for
r co/ p

ionospheric scatter, zz! the transmission loss increases so rapidly

with increasing distance that it is useful in some cases to use very
large antenna heights so as to increase the range slightly by the amounts
indicated by (12).

The factor S involves the intensity and scales of the turbulence

and, together with G , exhibits most of the variability of the transmis-

sion loss. The median value S(0. 5) undoubtedly varies somewhat
diurnally, seasonally, and with the sunspot cycle but, since such
changes are not large with a probable extreme range of the monthly
medians at a given time of day of less than 20 db, we have calculated

all of the examples in this report by setting S(0. 5) = - 8.4 db, the

value obtained for the Fargo-Churchill path. An analysis is presented
in Appendix II which shows that this value of S(0. 5) is not inconsistent

with what is presently known about ionospheric turbulence.

The factor 10 log sec <j> provides a measure of the size of the

effective scattering volume for transmission paths of various lengths.

2
The transmission loss factor B(k , £ , i. ) may be expressed?

o s

B(k
2

, I , I ) = 25 log [1 + k
2

|
2

] + 20 log [1 + (k
2

i
2

)

2/3
]OS 1U O 1U S

+ (40/3 1og
1()

[l + (k
2
/)

2
] (31)

Although the characteristic scale lengths, i and I , are likely to be
o s

somewhat variable diurnally and seasonally, we have, for the purpose
of the calculations in this report, taken them to be equal to the constant

values I - 100 meters and 1 = 1. 5 meters; k is defined as follows:
o s

2
k s

47r— cos 9

f
2



2
When f is equal to the maximum usable frequency, f, .„_» k = 0,MUF
the wavelength in the medium increases without limit, and the scatter-

ing is no longer directed forward, but occurs uniformly in all directions.

In this limiting case, B(k , i . I ) - and (29) indicates a scatter
o s

loss exceeding that predicted by (9) for normal E layer propagation
at the MUF by only (8.4 - 10 log sec

<J>)
decibels. For the calculations

in this report, we have somewhat arbitrarily used the median E layer
MUF as a measure of the MUF of the scattering region.

For ionospheric scatter, we have taken P = 3 db for both day
and night propagation conditions. During the day, the absorption term
A(4>, 0. 5) was computed by (28), but at night P + A(<}>, 0. 5) was
determined by (26) up to frequencies for which the resulting value is

greater than 3 db, and at higher frequencies P + A(c(), 0. 5) is set

equal to 3 db.

There is no present evidence for the existence of F layer
ionospheric scatter or for multi-hop E layer scatter and, for this

reason, the transmission loss curves for d = 2, 000, 5, 000, and
10, 000 miles stop abruptly at the MUF; the transmission loss is

expected to increase very rapidly indeed at frequencies just above
the F layer MUF.

5. The Bending of Radio Waves by the Troposphere

Since the density as well as the absolute humidity of the

air decrease with the height, h, above sea level, the refractive index,

n, also usually decreases with h, and this causes radio waves leaving
an antenna at a given angle, i{j, to bend down towards the earth, the

amount of this bending being larger, the smaller the value of i|i. This
is illustrated on Fig. 46 which shows the total bending, t , of a radio
wave traveling entirely through the troposphere and subsequently being
reflected at an ionospheric layer.

Since the refractive index, n, departs from unity by only a
few parts in 10"

, it is convenient to describe n in terms of the
refractivity, N, which is defined:

N = (n - 1) X 10 (33)

If the value of N were known as a function of time at every point in

the atmosphere between two radio antennas, it should be possible, in

principle, to predict the instantaneous behavior of the transmission
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loss in propagation between these antennas. Actually, of course,

this is not feasible because of the complexity of the solution of such

an electromagnetic problem. Furthermore, even if the engineer could

be provided with this instantaneous information, he would normally be

forced to describe it in some statistical terms before he could use it

effectively in the design or use of radio systems. Consequently, we
are led to the description of N in statistical terms, with the hope that

these statistical characteristics of N may be used for the prediction of

the more important statistical parameters describing the transmission
loss. At a given instant N will vary considerably with height above the

surface, and, to a lesser extent, with distance along the path. If,

however, we average the values of N over a period of an hour, then N
will, on typical propagation paths, be more nearly constant along the

path at a given height, but will normally decrease monotonically with

increasing height above the surface. For the solution of most radio

prediction problems, it is permissible and, indeed, desirable to

average N over still longer periods of time in order to obtain mean
conditions useful in radio systems design. Thus, for predicting the

diurnal, seasonal, or geographical variations of the median transmis-
sion loss, we may further average the values of N as determined from
day to day over a period of many years for a particular hour of the

day, month of the year and geographical location. The resulting values

N will vary still less along the path and, on most paths, N, for a given
time of day and season of the year, may be taken to be a function only

of the height, h - h , above the earth's surface where h represents the

height, expressed in kilometers, above sea level, while h
g
represents

the height of the surface above sea level. There will be some paths

for which N will also vary appreciably in the horizontal plane; examples
are paths with one terminal over land and the other over the sea, and
these will undoubtedly require special treatment. Since the average

values N tend for most paths to be very nearly horizontally homogeneous,
it should only be necessary to know the vertical profile of N at one point

along the path for a successful prediction of the median transmission loss

at a particular time of day and season of the year. For very long paths

on which N does vary appreciably along the path, we may base our radio

predictions on the two N profiles at the intersections of the two radio
horizons with the great circle path.

From the above discussion it appears to be desirable to study
these N profiles, and it will be convenient in the following analysis to

omit the superscripts and simply let N(h) denote these long-term average
values. The most generally reliable single parameter for the descrip-
tion of the profile as it affects radio propagation is the difference, AN,

76



in the values, Ni, at a height of one kilometer above the surface and

N c the value at the surface:
s

AN = N(h
s
+ 1) - N(h

s ) = N
x

- N
s

(34)

Note that AN is a negative quantity. Most of the diurnal, seasonal,

and geographical variations in propagation between antennas at heights

of less than one kilometer above the surface may be predicted on the

assumption that N(h) decreases linearly with height above the surface

up to a height of one kilometer:

N(h) = N + AN(h - h
) fh <h<h +1] (35)

s s s s

For radio propagation predictions at the higher frequencies
above, say, 50 Mc, the above assumption of linearity for the initial

decrease of N(h) with height is not adequate for some times of the

day or for some geographical locations; in some of these special cases
there may be ducting with a resulting substantial increase ~21 in the

transmission loss for paths just short of the radio horizon, and a very
large decrease !l!l/ in the transmission loss on paths just beyond the

radio horizon. Since these appreciably non-linear profiles occur in

only a very small percentage of all cases, zll we will not consider them
further in this survey report. Furthermore, although the principles of

duct propagation are well understood, zzJ zdl 2z/ there are nevertheless
no very satisfactory formulas for predicting the transmission loss for

the large variety of non-linear profiles typically encountered in practice,

The assumption of a linear profile makes possible the

introduction of a great simplification in radio propagation predictions.

Thus it has been shown z2J that the behavior of radio waves in an
atmosphere with a linear gradient is the same as that expected with
no atmosphere for an earth with effective radius a = ka' where a 1

denotes the actual earth's radius, expressed in kilometers, and a is

defined by:

1 - l l AN ,

a" ka7
=

a"'
+

=F~ (36)
a ka a

(1 + N .10
b

)
s

Bean and Meaney —' demonstrate that there is a high correlation
between the monthly median transmission loss and the monthly median
values of AN, and give maps of the monthly median values of AN for
the United States for several months of the year. The values of AN
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must be determined from radio-sonde observations and are, as a

consequence, not as readily available at all hours of the day nor for

as many geographical locations as the surface values, N s
. Fortunately,

AN may be predicted zJJ with quite good accuracy from N and, in the

absence of observations of AN, the following empirical formula may
be used to determine the predicted value AN':

AN 1 = - 7. 32 exp{0. 005577 N
g } (37)

If now we combine (35) and (37), we have the following expression for

the initial behavior of N(h) in what will be referred to as the CRPL
Standard Radio Refractivity Atmosphere as recently proposed and
studied by Bean and Thayer: zJJ

N(h) = N - (h - h ) 7. 32 exp{0. 005577 N } [h < h < h +1] (38)
s s s s s

Note that the only parameters in (38) are the surface refractivity, N »

and the height, h g , of the surface above sea level.

Note that (37) may also be used to predict N in terms of known
values of AN:

N' = 412.87 logirt (-AN) - 356.93 (39)
s 10

When values of AN and of N are both available, and when the actual
b

value of N
g
differs from the value predicted by (39), it is better to

use N' for predictions when i|j < 3 ° rather than the actual value of Ng ;

in other words, AN is slightly better than N as a predictor of propaga-

tion conditions for small values of i|^. On the other hand, it is at

present easier and usually also more accurate to predict N for some
particular time of day, season of the year and geographical location,

and then use (37) for determining AN', than it is to use the available

maps —' directly for the prediction of AN. It should also be noted that,

even when AN is available, N_ is a better predictor zli of the bending
at high elevation angles: iji > 3°. It is expected that the recent study

program —I proposed by the International Radio Consultative Com-
mittee (CCIR) will tend to expedite the gathering of the data on AN
required for the development of suitable prediction methods; however,
it is unfortunate that emphasis was given in that proposal to the

gathering of data at only two hours of the day, 0200 and 1400 U. T. ,

since it is precisely the large diurnal variation of AN, occurring at

many locations, which is most difficult at present to predict with
adequate accuracy.
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The effect on N s of the height of the surface above sea level

may be determined from the relation:

N = N exp(-c h ) (40)so s s

where c
g

= 0. 1057 /kilometer = 0. 1701 /statute mile = 0. 03222 /thousand

feet. Bean and Horn zJJ give maps which may be used to estimate the

value of N averaged throughout the day for the months of February
and August at any geographical location in the world, together with a

map of the annual range of N s . A comprehensive climatological study

of N8 for the United States is in preparation at C. R. P. L. ; this study

will make available charts useful for the prediction of NQ (and thus

of N by means of (40) above) at 0200, 0800, 1400 and 2000 for
s

February, May, August and November and, in addition, gives the

detailed statistical characteristics of N at several representative

weather stations in the United States.

Summarizing the above, we see that the average value of N
up to a height of one kilometer above the surface may be predicted

preferably, when ip is small, in terms of a measured mean gradient,

AN, or, alternatively and with only slightly less accuracy, in terms
of the mean value of the surface refractivity, N g . Above one kilometer,

N decreases exponentially with height, and Bean and Thayer —/ give

the following formulas for N(h) in this range

:

N(h) = N- exp[-c. (h - h -1)] (h +1 < h< 9km) (41)
1 i s s

C
i

= TT1T l0g
e <V105 > < 42 >

s

N(h) = 105 exp[- 0.1424 (h - 9)] h > 9 km (43)

Since the constant c depends only on N and h (see Table 5.1 below),

it appears that the mean atmosphere may be described in most cases
in terms of these two parameters or, alternatively, in terms of h

and Ng when AN is known. Note that h
g
influences the description of

the atmosphere [see (42)] only in the range from one kilometer above
the surface to 9 km above sea level, and then only slightly for the

range of values of h normally encountered in practice; consequently,
we may, for practical purposes, consider that the atmosphere is well
defined by the single parameter N . The success of tide model in
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Table 5.1

Constants for the CRPL Reference Atmospheres

h
s a' a

c.
l

N
s

feet MILES -AN' k MILES per kilometer

3960 1 3960.00

200 10, 000 3961.8939 22. 3318 1. 16599 4619. 53 0. 106211

250 5, 000 3960.9470 29. 5124 1. 23165 4878. 50 0. 114559

301 1, 000 3960. 1894 39.2320 1. 33327 5280.00 0.118710

313 700 3960. 1324 41.9388 1. 36479 5404. 57 0. 121796

350 3960 51. 5530 1. 48905 5896. 66 0.130579

400 3960 68. 1295 1. 76684 6996.67 0. 143848

450 3960 90. 0406 2. 34506 9286.44 0. 154004

predicting the bending of radio waves has been examined by Bean
and Thayer zll and leaves little to be desired except in the small
percentage of cases involving non -linear profiles.

For some mathematical analyses of radio propagation, the

above -described CRPL Model Radio Refractivity Atmospheres have
the undesirable characteristic of having discontinuities in the gradient
at one kilometer above the surface and at 9 km above sea level. The
following exponential model is free of this defect and, although it does
not fit the meteorological data above one kilometer as well as the CRPL
Model Radio Refractivity Atmospheres, it does nevertheless provide a
representation useful for many applications:

N(h) = N exp[-c (h - h )1
s e s

(44)

The CRPL Model Radio Refractivity Atmospheres have arbitrary
values of N

g , h
g

, and AN; in the CRPL Standard Radio Refractivity

Atmospheres N_ and AN are related by (37) and (39), but h is arbitrary;
s s

and in the CRPL Reference Radio Refractivity Atmospheres N
g , AN,

and h
g
have the values given in Table 5.1.
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The constant c is defined in terms of AN and N :

e b

exp(-c ) = 1+ |r (45)
e N

8

Table 5, 2 gives the values of c for several values of AN for the

particular case in which N' is determined by (39)} the value N = 313

represents the average of the observed values of N
g
in the United

States.

Table 5.2

Typical Constants c for CRPL
e

Standard Exponential Radio Refractivity Atmospheres

N(h) = N exp[-c (h - h )]

c
e

AN N' per kilometer
s

22.3318 200 0.118400

29.5124 250.0 0.125625

30 252.9 0.126255

39.2320 301.0 0.139632

41.9388 313.0 0.143859

50 344.5 0.156805

51.5530 350.0 0.159336

60 377.2 0.173233

68.1295 400.0 0.186720

70 404.9 0.189829

90.0406 450.0 0.223256
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Fig. 47 compares the paths followed by radio rays leaving the

earth at several selected elevation angles, v}j , for several of the CRPL»
reference atmospheres with the paths expected in a four -thirds earth
atmosphere. Thus, the graph paper used for tracing these rays was
so designed that they are straight lines for the linear gradient atmos-
phere corresponding to an effective earth's radius of 5,280 statute

miles, i.e., (4/3)» 3, 960 miles. Note the very large departures at

large heights of the rays in all of these representative atmospheres
from the rays in the usually assumed four -thirds' earth atmosphere.
Note that there are large departures from the four-thirds' earth
atmosphere at large heights for N = 301, even though the bending in

this atmosphere is correct for heights h - h_ less than one kilometer.
s

An appropriate allowance for this difference in bending is made in the

tropospheric curves presented in subsequent sections of this report,

but no such allowance was made in preparing Figs. 3, 4 and 6. A good
estimate of the correction which should be made to the altitudes of the

contours on Figs. 3 and 4 is simply the difference in heights, at the

appropriate range, between the 4/3 earth rays and the N
g
atmosphere

rays. For a detailed discussion of such corrections with appropriate
graphs, see a recent report by Rice, Longley and Norton. ±zJ

The Bean and Thayer report gives the elevation angle error
€ = vji - ifj as a function of electrical path length, R , for rays in the

o ™

reference atmospheres as well as AR = R - R .

(Rj/2)

R
e
= \ndR=ct (46)

where c is the velocity of light in a vacuum and te is the time of transit

along the ray path.

5.1 The Influence of Tropospheric Bending on
Ionospheric Propagation

The bending of the radio waves by the troposphere has the

effect of extending the range of ionospheric propagation and, although

the effect is small, it is not negligible near oblique incidence. Table 5.3
shows the influence of N on R-, d_, and cos

<f>
for ionosphere heights

h a 70, 90, 110, 22 5, 350, and 475 km. The calculations were made by
tracing rays in the CRPL reference atmospheres with N

8
= 0, 301 and

400. Since the variations with N are comparatively small, it would

83



o

II

LTl

4>
i-H

rQ
nJ

H

-e- o o m cn O <^ -j- ,_, nO nO -d- 00 r- iH o ^J. O vO 00 m <)- CM r- nO O -H O r-H CM CM cn m r- o -d- 00 cn ON in o CO r^ CM d- -d- in 00 nO On C\I r~ 3 00 nO <h
m cn cn cn cn cn m •d- -d- •* in m vO CO o nO <t cn nO m on m oo o CO rH <!- 3 <J-

o <|- -4- <j- <}- <j- cl- <h <|- iO •n nO r~ On CM r- -d- <* vO cn vO ^h r- oo
u <h <f dc -d- -d- <r -d- d- d- •d- <i- <)- -d- d- <)- -d- vf <*• m m no I-- o •d- CM h r- CO

iH rH rH rH .—

i

rH tH H rH rH H rH rH rH rH rH rH rH rH rH rH H CM CM cn <|- m r-

4 <!- <s- <t" <f- <r <J- -d- -d- <f <1- <1" <1" d- <!" <!• o- cn cn cn cn CN"! cn cn cn cn cn CM

o n
i-h4>

ir\ m m m m in m in m m m m m in in in m m in m m m m -n in m m m
o r-H nO o o CO in vO O <J- ON o On r-- CM r~\ <i- -d- v0 00 co co o CO =0 CO m on v0^ -0 ;H CO CO o m <* r~- en cn m o On On 00 co cn -d- m m m <}- ~d- On oo r~ vO <J- oo 3
II

g
00 rH m c—

1

co m cn i—

i

On 00 vO m d- d- co m in o m On cn nO in •d- O rH <j- On

o o OS CO NO m -d- cn r-\ o ON CO ^o cn CO <t o cn CO cn ih On o CM -d- co -d- 3
01 en cn CM rvj CM CM CM CM CM CM rH rH rH rH o o o cn vO CO H CM 00 CO vO On CM CO

iH .H i-H rH rH rH H .H rH rH rH -H rH rH rH rH H On CO r- r~- nO -d- cn CM rH'rH vO

cn en en m TN en cn cn en CO cn m en cn cn CIS en cn en en cn cn m en ;n ;n cm CM
in in in m m m in m in in in in m m m m in in m m in m in m in m in in

a O cn -d- cn cn CO <f CM m m -d- <!- r~ CO en 00 m rH 4- m r~ 00 rH co m m <)- CO
o m o 00 -d- r~ CO m r- <t LfN. ON cn o in H r- -d

1 H vO <t -o nO CM CM on in 3
rt E

1— cm CO o m rH On ON o cn r~ CM r- r- •d- G> o x> nO cn ih <r -d- rH <~H vO iH m
co m rH m CO CM m ON d- co CM r- nO H co r~ r~ 3 00 nO 3 ON m r~ 3 CO CM cn
m in m <J- cn en CM rH rH o O ON CO r^ ^ CM o r~ en On ^o rH <f ON <1" O vO in
vO vO vO vO vO vO vO NO NO NO vO m m m in m m <r -d- cn cn cn CM rH rH H r- m

m vO On o> nO ON O r- rH rH On cn rH cn ON o CM r- h- rH m r- CM m o On cn -cj-

-©- CO CO 00 On rH cn r~ o in o m CM r~- * CM CO On 00 00 On <f cn 00 in r~- r- co ON

co

O
cj

Gn o ON On o o o .H rH CM CM cn <f r- cn o On CM rH in rH d- o CM cn nO rH <t
<l" <r d- <)" m m in in m in in m m m nO r— r~ o cn oo m m r- <r nO 1—1 I

s— co
4-

<l- <i- <t <i- -d- <)- <1- -d- -d- -d- -d- -d- •4- -d- -d- <f- m m in no r- O -d- cm •-t r~ CO
i-H H iH rH H rH rH H rH ^H rH rH rH rH H iH rH CM CM cn <}- m r~-

•d" -d- d- •d- -d- <h <h <t- <f <(- <l" -d- -d- 4" -d- -d- cn cn cn cn en cn cn cn en en en CM

o
a

m in in m m in m in m m m in m m m m in in m in m m in m m m in m
a

in On vO cn n£) cn vO CM cn 00 vO >- r~ m -d- rH O 3 00 3 CO o o nO 3 On cn 3m -*! o -n r-l CO nO nO r- 3 <t- ON nO <f -d- cn On ON On r- <)- r- r- m nO <]- H cm in 3
n

CO cn CO r- r- r- r-- 00 co CO On o CM nO •d- m On r- H cn m vj" rH r— l> O <!" CO
-d- <t- m CM H O. On CO r- nO m m cn O vO CM 00 o On r- no v0 O rH ^ co <]- 3

ID <\] CM CM CM CM CM iH rH i-H rH rH rH rH ^H o O 00 CM in r- 3 CM r~ CO nO On CM co

£ rH i-H rH i-H iH H t-t rH rH rH rH rH rH rH ^H rH On o 00 r- r~- nO <f cn CM H rH O

cn m m cn cn cn cn cn cn cn cn en cn cn cn cn cn cn cn en en cn cn cn cn cn cm CM
m m m m m m m in m in in m m m m m m m in in in in in m m m m m

01 m m <t- 0> •H 00 On cn 00 rH CM CO r- m r^ m ON CM d- cn o vO in 3 cn CM n0 vO
--^ i— cm 0s co i-H cn H r- rH rH O cn cn cn r- r- m On o H co r- m in r- 3 -d- 3 r~

c?E
O o cn CM iH rH r-t cn m r~ rH in m -d- r^- CM r- i*- O o r~ CO r~- t— o nO 3 -d-

CO m cn 00 cn co cn CO cn 00 <j- o< o r~ nO r— CO <f cn cn r- r~- <|- nO o OO CM en
(M cm CM -H H o o On o 00 00 r- r- m cn rH ON v0 cn o m H -d- On <!- O nO m
^O no vO NO vO vO vO in m in in in in m m in <F <f '•d- en en cn CM 1—1 r—i ^h r— m

-e-
r- r- o O nO O o vO On On vO ON m en rH rH rJ in vO cn h <!- rH cn <!- P- rH o
o D (—

i

CM cn NO O CM vO rH r- m CO m cn r~ r- cn ON Cn rH ON r- rH ON co cn cn

01 o o o O o o o rH 1—

1

CM CM en o- r- cn o ON CM 3 <T On o d- <r rH cm m nO

O r-- p— r- r- r- r*- r- r^ r- f~- r- r- r- r-- 00 On ON CNJ in O nO r- CO m r- cm r- «3
-d- <h -d- <r -d- -d- <i- •d- <t- •d- <i- -d- -d- <!- -d- -d- <t m in nO nO I

s- o -d- CM ^h h- co
i—i i—

i

rH i-i iH iH rH H rH T-\ rH rH rH rH H rH mH rH CM CM cn <t m r-

<r -cl- -d- <t <i- •d- vl- -d- VT d- ^ <t- -1- <1- <!• cn cn m cn en'en cn cn CN"! cn en en CM

a
in in m LO m in m m in m in n in m m in m m m in in m m in m n m in

o
a

i—

«

i- CM r— cn On o I
s- O vO On r~- o x> rH o m CM vO CO CM nO 3 o 00 00 CM cn cm 3

-0 -r. in n nO r*- o CM m ON cn 00 >^- ON cn r- i~~ nO vO o <r <} n CM co CM On 3 m r—

1

ii E
co -d- o CM m r~ On rH -d" nC On ^H r~- ji o o vO nO cn en m 3 CM IC- On r- cn in

in
NO vO vO m -* cn CM CM rH o On ON S m CM r~ <r cn r~ •h <t 00' in ON cn r- ^ 3
i-H rH i-H i—

i

i—

i

iH r-f ,
—

1

rH rH o D 3 o O co in On en nO o rH r- r- o On CM 03
1—1 t—\ i-H i-H w~l iH '-l rH T~* rH ^ J

- H rH 1-1 rH On On 00 00 I
s- nO NO <t- cn CM i—1 i—

1

nO

*
cn cn cn cn cn cn en cn cn cn cn cn cn cn cn cn cn cn cn cn en cn cn en cn m cm CM
m m m m m m m m m in in in m m m in m m m m m m in in m in m m

a
rvj <u

CO H .—

<

i-H r- o o r- o On vO CO cn 00 v£) CM o 00 CM m cn o o o o CM oo in
—— i— m co r—

1

On o> cn ON r- On CM On CO m <i- vO cn <r CM OJ 00 f- vO -d- oo •-0 On CO CO

rt E
m m vO vO r~ On o CM <!- r~- a- CM On rH vO 00 v£> rH O 3 r~- NO 00 r- ^o -d- m en
CO vO d- o vO CM O m rH r- en 3 CM CM * r- r^ rH <^ in rH cn CM m On 00 rH cn
00 00 00 00 r-- r~ vO vO nO m in m <)- cn rH On CO in r\! oo m rH * ON cn 3 vO in
m m in in m in in m m in m m m m m <|- •d- -d- <r cn cn cn CM rH H •h r— m

k ° in o o o o o o o o O o p o o o o 3 3 o o o 3 o o O 3 3

*E o o ,_, CM cn <t- in M3 r- oo ON 3 <\j m o m 3 o m 3 o O o 3 •3 O 3
rH rH rH CM CM cn 4" in NO CO o m o 3 3 3 3

rH CM cn -d- no On

84

00
in
m
co
CO
in

cn
o



-e-
CO CO rH O -d" LO CM -d- CO r-- iO •d- ^J. -d- o CM nO I

s— o <f nO CO CO <t O r-{ ON
<r <f- in md r- ON CM m On co :o <|-

I

s- rH CO On ON CM o CM i-H m r— rH iO I
s- CM

<n 0> ON ON On On ON o o O l—\ rH CM co vO rH I
s- m vO CM O On CM <r in •* nO nO

O co CO ro CO CO co -d- -ct- -d- <t <J" ^ <)- •d- in in '.o ro rH -fl rH H o in vl" I
s- O

vD vO nO nO nO vO vO vO nO nO NO vO NO nO nO nO nO NO I
s-

I
s- CO ON CM m CO H CO

rH i—l i-H rH rH 1—

1

rH rH rH rH rH rH rH rH rH rH rH H rH rH rH CM CM CO •d- m

<t" <f- <r <r -d- -J' -d- -d- ^ J- <f <t -d- <J" •d- •d- <f d- -d- CO CO CO CO CO CO CO CO

o LA m in m m m m in m m m m m m in m in m m m in m UTN m m m in

o cc

V ^1 o -d- 00 On <j- CM CM CM i-H co On <f rH CO * I

s- CM 00 nO CO 00 nO co iO nO CO

**jj
CM CO CO I

s- o NO m I
s- CM On On I

s- •d- CO I
s- On CO .—

i

m co on r— NO rH CM nO

n nO On CM co m CO o CO vO in CO CM rH rH -d- O On m CO co co <!• CO nO rH o o
nO m m CO CM rH o co I

s- NO m <f CM ON •d- o m CO rH CO o rH CM r- in CNJ On
CO

S5
<1- o- o- <)- <f -d- ~d- co co CO CO CO CO CM CM CM rH o o cm in nO On I

s- co in m
i—

i

H rH f—( rH rH rH rH rH rH rH rH rH rH rH rH rH rH rH On CO I
s- in d- co CM rH

CO CO CO CO CO iO CO CO (O CO CO CO "O CO CO co co co CO CO CO C<N CO ro CO CO CM
m in in m m in m m m in m in m in in m in m in m in in m m m in m

to
C\J r- vo O rH m m in I

s- CM CO CM CM o o CM CM o o m On co co r- CM rH m
-~. i—

i

CO m cm o in I— o rH H vO -d- m CM n0 CM CM <t- CO CO r— I

s- <j- in o m r- <i-

co co <t- I

s- h r- m m NO 00 CM I
s- rH ON <J- nO CM O CO I

s- oo CO vO 00 I
s- O CO

0\ m cm in On CM vO o <t" 00 CO r— I
s- rH 00 nO nO CO in O "H I

s- CO nO I

s- CO vO
CO co co CM rH rH o o On CO OD r- nO in CM O 00 <|- rH I

s- CO CO o <!- I
s- CO I

s-

r- r- r- I- I
s- r- r- I

s- nO NO nO nO NO NO nO no m m m Nd- -d" CO CO CM rH rH On

-e- o O CO CM vO r- •* *o m On On m m <i- CO I
s- On CM r- <t oo 1— rH CO ^ vO rH

CO c0 co <t- .n r- o CO I

s- —

1

CM in On o nO nO ON m nO CO ct O I
s- CM NO <f

to LT\ in m in in m nO NO nO I
s-

I

s- CO ON rH I

s- CO rH rH I
s- in <1- I

s- ON 00 I
s- 00 I

s-

o -d" <f vt- •d- <r -d- •d- vf" <f -d- -d" <J- •d- in m vO I
s- ON i—t vO CM H O in -d- I

s- o
y nO -JD *D vO nO vO nO vO nO nO O n0 NO v£> NO n0 nO NO I

s-
I
s- oo On CM m co •H 00

r—

1

rH —

1

rH rH rH rH iH rH H rH H rH rH H CM CM CO -d- in

(H -d- <t <r -d- -d- <f <t •d- 4- <!- o- <f -d" -d- -cl- -d- J- -d- -d- CO CO CO CO CO CO CO CO

E m m m in m m in in in in m in m m in m m m m m in in in in in m in

J2 r-H «i

o o
CO -i2 *d" I

s- m rH CM r-- nO O vO nO ON -d- On rH co CO o m rH CO CM O nO n0 n0 O CM
-« a CO O CO in ro CM CO m On <r D 03 nO CO CO in co <!- CM nD vO r- o co ON 00 CM

II

E
LTV o -d- <r <f <t o- -d- <!" in n£> nD 00 CM O O CM CM co I

s- vO CO CM r- I

s- CO o
II o O On co r- vO m -d- CO CM rH O 00 nO CM co <}- r- o rH in I

s- rH nO •d- rH ON

X
to <r d- co CO CO co CO CO CO CO CO ?0 CM CM CM rH rH o O cm <r m On r- co in m

.h rH rH rH rH rH rH <—{ rH rH rH rH rH rH rH rH rH 1-1 rH 0n oo I
s- m •d- CO CM rH

in CO CO CO CO CO CO CO CO IO CO CO en CO CO CO CO COi CO CO CO CO CO CO co CO CO CM

ID
i-h

m m in m in m in in m m m m in in in in in in m' m in m in m in in in

m
,0 (M 0)

<1- ro.r-H ih in o r~- CO nO in 00 CO o I

s- rH nO On NO rH on <r -d- co vO On -d- in

rt
"--. I-H CM ON CJO rH rH On co m CO CO ON I

s- o o CM <t- m On o ro r— <|- CM n0 On o m
H -1 '2 O CM vO in <f CO <J- m I

s- On CM vO nO d- d- m no <J- <!- CM CM m co <1- m ^3 vC

CO nO CO oo co CO CO 00 CO co <)- On o I
s- vO vO I

s- CM O r— ON in cm n0 I
s- CO nO

o o o On On CO CO I
s-

I
s- nO nO in m co rH On I

s-
•d- rH ^O CM CO o -d- I

s- co r-

r- r- r- nO nO nO nC vO nO nO nO n0 vO nO nO ir\ m m in -d- <f CO CO CM 1—1 H On

<f •d- no m o o I
s- On I

s- rH o nO •d- o On O CO in CM rH On n0 nO CM O rH *C
-©- o o o rH CO iO r-- O -* ON -d- On CM vO nO CM rH rH m rH CM in On I

s- CM NO CO

en
CO CO CO co co CO co J- <t <J- m m I

s- On -d- rH ON On -d- CM O CM rH On in <t O
MJ no o nO vO vO nO nO nO O -o ~o O nO I

s- CO CO O en CO <h CO CM O -O, CO rH

NO VO NO nO nO vO nO nO nO nO vO nO nO vO n0 nO vO I
s- r- I

s- CO ON CM m CO rH OO
1-1 I—! rH rH rH rH rH rH 1—1 rH. r-i rH r—\ <—{ r-l rH rH rH rH CM CM CO <j- in

<f o- <f <l -d" <) d- -d- <J- J- •d- d-
j.

<f -d-
. .

<|- co ,-n'co CO CO CO CO co co

in in lo in in :n m m •s\ m cn m m m m in in m m lo in m in in m in m
CO

' rH
r- rH I

s- CM CM nO s\ On CO rH ON rH o 4- co nO CO CM nO CM CM O -d- CM vO o o
o CM CO CO m r— ON CM in ON <h -d- n0 I

s- CM CO nO m cm .H \D co o T—1 CO vO On
•H -A On in r- On rH •d n0 co rH nO r-i on <J- On vO CO r> CM C-J CM v£ to 00 <,' 0C,

II g CM rH rH O On On co I
s- nO nO m d- CO o I

s- CO o -d- <|- <f CM CO nO -d- CO rH TO
(0 CO CO CO CO CV CM inj CNJ CM CM M CM CM CM rH i—1 rH o O) O CO <t- CO r- co 1C\ IT,

rH r~l f-t r-l rH 1-1 1-1 1-1 rH ^ "' 1-1 1-1 1—1 rH rH r-l rH On ON CO r- m * CO CM rH

*
CO CO CO co co CO CO l<1 co CO co CO CO CO CO CO CO CO CO «N, CO CO CO CO CO CM
in m m in m in m in m m m m m in m m m m in m m in in m m in in.

0]

M 4) <J- -o in O On t~-t I
s- vO 00 -d- t nO CM rH NO 00 O ON On r- -d- O rH CO <j- O 00

co O CO rH O CO I
s-

-cl- co m ON in m CM vO 00 I
s- CO nO r- On I

s- m m nO rH O
« 6

co On ON O rH CM co in I
s- On r—

1

•* o H CO rH in o nO <)- in r— m CM t~-i <!- rH

r- in co O nO CM 00 <( o nO CO ON CM rH CO vO on 00 CO 00 CM o o m I
s- CO vO

v£> nO nO J3 in m o- d- -d- CO en CNJ CM rH On I

s- in CM ON m cm CO o -d- I
s- CO I

s-

vO nO nO •JO nO vO nO vO vO vO NO nO nO in in in in -d- -d- -d- co co CM 1—1 H O

In
o m o o o o o o o 3 o o O o o o o o o o o o o o o o o

^g o O i-H CM CO <) in nO I
s- co ON o CM m o m o o o m o :> o o o o o

rH t—

1

rH CM CM CO <l- in nO CO o in o o o o
r-i <—i CM CO sj- NO

85

CO
00

I
s-

nO

X

oo
CO
t>
vO
vD

fli

V
IH

CO

rQ

co
in

CO
CO
r-
vO



o
©

-,2

oTg

©
II

CO

in

D
1-1

rO
m
H

15

1

CO

N O

->'r\
tf E

^r

pTe

rH CM <1- CM m * co p- CM cm r— CO in O UN 3 m p- m d- rH \0 rH d- CM o m co
rH rH H CM ro UN p- o 4- CO CM rp- ON rH P- p- ON cm in ro rH CO O d- <P H CO ON
OO to CO co CO CO CO <r <r <d- in m vO ON CO 0N >o UN CO IM vO rH CO n UN rH CO
t-H rH rH rH rH rH rH rH rH rH rH rH rH rH CM CM CO Ln r~ CM P- ^O CO o CM NO -d- rH
oo CO CO CO CO CO CO oo CO CO CO CO 00 CO CO CO CO co co ON 0N 3 CO o •d- NJ 00 ON
1-1 rH rH rH rH rH rH rH rH rH rH rH rH rH rH rH ^-1 rH rH rH i—

1

CM CM M CO d- m r-

-d- -d- <f <t <r <T <t •* <P <r 4- -d- <P d- <P <t- -d" d- -d- •d- CO ro co •o CO o co CO
m a UN m in m m in in un tn m in in m in UN UN UN m m n m n in n in UN

p- rH in ON co rH r- in CM CO o CO CM O CM n CM CM vO r~ CM ro cm M o £) NO CM
p- 00 ON o- co nO rH o CM vO <r CO o UN o r/> m ro cm •d- ON r- on 0 <t DN CM <t

m CO rH CO m CM o CO vO -d- co CM rH o ro n p- rH CM 0N -d H CO H iH V- CM H
o o ON P- o UN <f CM <—\ O ON co MD CO CO ^N ON CM UN UN p- CM P- 30 CO d- co NO
vO in m m m UN m UN m UN -d- <r vT <* CO CO CM CM rH 3 r- CO ON & o 3 ON o
1-1 rH rH rH rH rH i—

t

r~{ rH rH rH rH rH rH rH H rH rH rH rH ON CO vO n -d- ro 1-1 rH

CO CO CO co CO CO CO CO co CO CO CO CO CO CO -o CO ro ro ro CO ro CO n co ro CO N
lA n in in m m m m m UN UN m in m m UN m un UN m in' n m n in A m UN

CO CM ,_, CM P- CM CM ON vO CO UN rH O •d- o in <r co O o""vO ro -d- & in -i CO nO
i—

t

<r rH CO CM <r CM UN <t r- co CM d- co -d- ho 0\ 3 O vO >o 30 rH 3 vO H CM UN
CO 30 <r vO rH r- m <t" UN P- rH •£> 0N vO ON CO rH rH vO CM CO ro vp n d- NJ o rH
t—I r- <r r- rH <f CO CM •o o m 0N 00 ro on P- rjN <r CO p- r> co d- d- ro ON CO

3 o 0N ON CO 1— P- o o m <f CO CM ON m rH CO. CO 0N d- m TN rH J0 rH NO
co CD CO r- F^ r- p- P- p- p- p- p- p- r- yO O vO jo m UN <t d- co M CM -H rH CO

co * •a <j- p- nO o 0N <p <f ON o vO rH <t o >- CO JN r-- H CO 0 in JD vO o
co CO CO <t m p- o CM *£ o <!- ON rH CO ON X) rH ro in CM co d- co D ON 3 -d- d
co oo CO co CO oo ON ON ON o o o CM <f CO -d- CM 3 ro P- o •o r~~ X> p- r> CM d-
i—i rH r—

*

rH rH rH rH rH rH CM CM CM CM CM CM o d- •O CO CM oo X) CO O CM n V* rH
co CO co co CO CO CO 00 co CO CO CO 00 CO CO CO 00 CO CO c> ON 3 CO a <r rM CO ON

rH rH rH rH rH rH rH rH rH H <—t "H 1-1 M CM NJ CO d- lA P-

<f- d- <r <r <T <T <T -* vl- <!- -d- <}- -d- <|- <r d- -d- -d- <t d- CO ro co o co iN co co
in n in UN m in in m m UN UN m in in un n in n un n m n un n m JN lA UN

ON ro o nO in on vO r- rH r— vO ^c rH -d- r- rH CM CO H o NJ O D o 3 ON UN
<r NJ o nO <p ro <r -o o 0- o •~ m 0N UN o ON 3 CO 3 CM n cm n vO M -O CM

-d- on -d- CO CO co co CO <p -d- UN UN p- D CO X3 ON X) rH M ON M O H p- J0 rH rH

<t CO CO CM rH o ON oo r- *£> UN d- cm 3 in H r- 3 <t n rH ro vO v- CM d- CO vO
lA n m UN m m <f >a- <t <p <r d" •d- <J- CO o CM M rH 3 P- -. ON JD o 3 ON 3
rH rH rH rH rH rH rH 1-1 rH rH rH rH rH rH rH H rH H 0N X> vO n * O rH '""'

CO ro CO CO CO CO CO CO co CO CO ro co ro co o CO ro ro ro CO n co o co •o CO CM
in n UN m m in m in m in un m m UN UN n m n un n m n un n in. JN lA UN

o on vO CO rH CO vl- p- vO p- o co ON ro p- rH M P- H o 3 o 3 d- 3 O lA
co d- CO vO *o CM vO vO CO vO ^0 CO 3 rH » ON O rH d- ON ro on H oo n O O
vO 3 <t CM rH rH rH CM -d- ^0 ON ro rH O P- n co d- ^ n in 7> <P 3 CM H o rH

o 30 in o in 3 m o m O UN —t CM co p- co M ON d- <r - r- d <t X) ON CO

CO p- p- no nO in m -* J- CO *) CM 3 CO o vl- H P- T\ ON d" UN 3N rH J3 rH *D
r^ *- r- p- p- r- p- p- p- p- r- •- r~ p- vO o vO O UN n <t d" co M CM H rH oo

rH rM vf CM m ro r- ^0 o o <J" j- O ro cm 3 vO O P~ ^ vO d" UN d- O > NO CM
CO ro co * m P- ON CM •JD o <t ON rH rM co CO > ON M <f •o o o r~ TO co ro

<r d- <r o- <r <f * in m ^o o vO 00 3 <i- 3 p- n co NJ m 3 O J> in d- lA JN

CO -o co C0 CO CO CO CO CO -o CO CO CO •d <»• n in - ON d- ON ro m CO J" <t rH

co io co co CO- CO co 00 CO CO CO CO CO CO CO so op 30 CO P- ON O CO o <t M oo ON
1—1 r-t rH rH 1—1 rH r_l rH rH rH 1—1 rH rH rH H rH CM CM M CO St m r~

<r d- -t -S- <r <r * •d- •tf <r -d- -d- <r <t <f d- <t d- <1- d- CO CO CO O CO o co ro

tn n m m in n UN in m un m UN UN un m n m n un in UN UN lT\ n in n UN A
<f ON -d ON p- o p- ON <r J- CO vO •£> ^-1 rH n CM h p- CM <t O 3 CM 3 p- 00

o b CM <r
>- ON CM •o o -d- ON O O rH "M <r X) rH CO co UN rH O p- H o p-

rH N- CO in p- 0n rH <+- vO ON rH co ON P- rH o og ~- t~ CO <r- ~- CO M nO H o 3
nO n m <}- CO CM CM rH o ON ON 00 vO * rH d- *- rH CO P~ P- o d- rH d- co NO

<t .j- <r <d- d- <t <r <r d- ro ro co CO CO CO M CM tH rH 3 m vO ON iO O 3 ON 3
rH 1-1 rH rH 1—1 rH rt rH rH r~l rH rH rH -H rH H rH on CO -o n -d- NO r~1 rH

*
co n co co CO CO CO CO co" NN CO CO CO CO CO o CO CO CO co CO NN CO o co ro co CM
in n m in UN m in n m UN UN in m in un n UN n un n in n un n m A lA UN

CO _) ON <—i <t co CO o oo P- P~ ON in co <} •^ ON <P rH 3 o UN CO "0 <J- vO co P-
<t •- ON r- nO >- rH N- vl- <P vO D in CO CO n <r vO P~ rH ON 3 rH 3 vO ON CO lA
ON ?> ON o rH CM •d- m p- O rH <} ON O ON n vO ro o CM co P- ON JO r- CO ON ON

CO M3 * r—

1

P~ ro ON in H r^ <*- D CM rH CO J3 ON P~ P- in r- rM <1- M CO CO P-

CO CO co ro CM CM rH ^H rH o o 3 ON CO *o d- CM 0N VO CM co d- UN 3N rH iO rH nO
p- r- p- v- P- P- P- .v. P- vO ^O vO •o i0 UN UN n d; -t co NJ CM rH CO

o n o o o o o o o o o 3 o o o ^ 3 3 O D o 3 o 3 O 3 o o

o 3 rH CM co d in ^D p- CO ON O CM UN O n O 3 O n o 3 O 3 o 3 3 3
^-1 rH rH CM

86

M CO d- UN iO 00 3 UN
rH rH

3 o
CO

3
d-
O
NO
o
ON

CO

ON

00

ON
CO

l«

<u

u

V
rO

CO

ON
CO



-e-
-d- m U3 i-H O CO o o m o rH in m CM CO m O CO -d" <1 UN CO CM CO •d nO nO 3
I
s-

I
s- h- 00 s O rH co •D o> r\j m co 00 ON o m o rH o UN o vO ON vl O rH

09
4" <J- <r * <f m '-n m LP, m iO vO I

s- CO rH \0 r—

J

CO ON o 00 ON CM rH -cr On CO UN

o I

s-
I
s- i- I

s-
I

s-
I
s- I

s- r— I

s-
I

s-
I

s-
I

s- r- I
s- co oo 0> o rH UN co <r Lr rH <t UN CO O

u UN m m m in m m m in in in in m UN UN in in vO ^O vO ^c I
s- c CNJ CO UN o On

r\j CM CM CM CM CM CM CM TO CM CM CM CM CM CM CM CM CM CM CM CM CM CM CO co vl nO I
s-

-d" <f- •d <i- <f -d- -d- •d- -d- -d- ^ <f -d- <rr -cl- -d- <r <r <r -cl- -t vl -d- -d- CO co co CO

oo
un m in m in in jn m m in in in m in UN m LT: UN m in LT UN m UN UN UN UN UN

a (M CO O CM x vO -O CO vD CM CM CO CM CO. UN r— rH n0 rH CO 00 CM Cr- o -d- o o O* 4 CM CM •d o I
s- O ^ CM c I

s- CO rH m <j- CO CM rH <1- X I
s- <t <J- u~. 00 -cl- UN ro CM

II
-d- I

s- o nO CO O CO vO 4- CM rH o oo I
s- co CO o ON cl- rH I

s- co IT, o X O On CM
t\] H i—

i

ON 00 I
s- m or CO CM rH O I

s- <t On m rH CM in UN m -d- O CM On On rH CM
CO t\J CM CNJ rH 1—

1

i-H i-H i—

f

rH rH i-H H O O ON o CT. CO I
s- nO LT. -d- O^ O UN 00 CO rH

Z CM (M CM CM CM CM CM CM CM CM CM CM CNJ CM rH rH r~
|
rH i-H i-H rH r-\ ^ rH I

s- UN CO CM

-d -d" d- d- <J- -d- <f -d- vt"
_,.

-ci- <d- -cr <r -d- -ct- co o co CO CO CO .,- CO CC CO CO CO
LTl m m m in in m m m in in m m UN UN in m UN in UN UN UN in UN UN UN UN UN

. a
CO o r- co •.o m o o <f CM CM m cm O CO ON o> CM I

s- CM CM CM d- o I
s- rH O nO

I
s- CO 00 r-H un rH on co oo o CO I

s- o <t- O CM o On X O r-- CO <J- co 00 UN I
s- d-

vO CO 0> CO vO O CO I
s- rH vO o -d- co co <)- i-H r- CO o nO m I

s- sO UN ON nO CO ^O
1—1£ m en CM CM rH rH o o ON 00 CO I

s- vO <t CM o 0N ON CM o CO vO X I
s- O O On vO

rH r-H i-H r-H i
1 i—t r-t o o o o o o O O o I

s- co O UN o <1 CM co rH CO CO I

s-

r-H !—) i—

1

r—

«

rH rH rH r~l 1-1 rH rH rH r~i i-H rH 1—1 o On On CO 00 1— UJD UN <r CO CM rH

-e-
UJ r— CO <t- CO in CM CM in CM CO I

s- I
s- CO 0N UN o UN O UN O On CM UN On UN 0N d-

CM CM CM co d m r- ON rH <*-
I
s- O CO CO <!" UN UN O rH in <1 I

s- O co O H O UN

co

O
y

00 Xi 00 co CO CO CO CO O ON ON o o CM UN ON <r I
s- cn CO i-H CM UN -d- I

s- rH -d" UN
I
s- r- I

s-
I

s-
I
s- r— I

s-
I

s-
I
s-

I
s- r— co co 00 CO CO On o CM UN ON UN UN H d nO -o ON

UN m m m m m m m m m in in in UN UN m UN nO vO NO nO I
s- ON CM co UN O ON

CM CM CM CM CM CM CM CM CM CM CM CM CM CM CM CM CM CM CM CM CsJ CM CM CO co -eh O I

s-

g <l- •d- -d- -d- -cr <r <f -d- <h ~d- 4- -d- -d- -d- <}" <i" * <t -d- -d- -d- -cl -d- <1 CO CO CO CO

M r—t

un in UN m UN in m m in m UN m m UN UN m UN UN UN UN UN UN UN UN UN UN UN UN

UN o
CO a nO o nO o .~ o •£> o -0 CM o oo <f vj- CM o <t- CO ^> co UN co O I

s- o O 3 -d-

IN]
__. Cv

O -J- r-H CO in <t •& vO 00 CM I
s- CM I

s- vO rH <r •~^J ON CM rH CO m o CM 3 CO M ON
CM .. 5*5

E

r-H vO H o o o o o o T—\ r-i CM CO vO CO rH rH -d- CO CO O CO CO On CM I
s- CO rH

II

vO in in -d- CO CM rH o O 00 I
s- ^o <i- rH I

s- CO On H -d- <!- UN CO o i-H ON CO rH CM
03 i—l r-H H rH r-i rH rH i-H o O o o o O On ON X 00 r- nO UN <1 CM O UN co co rH

X Z CM CM CM CM CM CM CM CM CM CM CM CM CM CM rH rH rH rH H i-H i-H i-H rH 1—1 I
s- UN CO CM

UN

r-H

rQ
nj

H

<f <J- -cl- <l" <r -# -d- -d- -d- -cl- J- -d- <r -d- -cl- CO CO CO CO CO CO CO CNN CO co CO- CO CO
un m in m m m m in m in m ir. in in UN m UN m in in UN UN UN UN in UN UN UN

a 0> vO <f- nO d- o o vO o I
s- rH O CO CO CM ON On CM 00 rH <!- 00 -d- CM o -d- nO nO

<v] a <f CO CM o o oo co on o CM m oo m Ov CM UN I
s- co o i—

1

vO ON nO CO CO O CM CO
—^ I— en CM O in ON -d- on <f o in o in vo CM rH CO CM rH CO CO CM CM CO 00 NO UN CO vO
-••2

« E
o o o o CO oo r- r— I

s- vO vO in >d- CO rH O O CM vO nO O -d- I— nO o O On ^O
-1 t—

I

r-H o o o o o o o o o o o o ON I
s- CO ON -d- o -d- CM CO t-H CO CO I

s-

1-1 r-H '""' 1-1 1-1 rH rH 1-1 ^ 1-1 rH i— —

!

rH i—

1

ON On On CO C0 CO I
s- nO UN <!

" CO CM ,H

-e-
o o rj I

s- vO ON iN s\ CO m vO o o UN On CO nO UN CM CO rH co nO CO ON O CO ,_,

CM CM CM CM CO •d- -O CO o co vO o r- CM CO -d- CI CO CO rH 00 ON CO I
s-

I
s-

<rr cm ON

<B ON ON On O O ON ON ON o o o rH rH CO vO o UN I— CO <i- r-t CM •d- CM ro nO I
s- nO

o oo CO 00 CO CO CO XI CO ON ON ON O ON O ON :> O <—i CO U3 o nO nO CM UN nC o 'ON

u UN m m m m m in m m in m UN UN UN -UN vO vO vO ^3 vO I
s-

I
s- On CM oo UN o C3N

CM CM CM CM CM CM CM CM CM CM CM CM CM CM CM CM CM CM CM CM CM CM CM CO co •d- no I

s-

-d- -d- -d -d- <f -d- <t- <}• -d- -cl- <t <!" <r -d- + •d- <!- -cl- o- -d- -cl- <); <t- CO co co ro

<a
UN in un m m in .n in in m in tr un UN UN UN UN UN in UN m in UN UN UN. UN JN UN

. p—1 1—

i

CO CM 00 O O <r -d- 00 vO vO o m vO ON I

s- ON CO oo CO CO nO CO ON CM CO CO nO vO

o X) 'H CM co co un nO CO o CM m co CM in co I
s- I

s- <t On ON CO On r-H o UN CO On I
s- ON ON

ii S -d- o O CO o cm m I
s- ON i-- .H; vC r-t 00 rH UN On o <)- O cc UN UN -d CM I

s- -d- 3
I
s- r— vO in in * co CM i-H rH o o- CO UN CM co- -d CO r-i CM CO CM ON rH I

s-
I
s- rH CM

DC o o o o o o o o O o o o o ON ON co cc I
s- r— vO Lf -d" r— o m cc co r-1

fc. CM CM CM CM CM CM' CM CM CNJ CM CM 1— r—

1

rH rH
1

'

r~ r~t 1-1 1—1 r~J' 1—1 rH 1—1 I
s- UN CO CM

o- -d- <J- -d- -d- <r <i- -d- d- <f <f 4 <!- <)- CO CO CO -<-) CO CO CO CO CO CO co CO ro CO

UN m m in m m in m m in in UN UN UN UN UN UN n UN UN m UN UN in UN UN UN UN

fM tU
-^ i—

i

On trH CO o I
s-

I

s- I
s- o CO 00 4 CM CO UN 00 -0 o o ON O r-H CM nO CO o UN CM UN

r~ 00 00 o a> O rH CM -d- in I
s- O CO O CO On CM CO in -d- O ON d I

s- vO ON 3
•-••a i-H I

s- CO o- vO CM 00 o- o -£> CM UN -d- UN CO O rH —1 CM O- o nO iO I
s- 3 rH NO

ei S vO m m un $ <f <J" CO CO c<^ CM CM rH O UN I
s- ON UN CM UN i-H I

s- CO id ON O On <o

o o o o o O O o o o O O O O CO £> * rH CO CO ON ro CM CO o CO CO r-
(—

c

1-1 ,~i 1—1 1-1 rH —

H

rH rH 1—1 *~~

'

r—> r~\ rH ON ON ON ON CO CO I
s- h- iO UN <}- CO CM, 1

-3- -«

o m o o o o o o o o O o o o o o o O o 3 o o O a o O 0> o
o o rH r

! co -d- in vO I
s- co O O CM UN O UN o o O in o o o o o 3 3 3

£ rH rH rH CM CM CO -d- •JN 00 o UN o o O 3 O
CM CO <(- vO o>

87

o
i-H

X
o
I
s-

sO
o

7*
UN

<JN

I
s-

r-i

vO
o



•e-

(0

V

oo m
•<*

I-Hi-H

II

rri .H

I

55

at

JM <0
'"•i i-l

"••d
tf fci

-e-

CD

o
o

i—

i

o Vm I—ll—

1

*n .-,

II

S
2

CO

rg m
>^ i—

i

rH ,H

-e-

ca

u

CO

o
n

6
01

fc

CO

rg <u
-~» l-H

to

•> J
ti

oo CO o 4 rH rH CO O I
s- CJ> CO O CM f- <t CM o n0 00 CM 3 m 4- m nO CM

rH rH rH CM CO 4 in vO C0 o CO vO CM n oo 3 ON >- CO -d- 4" 4 CM ro in O CM co
CO CO CO CO CO CO CO CO CO •d- <t <t m >o CO CM in xn oo CM CM rH in 3 ro 00 4 I

s-

I

s- r- r- I
s-

I

s-
I

s-
I
s-

I
s- r~ r^ I

s-
I

s- r—
I

s-
I

s- 30 00 o^ o ro vD 1—

1

I

s- ox ro CM I
s-

—

i

iH rH H rH rH rH r~\ rH rH rH rH rH rH r—^ —

!

rH rH CM CM CM CO 4- vO CM CO CM
co CO CO CO CO CO CO CO CO CO CO CO co ro ro CO CO CO CO CO CO CO co CO 4- 4" nO CO

4" 4- 4" 4- 4 4- .

-d- -d- vl- -d- •d- -d- <|- <t <h <t <r <t * 4" 4- 4" 4" 4" CO CO enm in m m in in in m m m m tn m in in n in in m in m m in m in in in m
vO CM 4- nO o vO •d- o vO o CM CM <t d- co d- •d- CM -d- d- nO CO 00 rH CO CO O 4
r-4 CM CO 00 r^ 00 co rH r-1 -d- o co o I

s- in ro co k0 CO CO o 4" CM 00 ro CM 4- CO

o CM m rH 00 m CO rH o r~ vO •d- co rH CM •O CM On CM d- -4 3 CO 4" nO 3 m CM
i-H rH o On r- vO in vi- CM ^-\ O On I

s-
<rl- On d- O rH <i- CO CO r—i 4- CM OX r- CO CM

I
s-

I
s- r- nO <£> ^o vD vo vO o vO m in in <t d- •d- CO CM rH o On vO 4-0 ^0 I

s- CXJ

CM CM CM CM CM CM CM CM CM CM CM CM CM CM CM CM CM CM CM CM CM rH rH rH rH 00 m ro

4- 4" 4 <t
j.

d- <J- <t <t d- <t •d- <t <t <r d- d- <f d- 4- 4" CO ro ro n 1 co CO
ITI m m m in in m m in m m in m ni in n in n in m m m m r, m L!X m m
o CO o m I

s- m o I
s- o m CO CM CO x> o ^ CO CO rH n <-i CM m r- in O v0 CO

ox 4 O CM vO CM Cfr co 00 o CO I
s- 00 H vO d- <j- —I m n m 0X 4-

I
s- ro X) ON o>

vO co 0> CO vO o ro I
s- rH vO O <j- co B CO o CO -- CO d- 4" CM CM .n cm ro CM

o o on 0> 00 CO I
s- vO vO m m <t CO —

1 On s- <f 3 nO —

i

vO 3 O CM ro Lfl NO co
4- 4- CO CO CO co CO CO CO CO co co co ro CM M CM CM rH H O 3 I

s- & O ON NO I
s-

i—! rH rH rH rH rH l-i 1—1 rH rH rH rH rH —1 rH —i rH rH rH —

1

w-i 1—

1

00 I

s- O 4 OO CM

rH ^H CM o CO CO vO CM O rH in CM <t ON vO d- CM kD I

s- x> vO On On On rH N- I
s- r-l

ON o> o\ r> O <-i CM vt vO CO o CO On D m vO o- o 3 o On NO n 4 4 r-\ CM
m m m m vO J} \0 vO vO vO I

s-
I

s- r~ On rH d- CO CXI rH n m CO I
s- cm m 3 m 00

r- r- r--
"-

I
s-

I

s- r- I
s-

I

s-
I

s-
I

s- r- -- CO X3 00 ON. rH ro vO rH I
s- On CO -- CM I

s-

rH rH rH rH rH r-l rH rH rH t—i rH rH rH rH rH ~( I—

1

rH CM CM CM CO 4- vO CM X) CM
co CO CO CO CO CO CO CO CO CO CO ro n ro CO CO ro co ro CO CO CO ro 4" 4 vO CC

4 4- 4 4" •d- <f -d- -d- <t vl- <t •d- <!" d- -d- d- •d- 4- <t * -4 4" <t 4 4- CO CO CO
in m in m in m in in m in in in in n m n m n in n m lO m n m JX in in

(\J vO CM * o vO •d- <t vO CO o CM vD M CO r> o M CM X) o ON I

s- >£> CO >0 CM 4
o *- m —

i

On r^ I

s- XI o CO CO :o vo O CM o ON n cm H On 3 CM > 4" X) 00 CO
vO o m m 4 •d- <)- <t m x\ in xo r- D vO n CM d- o n vO n xj in JX CO CM
in m •d- CO CM H o o\ CO I

s- vO m co —1 >J0 M 00 3 CO xi CM 3 <t XI On Vi7 CO CM
vO io vO *o vO vO vO m m m in r\ m n <t d- CO o.cm H O On v0 4 O o I

s- CXI

t\J CM CM CM CM CM CM CM cm CM CM CM CM M CM M CM M CM XI CM rH 1—

1

—1 rH x> m CO

4- 4" 4" 4- 4 o- •d- <f -d- <t -d- <r -d- d- <t d- -d- d- <r 4- 4" 4- CO co co ro CO CO
m m in m in m m m in s\ m in in n in n m n m n m ri in n m n in m
CO r> oo on vO o o> <+ m o CM CO <t-

•^ m n NO do m On 4" 4 O "n- CO ro rH I

s-

CO vO o 00 I

s-
I
s- vJ3 I

s- 00 o CM <T rH d- <t M I
s- n <)- J> 0n CM NO D ro X) CO I

s-

m CM o -d- o •d- o <t CP> in o r> o M O 3n 00 3n cm 3n o 3 I
s- O CO H O CM

I
s- >-

I
s- no m m •d- •d- CO CO CO CM rH 3 CO n CO > o 3 vO 3 00 H CM n vO CO

CO CO CO CO CO CO co CO CO CO CO ro ro •O CM M CM H r—f H o 3 nO o JN NO I
s-

rH .—I rH rH <—t rH t—i t—i 1-1 r-i rH i—1 rH H ^ ~H ^-i -H r—i "* 1-1 rH 00 I

s- vO * CO CM

O ON o m CXI CM ~t a oo o CO D CM 0 CO JN vO v- ^h s_ m CO in X) On CM NO r~i

4" 4- m m vO r- CO' 3 i—t CO ^o On in -D <—l M r~i > m d- CO f~^ CO J3 CM XJ l—i m
4" 4- 4- 4 4 <e -* in m m in n o ~~ O "0

I

s- £> On •o CO CM m On rH n 00 ON
co co CO oo 00 00 CO :» 00 CO CO CO CO D ON On On 3 rH 4 r- CM 00 On d"

-^- CM I
s-

rH H rH rH f—i rH r-^ rH rH t—i rH rH rH r~i rH rH rH CM CM M CM CO 4- O CM X) CM O
CO en CO CO CO CO CO CO CO CO CO ro ro ro CO "O CO ~o CO r> CO CO co ro 4" ct- nO 00

4 4 * 4 4 <f
J_

-d- <t <r <!- d- <t d- <t d- •d- d- <t 4 .3- 4" 4- 4 4 ri CO CO
m m m n m m m in m x\ in m in -n m n m n in in m m in n in n m in

CM nO o CM no CM o CM vO o oo D 00 O CM X) o 3 CM 4" CO 3 00 X> n0 x> 4 NO
oo oo on 3 rH ro in I

s- o CM oo -d- O rH CO X) rH CO m rH LO d" On n O 00
vO CM 00 rH CO in I

s- ON rH -d- vO co.ro o CO kO On X) O rH I
s- 3 rH ~~ CM CM On

vO vO m m 4 CO CM rH rH o o CO I

s- m rH CO o o o On CO —* On in CM CM
in in m in in in m^ in in in -d" d- <t d- <t o CO CM CM rH CO vC 4 O n0 I

s- CM
CM CM CM CM CM CM CM CM CM CM CM CM CM ^vj CM •M CM M CM CM CM rH H rH X) m CO

*
o- * 4 4- 4- -t •d- -d- <t <t <t" 0- -d- d- <t 4" <t d- <t 4 4 CO CO r> co CO CO CO
lH n m n in Ln m m m m in r\ m n .m n m n in r\ m in in n m in in in

i—

1

CO nO rH 03 o o vO 00 rH is\ 3 <t CO vO 3n f—i CM o CO O I

s-
I

s- On m On CO rH

I

s- -- r- X> CO ON o rH CM <t in r--0 •O 00 -o CM I

s- -d- 3 CO I

s- m n- CM •3 CO CO
o ao n0 cm co •d- rH I

s- CO o in rH <|- •M CO r\ I
s- rH I

s- X> rH I
s- 4" On nO m CO CM

CO CM CM CM ^-i H -H o o t> o 0n CO h- m "O r-l 00 <t On m XI 4" X> rH 4 m CO
ro CO CO ro CO CO co m CO CM CM CM CM CM CM M CM rH t-H 3 ON n 3 On <£) I

s-

r"1 ^H 1—4 rH 1-1 1-1 rH rH rH 1-1 rH >—\ -H rH —i rH.rH rH rH On CO -- vO 4 co CM

O n o 3 o o o O O o o o o 3 O 3 o 3 O 3 O 3 3 D O 3 O O
o o rH CM CO * m O I

s- CO ON O CM n o n o 3 O n 3 3 3 3 3 3 O O
r-t rH rH CM

88

•M CO <t in J3 00 3
rH

in
'
—

1

3 O
CM CO

3
4 nO

O
ON

©
CO
CO

X

o
ro
ro
r-i

XI
re)

0)

u
V
rQ

in

-H

o
ro
ro



i _
in

11

m
v.

H

-e-
nO vO r- r-H r~ m vO On d CM rv m I

s- CO rH I
s- ro o o CM CM 4 CO nO r— I

s- n£ COo o o o r-l CM CO in r- On H nQ nO I
s- en nO On m I

s- O 4 rH CO I
s- m I

s- CM
n o on o o o o o o o o O rH rH CM 4 I

s- O CO On On in nO NO rH o 4 ON m
O 4 4 4 in m m in in LTl in in m m in m m NO NO I

s- On CM nO o On I
s- 4 ON m

. o vO nO nO vO vO iD vO vO vO nO nO nO nO nO nO vO NO NO nO NO I
s- r- On o in rH CO rH

en en CO en en cn cn CO cn CO CO CO CO cn CO CO cn cn en en cn cn cn 4 4 m NO co

4 4 4 4 4 d- -d- -d- ^ -d- d- 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 CO CO

o in m in m m m m m m m m in m m in in LTl m in in m in m m m m in .n

o
to

0)
i—l rH

4 CO CM CM nO o vO CM -d- CM vO CM nO CM nO CM NO 4 4 nO 4 NO o r— rH rH NO 3o a> rH o 4 -0 o CO oo rH vO <1- in i—t vO o IT nO CO On rH CO cn o 00 CM On CO
II o Cn I

s- co o r- m CM o On r- no -d- cn CO I

s- CM 00 o OO m m o o ro On I

s- CM

to

2
X) -H CM r-H o O CO -o m •d- cn rH o ON r— 4 0< 4 O r-l cn CM CM On rH I

s- On rH CM I

s-

E
rH !-H r-H o o o o o o o o On On O* 00 00 CO I

s- nO m 4 CM o I
s- ro r-l in CM

CO CO CO en en CO cn CO CO CO CO CM CM CM CM CM CM l\J CM CM CM CM CM rH rH rH I
s- 4

4 4 4 -d- 4 <l- <* •d- -d- d- <r O- d" 4 <f 4 4 4 + 4 4 4 4 CO CO en c^ co
LTl m m m in m m m in m IT, m m m in m m m in m in m m in in in in in

"**-
I—l

O C\J o 4 no CO vO • <f m On in cn o On in en o m NO r— nO en 4 CM cn ON rH nO
in o in co cm ao in -d d- in CO CM -O m co in en CO ON m r- m NO 4 4 ON 4 co

T1^ 4 i—

i

I
s- o 4 r- r-H in o> CO I

s- CM rH m o I

s- in CO cn OO nO CM o r-l vO 4 r-H On
co CO CM CM r-H o o a> 00 00 I

s-
I

s- nO 4 CM On I
s- en On cn oo CM co CM On O On CO

vO nO nO •JO nO vO vO in in in m m m m in 4 4 4 cn en CM CM o nO I
s- m a: nO

—I r-l r-H r-H r-H r-H rH i—

t

1-1 r—

t

rH rH rH rH 1-1 r—

t

r-H r~\ r-H 1-1 rH rH 1-1 ON I
s- nO 4 CO

-e-
CM CO 4 I

s- en r-H CM m r-H CO ON rH en ON I

s- cn oo lC\ 4 4 CM CM o o CM CO 4 CM
C\J CM CM CM CO •d- m nO 00 On r-H 4 On CO On NO cc^ rH I

s- On CM nO CM CO <f- On nO nO

(0 CM CM CM CM CM CM CM cm CM CM CO CO CO 4 vO On CM r-H rH r-< I
s- CO 00 cn CM m o m

o LO in in m in in m in in m m in in m m m nO I

s- 00 o CM nO o On I

s- 4 o in

y nO ^o nO nO vO vO vO NO NO nO nO nO nO nO NO nO nO nO NO I

s-
I

s-
I
s- o* O m rH 4 r-t

cn CO CO en en en CO CO CO CO cn cn co cn en cn cn en CO cn cn cn CO 4 4 in nO 00

4 4 4 4 4 -t <1- -d- <J- -d- <t 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 o-i ro

1—I

in in m m m m m m m m m m m in in in in m in in in in in m m m in m
o
CO

to nO o vO CO CM CO -d- CM CM o o O nO nO CM 4 O CM 00 o nO CO ,H^ On CM I
s- 4 4

4 CM o> in ro r-H r-H CM d- I

s- rH nO CO en o CM CO CM CO in nO rH CM On CO nO On -H

II I
s- CM nO nO no V0 vO vO nO nO I

s-
I

s- CO rH I
s- 4 CM cn I

s- On I
s- o I

s-
I
s- CM 00 in CM

g
m m 4 CO CM —{ o a> CO I

s- nO in en rH vO CM 00 o CM rH rH On o nO On rH CM I

s-
CD o o o o o o o ON o 0> On On On On CO 00 I

s-
I

s- NJD m 4 CM o I

s- en rH in CM
ro en CO en en cn CO CM CM CM CM CM CM cm CM CM CM CM CM CM CM CM CM i—i rH rH I

s- 4

4 4 4 4 4 <!- d- <J- -d- •d- •3" 4 4 4 4 4 4 4 4 4 4 4 4 cn cn en cn CO
m m in in in m in m in m m m in m m m in in in m in m IT, in in in m m

to
nO CM r-H CM o i-H o ^j- en 00 CO cm m rH cn 4 CM 4 4 in 4 r-t CO 4 o rH On nO

--. rH r- rH in en r-H rH rH r-H CM cn m CO 4 I

s- in rH 4 NO I

s- CO o m o CM I

s- in in nO

oT's
C\l o 1— cm r— CM r- CM I

s- CM I

s- cm en On I

s- NO in m I

s- CO cn On 0> T—l rH CM o On

o o On o CO 00 r- I

s- vO nO m m 4 CM o OO nO <M oo CO CO ^ I
s- 1—1 ON 3 ON CO

no o in m m m m m m m m m m m in 4 4 4 CO CO CM CM o vO I

s- m 00 nO
i-h 1-1 1-1 r-i r-H rH rH rH 1-1 r-H 1-1 l-H rH rH 1-1 1-1 r--\ 1-1 r~J'

r-H 1-1 rH 1-1 On I

s- NO ^-4- ro

-e-
4 4 in o in cn vj- I

s- CM O o CM 4 o I

s- cn I

s- CM 00 m m 4 o On ON 00 m I
s-

4 4 4 <J- in vO I

s- CO O CM 4- nO rH H rH 00 o CO 00 o CM m co On nO CM 4 co

oo o 0> o o o o\ o ON o o o O rH CM 4 nO o CO oo On 4 m 4 On I
s- o CO vO

m m m m in m m m n£> nO nO nO nO nO nO vO I

s-
I

s- 00 o en I

s— rH On I

s- m o in

u no vO nO ^O vJD vO vO vO vO nO nO nO n0 nO vO nO nO nO NO I
s- r-- r- On O m rH 4 H

ro ro en en en CO en cn cn en CO cn en co cn co CO cn cn co cn co en 4 4 in nO CO

4 4 4 <j -d- <r <|- d- •d- <h 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 cn ro

in m in m in m m m in in in in m in in in in m in in m m m m in in in m

© o 4 o O <)- CO vO -d- nO CO 4 CM CM 00 4 o nO CO CO nO co nO cn CM cn 4 o nO

00 CM C\l en <^ m ^0 co o CM -d- I

s- O nO nC CO in nT) 4 CM nO CO CM I

s- co CO 3 co r-l

II r- CO o r-H CO _o I

s- o cv •d- nO on cn o c~o in cc nO nC 4 I

s- 4 I
s- rH On

I

s- ON o
nO vO m m <j- en CM CM r-H o On co f— in rH r- CO nO o> On ON I

s- On nO 00 i—

i

rH I

s-
in o on o o^ o O O On ON O CO CO CO co CO I

s-
I
s- nO m 4 CO CM On I— en rH in CM

CM CM CM CM CM !M CM CV CM CM CM CM CM CM CM CM CM CM CM CM CM CM rH rH r_l 1—1 r- 4

*
4 4 4 -d- -d- •d- -3- -d- d- -t 4 4 4 4 4 4 4 4 4 4 4 4 4 CO en cn co CO
m m m m m m in m m m m in in in m in in in in in in m in m in m in m

CO

<M| eu CM 4 i0 CM CO vO t 4- -d- •^i oo CM CM m CO nO 4 I
s- On in r-i 00 CM f— ON I

s- m 4—. >—

i

nO nO vO f- I

s- CO o o r-H CM en m co CO 4 I

s- CO CM r-i 4 On m cn On CO ON o 3
r- in en o in rH r- -d- o nO CM co o On O rH CO I

s- CM i-H CM i—

§

4 O I

s- 4 00 ON

in in m <r o- -d- cn cn CO CM CM i-H rH On co nO 4 O e'- CM I
s- rH r- CO I

s- On 00 co
in in in in m m m m in m m in m 4 4" 4 4 4 en en CM CM o in r~ 4 CO nO
rH 1-1 r-H rH r-l 1-1 1-1 rH r~t rH rH rH r-i rH 1-1 1—1 rH 1-1 1-1 1-1 i—i On I

s- nO 4 CO

h o in o o o ~> o o o o o o o O O O O o o o O O o O o 3 o o

*fi
o o r~, cm m -d- m vO r- 00 ON O CM in o in o o o m o o o O o -j o 3

rH r—

1

rH CM CM CO 4 in nO CO in 'O o ) o 3
CM CO 4 nO On

89

CM

-3-

o



iinmifMriinifunm
oa>lnln<J^^<^^^menw(^c^fOcomcn(^t^c^m(nc^Jrslc^J<^lf^lCMC^^r^J<^J<^J^^
in in m in^inifunmininmirun inininininininininintninininintnininLntnin

^l^^jin<f(OrHcnin^i^insOinocMC>c^oinocoinir\ooooi-(^-a3rvjinc^e\irNj

•^'*HHa>ococo(\j(Nj'a-0(nco<fo<[DNvooo^>tw^O(>i^i>vo ,d'Ni^ ,o»ooin
oOlnlnlnvocooDoo<|•*•t•t(^JM<^1Ao^o^n»oHHN^H^o^(M(^<^H^(^
J-<J-fM rSI-3"-4-»HrHr-H^4«OvO'd- 4- COcOrMtMr-HCMrHrHrHrHr-f— Cj-^CMCOrHOJi-HrHr*-

<J-<f-d~ vftntflCl^^^^m^m Cf|Cn(\JmN(n(M(nrv!CMW(\lt\]{\J(\lt\JNNHMHtvjH{\lHf\JH(SjHHi-iHHHHHHH
tnininininininininminininin minininmminmmininintfMnirMnininininininmtntntninin in in tnin mm in irifi in

(O \OH CO COHHW (MO
rH r- in o o
<j- f-< co r- t-HinnciH

H\o no
o >o o co
co in co co
co m co h
f\i r\j <-h in

Of— f-0 «-H

hco pjco in
co o <\j in co
<|- in cm in r-i

in co o
CO O -sT

O \D fMNOHHNHrtH i-H i~l
i

r-ocoi-tr-coin cvjco
t\j-d-^oco<j-<t-d"Oco

H^£l^lnco^^JO-Jc^lnco^of^Jn<l^OlnoH(^^ln4H^oln^(flnco^ln^^
f^^(^^lcoo(^w^H(ncol^Hc^ow4<lco^o^^o^^(fl^^lA^<J<)ot^OH[^J<r^oco^J<r•3"C^co
o o in -4- <*- o o o o i-noO'-ior^cn-* ojf-ta>oc\jrHcot-toor-coo\oincrio>r— o co to co vG r- •£> co in
H»oo HOsfo^OHcO'ON^HOl*- o-*r— rHf- oc\jcocor-«3-f--r'~- P- cocMco^cotnco^o co co in o r- co
CM >d/ rH PJ<tOmin(MnH(MH(\l HHOH(^H\OHin[^cnin(\Jt<lH{\|HrMCOHvOHs|-H(flMfVJCn «-| -d"

^- o o <j- o
vO co in r*- so
CO O O O CM
<J-n(MlAHHIMHHrl

oj <j- m
rH *o r-
r- vo iHWO H

ONlnc^Jwmwmo^Hcocom(\l<t^^om^^o^l^co^omom^tl04Hmc^l•twoHm^lnHocnNm^oo^o<Jlrl
co- r*- <f s sd-oaoor-OLnr-ioo OvO^OtMaoocovOcor- soocovOcMCMOCMr— cocoococO\OcocOsO cocoh-i-tOnHcoocoo
^lO^H\0^c^^lO^Hf\)^llnHONNmHOlnocowo^wH(><fcoo^^Hf^Jln(^4^lnvOlnc^f^Jco>OHln^OH
o co o H^iMinnHnHco-t^ ror\ic^o^coHf^cnHinNtv*cnc^inOHi--tr^mf*-coNC>Lncnr^ \or-cocMr-t<t-.—icmo^—i

rH NlAHMI^HCriHNOH^H vOHinH-tCO-th- CO \D CM <f, H (<1 H t\J H (\J h HinHCOtNJN^tNJH rHCOrHCMrHr-lrHr-tr-lrH

<j- i-tr-4 co cm co co<l"vD vO h vO r\j tn mo>c^^oo^o<ri<ftocMcO\OU}OrH^*3-coco\C>cM-d-oo sOOcocnj r-c\j.-H\OvOirtocoino
co cmj- co-jc\j\OcOf-fOO<i"OvO cNjcor^-covOOi-H^ooi^ocoor- r\]OCMCMcorHOco<j-co<f\ocor- i^cO\oco.d-cM<rfOcor-
r- h- cotMcor\)<fmmcMmrH\OOOco\OocomcDOOcoooOOcocMCMrH
h(\iconHHCoocoin>0(\icoO(\i^co ^invocxjocooinOiM^^i^i^irii^^orsjrHOinoocoinocoo rH co r-n cm o o
<} HOJ^OHC^I^WmH<tHmHf<1COC^J^^^^OfM^OHmH^^HCOCON^-r^Jmf^^^mc<^^»C^JN(^J^ rHO^Jr-<rHrHr-(i-H^Hi-HM

^no^fOcolnoc^^^N^o^OH(^J^<fcoco•t^H4'^H^Ofl^llDH^oonHnroooJHln<(HHdOlnco^OvOf\l
<j-inLnvOO(\icococor*-fHr*- o<^orac^JC^o^lnvi^^4mw(\coH^f^nolnco\Olt^H4c^Hc^o^fl^r\^cc^Olrlco(^^^0(^J
co(<1(^a)<)<fo^c^HOJ^^J'<tH(^(^lnHco^oco(^^Nvooo(n.^co4w^^H^^lnco^c^oo>JH^l^l.^J(^(^^c^
[-- r-H CO vO vf CO fSI CO f*- <J" I*- rH i-H ^ vOC^JncflOlnCOC^lnH(^ICO<|ln^|H[\IHvO^^^COOn(\IC^Hlfl»OCflCOHfflOHOO
C^i^r^LnOC\J^OrH<J-f^COi^COOC\JaDr\JI^C\J%OrHinr^l^

CO <f CO COCMCOCMCOCMCOCMCOCMCO CMCMCMr\JCMr\ICMCMCMCMCMCMrHCMrHCMrHeMrHCOrHCMrHCMi—IrHrHrH t-li—li-HrHi-Hi-Ci-Hr-trHrH
m mm mmmmmm mmmmm mmm mminmmmmmmmmmmminmmmmmmmmmm mmmmmmm mmm
(^lHH^^o^l^lOOO^^fo<fcoi^^flnoK)0^c^^o•J(\l(<1t\lo^Hc^c^^lOQDcooN(^^(^J^OH^^c^c^J^^^oo
<j- in r— coo^wcoo^HC^^o^oc^lnln^40^o4(^(^^onH^o^O(X)Hrgccw^o4ln^^o<JnN^4^^^^^l^^
HHln^ol^co^(^o^l!^JH^oo(fl^ococoH^olon^HOt^lc^l>o^'£l^p>lOdco>^(\|^D(^c^<t•J (Mr— rH co o —* o o
nHHln^NlnH^H^Hr^JHwcor^l^H^H^HLr^Hlnco4*o•d^fl4JHtnco^JH^JcoH•aH(\JHHHHHHHH

fO <-h o <t- o

CO <f CO COCMCOCMCOCMCOCMCOCMCOCMCOCMOJCMCMCMCMCMCMCMCMrHCMrHCMrHCOr^ iH r-t rH rH rH r-< <H rH rH rHmmm mmmmmmmmmmm mmmmmmmmmmmmmmmmmmmmmmmmmmmm mmmmmmmminm
o<fOrH<fi—isooorH^-co\0<f 4-o^ocommh-coc\jmcor*-r-covOcoNtooco ^ csi h h r- ^ c^ co i-h \o o co o in oco h
^coo(^a)^co^(^N^^a4lnco<f(oo^Ho^(^vOH^^o^t^^Olf^(^^0(nn•tH^o^^(^vDvoOlAHC^(\lC^(«l(^J
OHH^^>om^OJ3^^o^c^covo^fHc^H^^oo^^o^OH^Oln^H^o^f^)lnocoHco^lr\lrl<f(^Jco^o4co(^^Olnco
CO CM <f ^-(O'-fr*-rHm\0C0C0C0f-H OOCO ^s£}|^-<t(\JC\J<J-OC0*0C0i-HC0C\J<t-O COC\jr^-mi-HrHmC0«-4<r'00{\Jx£>rHC\jOrHOO
r^JHH^O^(fl<^r^JmH(\JHC^JHr^lHl^C^HC0HC0H^H^^^0^C0lnHmC^CO^0f^JHC\JOH^Hf^|HHHHHHHH

CO <tCO COCMCOCMEOCMCOrsJtOCMCOr\JCOCMCOCMCOrMCOCMCOrHCOrHCOrHCOrHCMr^ rHr-HrHrHr-HrHrHrHi-irH
m mm mmmmmm^mmmmm mmm mmmmmmmmmmmmmmmmmmmmm mmmmmmmmmmmmmm
co o o f-ncovomcoo o <f o co co r-- ooo<J--*ooocor-cocM^cNjo>OvOmmvO ocMrHtocMCMinrvjinr-r-- o o cm \o o *o
vOO^<)Oo^^(^Hlna)co^(^N^t^Jrl^Ol^OHcoHln^rl0^c^^mv0^^ln^*l(^(N^(^vot^(^o^^^OvO'^l^
^'ln(^^H^^o(^(^fl^4(^lH(^H^a^s^o^^O(^lnocoNln^o^fvf4^0(\l(nl^owcDHco^l^^t^(flOC^lnlrl^
m m c\t o'in i^coaDfMCM\OOcM^om^o^mcococOi^coco^rHm<x)CMOcoh- o>—tm-4"rHt-HCMcom-d"OcMm<—icmOi—'OONHH^^O<fJ(^Jm(^Jf^JH(\irlHHHHHHHHHHC^H^^Ilnln•iC^^WC^H^)a)rvJlrlHrlH^HHHHHHHH

CO <J" CO -4" CM CO CMCOCMCOCMCOCMCO CMCOCM CC|MCn(\l!OrM-tHfr|HmHf\IHOJ H*(M H N H H t-H.-Hr-l.-Hi-li-Hr-H.-l i-HrHr-lrHr-lrHmmmmmmmmmmmmmm mmmmmmmmmmmmmmmmmmmmmmmmmmmm mmmmmmm mmm
co in .h r- oocooomcMvOCMcovOvOcorH^-vococor-ioomom-4-rHm(McOxoco ^•coovOcom«-Hr-cvjcoi^mvOO co <j- in

O rH CM rHOrHOrHOOCO-4- OrHCOrHOinOrHI— Oinf- CO ^ CO <f lT\ h" OCOlf\COMst'OOCOH<OCO CO O <t <l" 4" N CO m f\J M
mrHfoogocomrH^j-r-iCMOCMr^ rMooocomocoorHrHOOOrHoocooommmcMaDrHomrHcoococoNfco<j-mr^
^^^w4HcoHcortC^lf\^HMo3<^^lI)4^(n^oHlflOC^coH>oJ^-n^o^ooo<fMO<|^H4(^NlnHr^lOHOO
f\j MH rH^or—vfmCOvttM-^-tM^J- H^H^HinHh-HC0Chn'OHinin-J(n(rIH(riH(M 1O(Vj4Hff1 rHrHt-HrHrHrHi-HrHrHrH

90



4" *$ -4" -4" co tn c\w(nmnc\ci(nntommc»[nMpimc»mpitfi(npi(<< CMrM(N]r\jt\jc\j<-ic\ji-<r\jr-irMrH(\j<-<<-««-4*-i>-H«-ii-i<-i
i^ in in iA in in in in m minininininininininininininLninLnLnin in in mmmmmmmmmmmmmmmmmm mmmm
>d"inH(«\oocD>4"(MNvOff>coino mococomor~-t-»ON»-Hinmin coh h co h >o ml— coco^ooNrNitnoNOO^vom^o-sNOinON
0030^^eoaif^^n'0^^h(^4-inooH^<fvo^a)OcnOH(D(NODma3(^4"<riA<tSHi^>oin^^t\iinch^^^(\i^
HH(^(^^^o^^M(^^0'*c^O(^JOsfHK^Olf^(^^ooH^oo^QDHH^O['l<l^oo^ONcoxco^OHH^Ha) co r^- o> oo
mM\i(^^4-o^(\io c\iin»o*-<c^o«-iCT*oi>o oomvooochOrHi-if-icnoomcor^r\jcooa^'-HCNJt>r-r^(^o «-h <j- o »hfVIOJHrtOl^^in^^^C^[^m(^tnromNMW^C^(^I^I^(n(nHH<OvONNHH(DHinHnHNNH-d- HHHHHH

1 N H N H [\| <-4 CNJ i—I .-H t-H i-H i-l .—I i-l i-4in^in<finsfvft^-tt^st, m(^tnm<l-^4"i04"(^<f(^m(nmrocnrvjNrviNr\jNr\joo..mmmmmmmmminmmmmmmmmmmminmmmmmm mm mmmmmmmmmmmmmmmmmminmmm
coo^aooor^CT^cOf-<0'-Hr^r--rH^Hmmt>(\it,^-coo-icovO(>c,^(>t>oaDO co in o in cowMnio^ooinryjiniMi^rj ^-m>o4HOlnlO^JHln(DO(^H^o^ln^Olnfn(^J(<^(^o^Ho^^^oa3 i OcDO^fH^O'CC'd^flcc^^OHa)(^(I)^Nfl>o•d'
r-icoinco-tf-coo^O'f) co co in d-rnr^O'-HinrviCvjincot^vOor^oo co<-Hvooineoo*oincNjr^'-<<t in o <f vjd o cnj co «-h <f o t-n

fNJ<t<-H(M-d-^-tr-O(M00i-H00C0Om<-H4''-HmC<ir\JvOi-<I^ HWiAH CO \£> r\I^H(\JHHvOH4H(TlHMHH<|-HH r—IHrlH

<hr^co<j(NjcochCNjr^cM^^o^cNjcn^F^cN)r^<fmrNi.^cNjcN]vor^^
0\Ocn.^ONvOcocofMOcovOmr-coON<frHOTO^r^r^Or^o^o^<fcococ^ o o co co r-n on cc «.t h h
om--Hr^oJ-i>>-<>o^-m>ommr-a3r-roo^f^r-)r-r-m«-tr-ic<,ih- co <r r--*a<iLrir-<xii-ir^r-o^o-d-comr^or*- mo>co ^olnH(^Jln^<t^^ln^oc^^ln^t\)^ONHt^lOlnt\l^^OHomH^!^Hoo^ln(^!mo, ^0(^l(^^ll^4'(^l^Hmor^
(Vf^JHHln4m^CSIt^JHHHCOH^nH<t(^fnCOI^J>OH<fHm^O(^J^HrOH(^J^HlnHmH(<lt\|H(^H(«1HHHHHH

,,\mr<iNc^rvimNmc\i(nrj(rifvicON^i>jNNt\ir\if\j[\ic\!Hc\iHr\jHt\jHC\jHt\iHHHrtHHmmmmmmmmmmmmmmmmmmmmmmmmmmmmminmmiriinmmmminmmmmmmminm
i<^c><too<>o^c^^aDi^(X)r^o^r^oo^rMO'^oa'^r^-o\orNJi^vomc^o^oo^o

)ONCNjmr-ONinmo

l(MinHsOH(T|HH

<f co J" co -J" co
m m m m m m

H^OvO^CMvjH^KKfHsfo-^ oochom^oaor*-
rt\ r~— n\ r—i rr* r\i (\t r*t \ft ^t- r\\ rw <—t en cc\ r\i t*~ cnj m ra vn i—i rr\

i—
i M_I \~r \ij *' I U' 1"J I i "4./ "JJ ~sl I > >J U" ->J v_f i_/ w W V'l M_l <JJ |— IAJ |— W 1— VJ **-t •—I IM \—t I 1 ^J \J l"~1 I— U Mj I NJ

OM!^^o^o^H04'o^O(^Jncoo^d^4^<l'(<lC^ocoHID^Olr)coMOP^mmc^^co(^JH
o^^[^H^^J^vlO^O<f(^l^vJHa^^rsI^-f^J^^cnvO'-'a^o<Jcoc^^oo^ocovOHOcorf^^^r^^^)
oomB\0''Niv ^tNj!>a>^HhiDrvia)a;HininmvOOcOH()>^intnf\i*of\ja, wiri<t4-J-h
H^o^nt\JlMHH^H4c^fnco(^J^Df^JlnHlnH<tHfn.Hf\J^H4HtnH^JC0HvOH^l'HmH

o cnj in f^-

m o h- o
<j- m r- m
,-H (O o rn

co <f- co -tf co co m co cnj co cni to cnj co cnj corNicocNjcocNjcNjcNjcNjCNjcNicNjcNj cm cnj Ht\iHMHr\iHMH(\iHNmmmmmmmmmmmminmmtnmmmmmmmmmmmmmmmmmmmminmmmmm
ocoHQ^OH^(MtD(ctoO!rl^J^^HH^co^o^OHODl^li)HHC^lnHtDvOOOccl(fl^OlOON^^•mHoc^^
HcoHC^<J^OlncnOlnH^OHco^^oc\lHmcoH<t^^^J^04<J^H[n^^^ot^J^<t^lnoc^^c^oc^lnHa)c^
cDfycD^^\OOlnw^NfvJC^ocoHcooHmln^c^o<)lna)C^lnoocDt^lc^^O(\l^l<t^(^>illn(no^lnc\lHr»nj omt\ mj r\j cnj U-. t_» tu nw u ri hi ui <f c> o •J' ia <D o mooco CNjcMOCNjin-j-r^ONvOincooincMi—i.—

^oOHa)(^)^lnHro^ln4c^fMlnoHHln(flOln^tcoHO<l, <f^^l\^<BcoocO'iln^(\lJ^rv^^o—i.n—imm M.niMm^.+ ^rfi^i(riHma'C\lh(\inHmHm(>[\IOHinHCC\Hmt\l[\lr-HinHt\JHi vO h tnoD m vfl n in

mmmmmm mmmm
cp oo r- cnj

\0 vO en o
p-~ cni r- <j-

<-* m o .-H

^H\0<fmo^mf^m«^corHa^^ommoco^r^'^mc\]r-trni—iaDcnvOr\jcnp--ir. tn<t<to>Hco(>^"in^cocor\i<)"^cri<l"inin
HC^^cc|ln^lnvO<^f^)<fHln'OOlnwfno^o^^c\)^f^oJ(^^c^4C^^vJ^(D^l <t'l^o^(^'0^^l^OlnH^OMHco^oo
H(nlno^)l>^fn(^H^ooD^c^^o>r^J^3DHHmHHO^fflcol>!^(>ONOm^4^0(^c^o^O(^lHJ30ln^^)0,.^(n
or-<)'sOc\j'-<^-(t^oocomoc\)<j-oo<)"vOcn<j-<j-0'-*^oco'—< m mcor^mr^»—iino<li^coHc\ir-i ^o to <f <t cm in h wo h
<fi^cvcOrn<fcx)rMs0rNJ<f^<f^c^. ^cna>c\jaDc\jr^cNjOr^^rHrnc>rsjr^f^

co<fcococNjcorNjcocNjcocMCOCNjcorNj
"i mmmm mmmmmm m mm lr\Jf\jrvJC\Jr\Ji^C\Jf^CMrHf\|^Hf\)rHCNJt-Hf\JrHC\li—Iimmmmmmmmmmmmmmmmmmmim in in m m m in m m m in ui ui in ui ui ui ui in in m in m in in in in in in in in m in in in m m in in in in in in in in in in in

^(no^o.^lmN^O(^)coa)4ln^f^lOo^oc^^l^lHco^nln>co•JOlno(00(^lOlno^O(\l\lo^co!r)mlnra
o^^OH(^lr^^ (3o^^^4^fc^vOHO(^(^c^ln^•lr1 mm(»(^JvCl>o^Xl 1̂ co^'^l^(oav0^a)(^aomo^l
ocolnNl>^otCl^H(^colnco(\lH{\^N(><rlQp^voc^44'OH^Oln-co«J3(X)^lnl^l(I)0<f'0^o<|col^lC^(^
0*c0c>C>r^<fmCM(>O0NCOCNjrHC0^D^<r^^0Nr^\0*0C0^O^0OOr^

ri—t\OOcnvor\j<f-i—i co i—icor-icMOeNjcorNjr- iinrH4Hfn(crnONin(M<}"r\ifnr^fM<fr\i'-t

m in in mmmm
<j- co o m
.-H O CO .-.

CNJ f- vO CNJ

i-H CM O r-i

c^i^tcornrNirnrxirnr^cnrsjcnrNJcncNjrvjnjcMcxjcsirsjcNjcMmmmmmmmmm mmmmmmmmmmmmmmmmmm i niM n n H[MHf\|Hr\|r-,.>,
i mminmmmmmmmmm immmmmmm mmmm

^p-cocnr^f^o^vOCNJO^-^^-ixOco^cocn^r-rnr-^cno
i^or\iOvOO^r^cNjr^oo^cDcoi-Hrncrih-mr-'-<c>aom. mo
r-HO*om-j-r^cocnOf—ii— o>c\iom<fmmo'—ir\isOmo^co
cnr\i\Ocnm'-Hm'-Hc\jvomc\jcoO'd'-4"'—icnomr-co<tcor-H
rn^Hf—ivococnmcvjvt- HffiHt\iH(\i(M\jcDr-^ —io^in--H

O n in co i-ifNjmmomr^ ocNioin.mr--r-coin<j-v£>Lno<-HvOC>cM
OMco^O'N-jHriHffivoriineocom^l^iriMOOHvO^inn
mmro^r^rncT'rHCNJrnmroincNj^cor--- fM^nmrnr^co-^- <—i vt vO hcnmocoo^^c\itnmrnm(\jvocor^f\i^ommr^co-d-
o o o cm o omvoONr^r^o> ^H-4r^oomrHcno>-H<r
<fco-*r^'nsOO"i<f'nf«> OMN^r^McoHrrrnrvjrtn-i

co<jcncnr\jcnc\jcnc\)cnr\icoc\jcof\JcofNJCNjrsif\ir^mmmmmmmmmmmmminmmmmmmmmmmm
*£> <J- <J-*o^ cocooNco-d-r-r-i-t
mvooco-d-o^-o-ooochooo <fOCNjc\imoc\i<j-o _

ooo^m-j-cnofsjp-r-o-d-in-.
MHH^NfOirilMM r-1 m H (\J H(\J H

fMCMHCMHrgHNH^HriHrvJt-iCMHHmmmmmmmmmmmmmmmm immmmm mmmm
cooa)cnco^<f<for^<f<fc>^ocxiONrNjr\ic>»-iOc\i<j-c>o:'0<)
moc\ioh-f-HrHor\if-H*o<fO r-om.<]-r*-ooo<j'mcM0 <t -3-

m^omcnocomr^c\tc\ir^r^O(Mor-fNjr-r*->jr<tinO'-H(Mr-orvtOh-fNjr-r^^j'j-mo
cNjOO-d-r— ininONcooNO^HCNi-4' o *"0 *£> co co

vO>—i^comvDmmm

w^fiMxjoOinnjj-O'inr-
, co o cnj co m i-i -d m m cni <j- -^ m

cNjp-r-rHC\imco<j-cnr-ch r-icNjmo
mcNjcorNiroooomr-^mo'i-Hn"! —< <nj o <—

i

HM^)H(\JHHHH 1-H rH (-HrHI m H f\Ji

rn<fcocrifMcrir\jcoojcncNjcOfMc^cAjcTtr^rnfNir^mmmmmmmmmmmmmmmmmmmmmmmmmmmm mmmmmm mmmmmmmmmmmmmm mmmm
i o o r^ o -• m cni i

rHO^O>r^o>-^cricNjr^cM«^CNjc>rNicorn(M«^^mrNi
cNjcocomocommr^vococno^^cxiO'O^OO^r^O'vOcNjmcMrNimO'CNjmrft^sOO^c^
coin^co4-i>rvw^o^l^^JOt^^ocnco(Ci^cor\jin^c\jr44-\Or^ocooco^^4-40
^ .^_^«.«„^ ~.~ .-««-. *lno4'Cow loH^^Hf^JOOC^cooccl^n<f^lHln^co^Nrnlnc^^lnsl'(,^lcoHcnrl^^JOoHnjHHHHHHHHHHO". ^•H^OH^nm4'^-n^^lNHr^J^H^J•Hf^JHHHHH^^HH\toooof^comt-icoco<j-mo-4-co
{Nji-H^tr^r-^'-d'rNimcMfNi

91



4- -tf- co -s- to to o w mmtn cocococototototocotocoiOicn co m co to nmcomtnmrgwNtNjHWHHHNHNHHi-iHHHmm m in in in inmintninm^inininininintninminin in in in in ininmininininininininininminininininininininin

Jcoco(ncoc^ln^^J^HOlnolnH(^a)(Dln(^ln4•H(nol^l»o(^OHcolnc^cDco(n^(^^op^c^oco(^l^Jtf»o^o^M^^flOvO^^vOroinpvOOHOv^^^J-HCO^HHNlDhHH^H^^rj^vfh-CONvO^h-WlNNinhcnOOa*^M-tvONHWoo^ono vocmc^mmco^co^o co o co (\]0(Mh--d-vO(MNrvjncNjf^o^HHinON coannHincimin-d-rtifl
- cocn\Ooj^rjcn^HrviOrHOOr>j(N)rHi^mmogm^O(>r^cvoor^como«^«^-r,^r»Jr^rHt\jf-(f»NHino^Ho,

> <]- o o -4- h- cd in
jr^-3-vo<Mr\jr\jcn(\jf^CT>«-ti-Hir\C7'' mcomHinpiPiin-THso
> o r\j(\jrHi-HtnLnc\iroo(7'r,,-c\joor^coino-4--d'r^(vjr^rHt\j
IHHHt\|(\IHH-d"<|-HHOHin O (\l H N H H (SJ H H H H

^<fv|--tmPim(*in^m^mCimf1W (^ ^ m Cn (<1 cnm CO CO CO CO m-t(Mfn[NJ(\Jt\irvJf\ir\JHMH(Mr-1C\JHHHHHHHHmm mmmmmmmirimmmmmmmLammmmmm minmmmmmininmmmmmmtnmmmminmmmminmm
n w in nomo coco cMco<M(MvO<J-CM-4-c\ir--r-covOCM.-f*-« to r- co vo too-a-^omH<i-HmcM<ivO <t co o to co o
cna- o<f^mi^%o^^ocococor^i^v0^i^o^corMcn<fr^m<f^<fmmo«-icoor~-<i'rN)<i- c\io co c> o r— -3- co
Hco^o^Olnoc^^ln^(\IcolnOln<fvo^o^rv^(>^i(v40^ohcof^ln^o^o^lm^J<l"(^o^lnH<f(fl^o^co
o^lnfvJm^n(^4co^c\lCDa}ln^o^llnoln(^^oDm^<^^co(<l<to<llnoJ^ococoOlnl^H>ooln^•(C[\lm
d f\J r-li—I GO %© in -4" <J" CO -J- CM CO C\J CO CNJtnrvltflHmHvJ-H COHJ-(\|HHM\l^inHNHHvOH-a-HC\lfVJHONH

\d m p- m o
(<i >£) c\i O »0
CO C\J vO c-H -4"

<f W O H (M
f\J r-H r-( r-t .-)

oooooo cochi^-ocor^sOfvcoo^-*'Ho^ooromo> Hcoooin(\)a><ttMN*oofnHMt«iHm4NHo©rviinstcMi)
\OmvOco^mr^r^coc>r\]*ococo<^i^co<rcooocNjcomo^<*mrMcoooc^
0^0^mcoom^cM<fm>ocosOr^cocMCMO^(Mmco-d-<tcMfHmoo^
o^wovOvoa3co(^JHOlnm4(^H^l\lOln^O'^^lnfflo•JOcoo^f(^^o^lnHH-t^(<1HCDH(^JM^^m^J^l^nH^l
OJ CO HHmcOH^HinNst-in^Nl-mmmW^^cnH-t H CO >n 4- <Ti^CMr^^COrHC\J|^rHm.-HCOi-ir\IC\J.-H%©.-H(MrHr-HrHi-l

<l- <l- to <1- co
m m m m m

CM <}" < O rH
o co co <t- co
o cm no co r-
CM vO O CO <T

mmmmmmmmmm. mmmmmmmmm m
CO C\J(<>(\J^CVI(\IC\IN(\IOJHNHWHMHrsjHWHHHHHHHH

in in in mmmmmmmtnmmmirim mmmmmmmmmmm
o^oo4Hro^Ovo^c^o^<^r^io^^co^Oln4^(Clvo^^ln<f^tcocc|^(^H^o^HcotnoJC^o^<^^^o

" coi^cor^cocor^^i^o^coi^r\jco^iniH<fm^ch'^^^r^mr^co^mmo<fl^r-^vD(>
cor^ochmo<for^i—ico<f cocMcocommcovor—r^otMO v£> o <f in r-it-< o co co o o

ocMvomc^co-d-ooor^.-ii-uji-^w
m-d, \oovoo^tD^4Hcoi4-«oa'ino<j'O^H^<j, tci(\itoco-.
o omr\j -jh- m (fi o i—i cm r^ o <t o <t co o <)- ^-inOHMf^h-inHvO^.
i—i co-—icMrHf-ii—1<—1>—i h mov cocofMr- i—imm <J" CM CO «—i'w vO i-I J" H (\| CO

COI^-COCOCMCM(Oi—(r—I^OCMCO
i—imt—i<f-.—tcor-ifMcOi—im>—i(M-

-^-mvoc>mmvom^HO^ocococorHr^>-Hcor-(Or-*(Mvoco cMCM--(i-H(Moo<t-<t-mco<j-(Mr-^)coo ro ia r^co vo h m h <r r- vD
ln^co^ln^oo^^^ov<^HHln(n^<fcccof^J^4^^ocoHcovo^f^oOln^lnw^oo4ln<t^n<foa)cflOt^(^J^oO(^l
cooHc^^o^^'OlA^l^HM(^co^[\l^lnln^Ol^o^^cocovO^| ^lcoH(\Jln^otfllnHHc^oolno^4"Illn^^(^(^
vO o coocOvOtncoi—iHHvom^c<iHin(\ico»om(\iinin r^oc>mmmcM<f^cMmr^r^<i-i^co^^c><fmcMCMC>i-i<j-Ot-i
OCM <tH(M^HHHH0\hNin,vO<|-in CO-d-CM<f CM CO .-H N H H vO H^HCfia3f\J^H<tHtnHMHHHH<J-HHHHHH

^o^<tc\|vo<J•H0^4Olnar^lc^OlDn^g^noD\o^O'^Hv04^vOnH(nHlnffi^(D^l^ln^o^o^^ro^H[^^r
^ln^oa'Ho^N^OH^<t•c^J^^^l^c^H!fl<lm^vOO^c^coHOl^^^o^lnc^^oc^t\lcoo^(^(^coco^lnln(^^ln^
r-OCOcM^r^- COO <l^fl^O^yI0^^^nH{n!DO<J^J(\lOHm^^^0H^0^l^lO•}<^l,-C0^(^t^l^tC)^HOln^lncv(C^
wOH(^ln(^0'0^c^HOH(fl(n(^aD^o^^rowln^ooH<JcoH^o^a)O^Hj^Oln^J^v£)coco^^ln(\la)H^oH
^O4rnHHC0Hln^WvOcnlnN4HCClHmHt<1HN!>(^|^H^fH(Cl(^^^JvOt\llnHdHC0H^lmHCOH^HHHHHH

McoNCMnHro^msf^^ ©ovOHO^iNjvOino^^co of^-vf(Mr\jcMm<{-(Mco^mocoocMor~-r--mr--d- o co o <-h o m
mcocOrMCMOcomco.—tcococoo*or^coc>comrMr-<^rH\Oco<frmcMc^
r- o ^cor^mcMOh-oo^rMOvOco-d- ^rvjor^mcoa^^co^rHr\)<j-^ocM^mcMcocMCM\or^(Mc>mCT\|^r^com<^coao>^
kOH^oOH(\lM^^(o^l^c^l^lnm(n{^Hvoow(^o^^lln^HHln(^J(^^o^H^c^*oo(^c^«J^^^l40(\l^Hmo<-^
^J-pJ^gHHln^Wlnt\l^H(flH(^H^vlHMH^)(DH^HlnH<fc^^^(^|ln(^l•tHc^(^lf\l(\l^|HH^OHtC|HHHHHH

CO <f CO CO CM CO
m m m m m m
.-HP- I—I CM O r-4

<j- <-\ m «-i <-* <r
r-H ^h nH co -) p-
co ^o o o vO o
CO rH i-H CO O CO

CMCOC\ICOC\ICOCMCOC\JCOr\J (M <M CM <M C\J CM CM M(\l(MMH(\IH(\)H(MHNH(\JHflHIMHHHHHHHHrlrtmmmmmmmmmmm mmmmmmm mmmmmmmmmmmmmmmmmmmmmmmmmmmm
oo^mmr-r-o^cvjco O'oo mm^<fvOiH<fo><f^cooocooococoo^o^cvc>r^iMOt--tco<j-ocooi>or^
co in co <r o co <f h- o^o^vo^o^cOvfcMcoiri^^owcncNiwoNvDHi^mrncor^mo^minsf-H^H^oso
^^l4ln(^lnlna30(^ncoo^(^cDvo^(^lnln^JMln4vOln^^Oln^o^^ln^o3(^co^(Cloc^I^'^J'<t"^ln
4^oJo^oDln(^J^lcoo^lnH<^(^^ovon^'-lOO^^vl^JC^coN4^l^nc^^^Dw^n^oco4^N^OH^(,lOH
^ M >) H Cfl H,(C1 H(\IHM(^MCOH^H^OHlnHmCO(<|^OMln^J^)|^)ln!fl(\|H(\lMH4H^|HHHHHH

CO<fCOCO(MCOf\ICOC\JmcMcriCMCOC\ICOr^CMCMCMr^CMCNJCMC\JCMr^
mir1 mmmmmmmminmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmtnmmm
moa3amOlno^(nlnc^^cDHHco(\l^l^lHOlncoM^H^nc^^OH4't4^'4ln^ocOlnco4ln^n^(Dlnotoc^H
r\i<r<fcoc>jcMr^coOrHr^coc\jc\jmr^co(MO<fP^coomcoo^cocjo<j-m
mo^<^(^ln^^o^oco(^l(Cl^o^(n^ln^OvO^C^^H0^4coffilnHl^^o^ot<^NlnHcoc^c^Jd•lnHHH<)ffl0^m
co <j >oo^m ocor\jr^->d- -d-cjocM-*Of-H <-i o^ r\j r- <f-jcciMm(\irM4vDfO<j-co^a'HHO'Oh-HN\00-t^c\iinH^OHnHH^co«ln(\l4HnH(^JHNHOJc^HooH^H^OHlnc^J^^^ot<1<|^!<^4cclt^lt^l(O^JHH^Hf\JHHHHHH

C04"(OtOnjCOCMC0cMCTlCMCOrNJCOCMCOCMC0CMr*JC\ICMCMC\](MC^mm mmmm mmmmmmmmmmm mmmmmimmmmmmmmmmmmmmmmmmmmmmminmmminmm
CO CO P"- C\J \0 O rHOOvOrH«£)vOCOmCMO«-«COOm\OOCMCM(MOvp -tHmO^MXlCMXlCDinOHr-MCOCnWtMHO OvOm
mcooH'O^OH^^^^r^s0^o^^lHooNOOlncocoln^oo^co^oc^^f^l^•oD<tco«Olno^O(^J>0(^J•*ln^lCDlncc

,kc^om!ClHH^Olnlf\c^^^^oOln^H(MmNOC^clH(^(^lco<^'-'(^Jcfl(^(^oo^(fl^^(^J
KMClHOOCDHvO-J CO CO rH CO P— -4" Oi-HOCMvOCMP^OOOinin*—l OsOCOCOi-H<M-4"r-4CMO<—«

I WJ V_t I—I vu VI 1^/ I—i |— M_J |— |— mlHln^oon4''0^^coN^coHui\uo(n<-^^iv a)rvj^^o(nmHHvuinin^iv (M^uinr-H(\irirvjo^[ti'-iLrniaj>r'-'iNi(,
i

o 4- mHco>o M-j^coH^ivOfM^HOocOHvOJt cocOf-icor--4- Oi-HOcMvOc\j(^ooomm^H o so to
^^H^I^^(<,llnc^JtnHcnH(^JHt^tH(\lHHO^HCDH^HOcoln^ln>Oln4'^cocommMH(^lcoHm 1

92



appear to be reasonable for most applications to use only the single

value N = 301 in ionospheric calculations, and the remaining tables in

this section give the convergence factor c for several angles, 4* » and

for m = 1 to 20. The values of c are given since they involve the

geometry in a rather complex way; however, since the ionosphere
probably appears rough to the radio waves reflected at the higher

layers, c is given only for h = 70, 90, and 110 km.m
The results presented in this section were all obtained by ray

tracing methods, and such methods yield reliable results only when the

following two conditions are satisfied: (a) the index of refraction, n,

must not change appreciably in a distance equal to a wavelength, and
(b) the fractional change in the spacing between neighboring rays in a
wavelength along the ray must be small compared with unity. Both of

these conditions require that resort must be made to wave solutions of

the problem at the lower frequencies. Condition (b) above is always
violated at a caustic, and we have shown in Appendix I how such cases
may be treated. It might be supposed, since n changes only from
about 1. 0003 to 1 for a 70 km change in h, that condition (a) would be

well satisfied at frequencies even as low as 5 kc; however, it must be
remembered that this small change in n actually causes appreciable
bending when vji is small, and we should, instead, require that

AN/N < 0. 1(2tt/\) = 0. 002 f if we are to expect ray tracing to apply.

This more stringent requirement is met for f > 65 kc for the Ng = 301

atmosphere, and it appears that a wave solution will be required at

lower frequencies for a precise treatment of the bending. Until an
adequate wave solution becomes available, it would seem that the ray
tracing solution here given should be used even for frequencies as low
as 10 kc since the alternate assumption of Ng

= would undoubtedly
yield an even poorer approximation to the actual bending.

5. 2 The Total Bending

Above a height of about 70 km, the troposphere no longer bends
the radio waves appreciably, and the designation t has been given to

the total bending of radio waves passing entirely through it. Table 5.5

gives t , the critical range, R , and R - (R /2) as a function of 4* for

the CRPL Reference Radio Reiractivity Atmospheres. The results

provide a convenient means for determining the true elevation angle i}i

and true range R of a satellite at very high heights, say h > 70 km ,

These results may actually be used without appreciable error when-
ever Re

> 2 Rc .

93



Table 5.5

The Total Bending, t, Critical Range, R , and R - (R,/2)eel for the C.R. P.L. Reference Radio Refractivity Atmospheres

N = 200.0
s

h = 10, 000
s

N =250.0
s

h = 5,000'
s

N = 301.0
s

h = 1,000'
s

+ T R
c

R -(R./2)
e 1

T R
c

R -<R,/2)
e 1

T R
c

R -(R./2)
e 1

m. r. m. r. km. meters m. r. km. meters m. r. km. meters

0.0 7.1845 200.400 62.2 9.4504 198.752 78.1 12. 1522 196. 588 95.40

0.5 7. 1022 199.007 61.5 9.3356 197.274 77. 1 11.9871 195.049 94.1

1.0 7.0211 197.632 60.8 9.2226 195.817 76.2 11.8252 193.537 92.9

2.0 6.8630 194.937 59.4 9.0025 192.966 74.3 11.5109 190.592 90.5

3.0 6.7100 192.309 58. 1 8.7899 190. 195 72.5 11.2090 187.744 88.3

4.0 6. 5622 189.743 56.7 8. 5848 187.498 70.8 10.9194 184.987 86.1

5.0 6.4193 187.235 55.4 8.3869 184.870 69.1 10.6416 182.313 83.9

6.0 6.2813 184.782 54.3 8.1962 182.308 67.6 10.3754 179.717 82.0

7.0 6. 1480 182.381 53.1 8.0124 179.807 66.1 10.1202 177. 190 80.0

8.0 6.0194 180.027 51.9 7.8353 177.363 64.7 9.8757 174.730 78.1

9.0 5.8951 177.719 50.8 7.6645 174.973 63.2 9.6413 172.331 76.3

10.0 5.7751 175.454 49.8 7.4999 172.635 61.9 9.4165 169.988 74.6

12.0 5. 5470 171.046 47.8 7. 1882 168. 104 59.3 8.9940 165.461 71.4

15.0 5.2326 164. 720 45.0 6. 7602 161.641 55.7 8.4207 159.027 67.0

20.0 4. 7721 154.868 40.97 6. 1379 151.664 50. 58 7. 5998 149. 131 60.57

25.0 4.3771 145.812 37.44 5.6086 142. 576 46. 11 6.9125 140. 141 55.19

30.0 4.0352 137.488 34. 54 5.1539 134.283 42.31 6.3292 131.954 50.52

40.0 3.4745 122.821 29.49 4.4155 119.781 36.33 5.3943 117.660 43. 17

50.0 3.0364 110.443 25.80 3.8448 107.623 31.50 4.6808 105.694 37.39

65.0 2.5379 95.332 21.46 3.2016 92.847 26.22 3.8847 91.165 31. 17

80.0 2.1689 83.422 18.30 2.7295 81.232 22.29 3.3051 79. 749 26. 50

100.0 1.8076 71. 142 15.30 2.2702 69.270 18.55 2.7442 67.997 21.96

150.0 1.2606 51.401 10.68 1.5794 50. 052 13.02 1.9053 49. 122 15.39

200.0 0.9586 39.975 8.19 1.2000 38.928 9.97 1.4464 38.201 11.80

300.0 0.6379 27.600 5. 59 0. 7978 26.879 6.80 0.9611 26.375 8.03

400.0 0.4693 21.156 4.26 0. 5868 20.604 5.19 0. 7068 20.217 6. 12

600.0 0.2912 14.699 2.94 0.3641 14.316 3.59 0.4384 14. 047 4.25

900.0 0. 1584 10.630 2.13 0. 1980 10.354 2.59 0.2384 10. 158 3.06
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Table 5.5

The Total Bending, t, Critical Range, R , and R - (R,/2) for the C. R
c el P. L. Reference Radio Refractivity Atmospheres

N = 350.
s

h = 0'
s

N = 400.
3

h = 0'
s

N = 450.0
s

h = 0'
s

4- T R
c

R - (R,/2)
e 1

T R
c

R
e
-(R

1
/2) T R

c
R - (R./2)

e 1

m. r. m. r. km meters m. r. km meters m. r. km meters

0.0 15.6236 192. 552 111. 10 20.4292 189.878 128. 70 27. 5747 191.865 152.6

0. 5 15.3818 190.840 109.40 20. 0507 187.842 126.60 26.9134 189. 128 149. 3

1.0 15. 1452 189. 165 107.80 19. 6822 185.861 124.30 26.2746 186.497 146. 1

2.0 14.6878 185.921 104.80 18.9747 182.063 120.20 25.0635 181. 540 140.2

3. 14.2512 182.809 101.80 18. 3060 178.467 116.40 23.9391 176.959 134.6

4. 13.8349 179.818 99. 00 17. 6748 175.055 112. 70 22.8975 172. 716 129.4

5.0 13.4383 176.939 96. 3 17. 0798 171.811 109.3 21.9340 168.775 124. 7

6.0 13.0605 174. 163 93.8 16. 5190 168. 717 106.0 21.0429 165.099 120.3

7. 12.7008 171.479 91.4 15.9905 165. 759 103.0 20.2186 161.655 116.2

8. 12.3583 168.881 89. 1 15.4923 162.923 100. 1 19.4552 158.414 112.4

9.0 12.0320 166.361 86.9 15.0224 160. 199 97.2 18. 7472 155.350 108.8

10. 11. 7210 163.914 84.8 14. 5787 157. 574 94.6 18. 0892 152.443 105. 5

12.0 11. 1413 159.218 80. 7 13. 7626 152. 593 89.8 16.9049 147. 026 99.3

15. 10. 3651 152.608 75.4 12.6912 145.688 83.3 15.3978 139. 701 91.4

20. 9.2736 142. 573 67.9 11.2232 135.398 74.3 13.4115 129. 072 80. 7

25. 8. 3768 133. 571 61.49 10. 0480 126.325 66.93 11.8776 119.907 72. 17

30. 7.6271 125.452 56.08 9.0849 118.249 60.80 10.6525 111.868 65. 12

40.0 6.4460 111.434 47.70 7.6000 104. 501 51.28 8.8124 98. 383 54.48

50.0 5. 5604 99.827 41.23 6. 5103 93.278 44. 12 7.4944 87. 524 46.62

65.0 4. 5872 85.861 34. 05 5.3338 79.931 36. 33 6.0979 74. 749 38.22

80.0 3.8877 74.969 29. 02 4. 5005 69.621 30.82 5. 1232 64.964 32.30

100.0 3.2172 63.818 24.05 3. 7104 59. 138 25. 51 4.2089 55.077 26.79

150.0 2.2247 46. 007 16.76 2. 5542 42. 519 17.71 2.8853 39.506 18. 50

200.0 1.6860 35. 747 12.83 1.9321 32.998 13.6 2. 1789 30.628 14. 13

300.0 1. 1188 24.662 8. 73 1.2803 22.745 9.21 1.4419 21.093 9.60

400.0 0.8224 18.899 6.65 0.9405 17.423 7.03 1. 0588 16. 153 7. 33

600.0 0. 5099 13. 128 4.62 0. 5830 12. 100 4.86 0.6560 11.216 5. 06

900.0 0.2772 9.494 3.33 0. 3169 8. 749 3. 51 0. 3566 8. 108 3.66

95



in terms of its observed elevation angle iJj , its observed radio range

R_ and the surface value, N_, of refractivity at the observing point:

i|i = i|i - t[1 - (R /R )] (47)
o c e

R = (R./2) - R
o 1 c

1 c

3 " 2R
e -J

2
sin t (48)

6. Tropospheric Scatter

The distance d to the radio horizon of a transmitting
J-it

antenna of height, h, , above a smooth spherical earth of radius a 1

and for a linear gradient atmosphere may be determined from:

dT L
= N/2ka' h (49)

Lt t

where k is defined by (36). For the particular CRPL Reference
N = 301 atmosphere, ka 1 = 5, 280 miles and, if h. is expressed in

feet and d, , in miles: d. , = n/Z h, . When h^ is greater than one

kilometer, (49) no longer applies, and reference should then be made
to the preceding section or to references 67 and 70; in particular,

since the horizon is defined by the ray corresponding to i|i = 0, Fig. 47
shows the relation over a smooth earth between dj . and h, at large

heights and for several values of N . If we let h and d, denote the

height and distance to the radio horizon for the receiving antenna, then

receiving antennas at a distance d > d
T

. + d, from the transmitting

antenna lie below the horizon ray of the transmitting antenna, and it

becomes convenient to calculate the transmission loss at such distances

in terms of the angular distance, 0. zl Over a smooth, spherical earth
and in a linear gradient atmosphere, may be determined by:

d-d - d
= r—

f
radians (50)

The angular distance, 9, is a particularly convenient parameter for

making appropriate allowance for the effects of irregularities in the

terrain, and a detailed explanation of methods for calculating the

cumulative distribution of transmission loss in propagation over irregu-
lar terrain and for a wide range of atmospheric conditions is given in
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a recent report by Rice, Longley, and Norton.—/ Thus it is shown in

that report that the received field on these beyond-the -horizon paths
may be considered to consist of diffracted and scattered components.
The scattered component may be explained quantitatively for the

winter afternoon hours in terms of scatter by a turbulent atmosphere
using the mixing-in -gradient hypothesis as the basis for describing the
turbulence, i.e., the (r/i

Q
)K^(r/i ) correlation function may be used

to describe the correlation in the variations of refractive index at

points a distance r apart in the atmosphere. 22J Some direct experi-
mental evidence for this description of atmospheric turbulence is given
in a recent paper by the author. £°/ The extension of these estimates
of the transmission loss for winter afternoons to all-day, all-year
values is then done empirically, using the angular distance as a

parameter in this empirical analysis.

Fig. 48 shows the values of median basic transmission loss

separately for the diffracted wave and for tropospheric scatter as

calculated in the manner described in reference 70 for the range of

frequencies from 10 to 10, 000 Mc and for transmitting and receiving

antennas both at a height of 30 feet. If we assume that the short term
variations in the scatter fields are Rayleigh distributed, and that the

diffracted waves are relatively steady, then we may determine the

expected combined median basic transmission loss, L, , in terms of

the diffracted wave transmission loss Li j and the median basic scatter

transmission loss, L, as follows:
' bms

L
bm = L

bd-
R(0 - 5) (51 >

where K = Lj - L + 1. 592 is the ratio in decibels of the averagebd bms
scattered power to the diffracted wave power, and R(0. 5) is given

graphically and in tables in reference 71. When K is less than -16. 5 db,

L^ differs from L^ by less than 0.1 db, and when K is greater than

19. 5 db, L, differs from L, by less than 0.1 db.
' bm bms }

Finally, to determine the expected values, L, (p), of basic

transmission loss exceeded by (100 - p) per cent of the hourly medians
during a year, we may simply subtract V(p, 0) as given on Fig. 49

from L, as calculated above from the values shown on Fig. 48.

Fig. 5 shows the influence on the median basic transmission
loss at 100 Mc of changing one antenna height while keeping the other

antenna height fixed at 30 feet. The values given are for a smooth
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MEDIAN BASIC TRANSMISSION LOSS FOR
THE GROUND WAVE AND TROPOSPHERIC SCATTER

MODES OF PROPAGATION OVER A SMOOTH SPHERICAL EARTH

Over Land o~ - 0.005 mhos/meter e = 15

Polarization: Horizontal

Transmitting and Receiving Antennas Both 30 Feet Above the Surface
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earth and a CRPL Reference Ng
= 301 atmosphere. The first two

oscillations of the field are shown for d = 10 and 20 miles, but for the

other distances only one oscillation is shown. The six points of field

maxima are shown for all of the distances as circled points. Note
that the total number of maxima to be expected (as a function of range
at a given height or as a function of height at a given range) for a
particular antenna height is equal to the number of half wavelengths
contained in this height; in the present case of 100 Mc, 30 feet represents
6 half -wavelengths; in this connection, see (8), page 11.

The scatter curves on Fig. 50 correspond to the winter after-

noon hours, and the reader is referred to reference 70 for curves
suitable for translating these values to transmission losses exceeded
for several percentages of various periods of time. The scatter loss

predictions on Fig. 50 are shown only up to heights just short of the

radio horizon since the method of estimation given in reference 70 is

not applicable to line -of- sight paths.

7. Point -to -Point Radio Relaying by Tropospheric Scatter

As an example of the method of using transmission loss in

systems design, we will consider the problem of estimating the

effective maximum range of a radio relay system using tropospheric
scatter. As an illustration of typical ranges to be expected, we will

assume that the terrain is smooth, and will base our predictions on
a CRPL Reference Radio Refractivity Atmosphere with N

g
= 301. "We

will assume that either two 28-foot or two 60-foot parabolic antennas

are used at both ends of the path, with their centers 30 feet above the

ground and connected in a quadruple diversity system. With these

assumptions, we may use the methods described in reference 70 to

determine the transmission loss, L(99), which we would expect one

per cent of the actual hourly median transmission losses to exceed
throughout a period of one year; the use of these one per cent losses

implies that the specified service will be available for 99% of the

hours. Tables 7.1 and 7.2 give for the 28' and 60' antennas the free

space gains G, + G , and the path antenna gains as a function of

frequency and distance, while Tables 7.3 and 7.4 give L(99) as a

function of frequency and distance.

The power required to provide a specified type and grade of

service for 99% of the hours may now be obtained from the equation:

P = L + L(99) + R + F + B - 204 (52)
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Table 7. 1

Path Antenna Gain in Decibels for 28-Foot Parabolic Antennas 30 Feet
Above a Smooth Spherical Earth with a CRPL Model Radio Refractivity

Atmosphere Corresponding to N
g

= 301

fMc G +G
t r

G
P

in Decibels

db
d = 100

mi.

150 200 300 500 700 1000

100 33.02 33.02 33.02 33.02 32.92 32.82 32.72 32.67

150 40.07 40.07 39.97 39.97 39.87 39.57 39.47 39.37

200 45.06 45.06 44.96 44.86 44.66 44.36 44. 16 44.06

300 52. 11 52.03 51.91 51.71 51.31 50.81 50. 51 50.41

500 60.98 60.75 60.38 60.08 59.38 58.48 58. 18 58. 18

700 66.83 66.35 65.83 65.23 64.33 63.23 62.83 62.93

1000 73.02 72.12 71.22 70.42 69.22 67.92 67.32 67.22

1500 80.07 78.32 76.57 75.87 74.27 72. 57 71.67 71.57

2000 85.06 82.48 80.66 79.26 77.16 75.46 74.36 73.86

3000 92. 11 87.71 84.21 83.41 80.91 78. 51 77.61 77.31

5000 100.98 93.28 90.18 87.68 84.68 82. 18 81.28 80.98

7000 106.83 96.53 92.83 90.03 86.83 84. 12 83.33 82.93

10000 113.02 99.32 95.22 92.52 89.02 86.02 85.22 84.92
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Table 7.2

Path Antenna Gain in Decibels for 60 -Foot Parabolic Antennas 30 Feet
Above a Smooth Spherical Earth with a CRPL Model Radio Refractivity

Atmosphere Corresponding to N = 301

Mc G +G
t r

G :

P
.n Decibe:1s

db
d = 100

mi.

150 200 300 500 700 1000

100 46.26 46. 16 46. 16 46.06 45.86 45.46 45.26 45. 16

150 53.31 53.21 53. 11 52.91 52. 51 52. 11 51. 56 51.48

200 58. 30 58. 10 57.90 57.60 57.00 56.30 55.90 55.86

300 65.35 64.95 64.45 63.95 62.85 62.05 61.70 61.90

500 74.22 73.22 72.67 71.02 70.22 68.72 68. 12 68. 12

700 80.07 78.37 77. 07 75. 87 74. 17 72. 57 71.67 71. 57

1000 86.26 83.46 81.46 79.96 77.86 76.26 75.01 74.66

1500 93.31 88. 51 85.91 84. 01 81. 51 79. 11 78.21 77.81

2000 98.30 91.70 88.80 86.60 83.70 81. 10 80.20 79. 80

3000 105.35 95.75 92.25 89.65 86.35 83. 55 82.85 82.45

5000 114.22 100.02 95.62 92.92 89.52 86.52 85.62 85.42

7000 120.07 102.37 97.87 94.97 91. 17 88.22 87. 57 87. 07

10000 126.26 104. 56 99.96 96.66 93.06 90.06 89.26 88.76
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Table 7.3

Transmission Loss L(99) (Corresponding to Fields Exceeded 99% of

the time) Expected Between Two 28 -Foot Parabolic Antennas at a

Height of 30 Feet Above a Smooth Spherical Earth with a CRPL Model
Radio Refractivity Atmosphere Corresponding to N = 301

L(99) in Decibels

fMc d = 100

mi.
150 200 300 500 700 1000

100 160.21 164. 33 166.95 182. 31 207. 79 233.29 276.57

150 154.20 158.56 161.57 176.52 200.95 225.91 269.52

200 150.24 154. 72 157.92 173.08 197. 38 221. 76 265.56

300 145. 32 150.27 153.55 169. 33 192.88 217.45 260.36

500 140. 10 145.87 149.64 165.94 189. 74 214. 13 255.99

700 137. 39 143.81 147.98 164. 83 188.55 213. 08 254.05

1000 135. 11 142. 31 146.98 164. 07 188. 08 212. 72 251.88

1500 133.32 141.88 146.32 164.50 188.91 213.41 254.20

2000 132.54 141. 36 146.76 165. 62 190.08 214.46 255.50

3000 132. 70 143.69 148.71 168. 01 193.39 217.50 257.99

5000 134, 79 145.77 152.99 173.37 199. 19 223.38 264. 01

7000 137,37 149.86 158. 13 179. 75 206.98 231.32 272. 13

10000 144.68 160. 12 170.68 196. 11 223.53 247.87 288.69
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Table 7.4

Transmission Loss L(99) (Corresponding to Fields Exceeded 99% of

the time) Expected Between Two 60 -Foot Parabolic Antennas at a

Height of 30 Feet Above a Smooth Spherical Earth with a CRPL Model
Radio Refractivity Atmosphere Corresponding to N = 301

s

L(99) in Decibels

f d = 100 150 200 300 500 700 1000
Mc

mi.

100 147.07 151.19 153.91 169.37 195.15 220.75 264.08

150 141.06 145.52 148.63 163.88 188.41 213.83 257.41

200 137.20 141.78 145.19 160.74 185.44 210.02 253.76

300 132.40 137.73 141.31 157.79 181.64 206.26 248.87

500 127.63 133.58 138.70 155.10 179.50 204.19 246.05

700 123.67 132.57 137.34 154.99 179.21 204.24 245.41

1000 123.77 132.07 137.44 155.43 179.74 205.03 244.44

1500 123.13 132.54 138.18 157.26 182.37 206.87 247.96

2000 123.32 133.22 139.43 159.08 184.45 208.62 249.56

3000 124.66 135.65 142.47 162.57 188.35 212.26 252.67

5000 128.05 140.34 147.75 168.53 194.85 219.04 259.57

7000 131.53 144.82 153.19 175.41 202.89 227.18 267.79

10000 139.44 155.38 166.54 192.07 219.49 243.83 284.85
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Each of the terms in (52) is expressed in decibels; P^ is the trans-

mitter power expressed in decibels above one -watt; L. is the loss in

the transmitting antenna circuit and the transmitting antenna transmis-
sion line (this term is set equal to one db for the calculations in this

report); R is the median pre -detection signal -to-r. m. s. noise ratio

required for the specified grade of service; F is the effective receiver
noise figure and includes the effects of the antenna noise as well as

the receiver noise together with the receiving antenna circuit and
transmission line loss; U it is assumed that the receiver incorpor-
ates gain adequate to ensure that the first circuit noise is detectable;

B = 10 l°gio(b "*" k ) i s the effective receiver bandwidth factor with

bQ and b expressed in cycles per second; b allows for the drift

between the transmitter and receiver oscillators, while b allows for7 m
the band occupied by the modulation; the constant term (-204) is

10 log-|QkT where k is Boltzmann's constant and the reference tempera-
ture is taken to be 288.44' Kelvin; this is just the noise power in a one

cycle per second bandwidth in db relative to one watt.

For the calculations in this report, the transmitter and
receiver oscillators were each assumed to have a stability of one

part in 10 and to vary independently so that b = n/2~ f ° 10"
.

Table 7. 5 gives the values of b assumed for the various types of

service considered. The effective receiver noise figure has been
estimated as F = 5 logiQf - 5. Table 7. 5 also gives the values of

R for the various kinds of service on the assumption that quadruple

diversity is used. The value of R for the FM Multichannel system
is expected to provide a service with less than an 0. 01% teletype

character error rate. The FM Multichannel System consists of 36

voice channels, each of which can accommodate sixteen 60 words per
minute teletype circuits. The values of R given in Table 7. 5 were
determined by methods given in a recent report by Watt. ±~J The value
of R for the FM Multichannel system corresponds to typical fading

encountered at 1000 Mc, and this value of R may change by a few db

with frequency as the fading changes, but such changes have so far not

been evaluated quantitatively; furthermore, R will also change as the

fading changes from hour to hour.

Table 7. 6 gives as a function of frequency the maximum
permissible hourly median transmission loss for a transmitter power
of 10 kw: L = 204 + P.-L.-R-F-B corresponding to the kinds

of service described above. By combining the information in Tables
7. 3, 7.4, and 7.6, we can estimate the maximum range for a quadruple
diversity system with 10 kw transmitters. These ranges are shown on
Fig. 51 as a function of the radio frequency.
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Table 7. 5

Type of Service

bm
cycles /sec.

R*
decibels

Signal

Bandwidth
cycles/sec.

Post Detection

Signal -to

noise ratio

decibels

Transmis sion

Loss Measure-
ment

0# -

FM Multichan-
nel System

3,750,000 9.5 36 Voice
channels each
capable of use
for sixteen 60

words per min.
teletype circuits

0. 01%

teletype

character

error rate

FM Music 150,000 26.5 15,000 50**

U. S. Standard
Television

3, 750, 000 32.7 3, 750,000 30**

##

Ratio between the median intermediate frequency Rayleigh
distributed signal and the r.m. s. Rayleigh distributed noise.

This ratio will be exceeded with a quadruple diversity system
for 99% of each hour for which the corresponding value of R is

maintained in each receiver.

Diversity reception not involved in this case.
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Table 7. 6

Maximum Permissible Transmission Loss L, , for 10 KW TransmittersM
Using the Parameters of Table 7. 5

Transmis sion U. S.

loss FM FM Standard
fMc Measurement Multichannel Music Television

100 236.50 162.76 159.74 139.56

150 233.85 161.88 158.86 138.68

200 231.98 161.26 158.23 138.06

300 229.34 160.37 157.35 137. 17

500 226.01 159.27 156.25 136.07

700 223.82 158.54 155.51 135.34

1000 221.50 157.76 154. 74 134.56

1500 218.85 156.88 153.86 133.68

2000 216.98 156.25 153.23 133.05

3000 214.34 155.37 152.35 132. 17

5000 211.01 154.27 151.25 131.07

7000 208.82 153.53 150.51 130.33

10000 206.50 152.76 149.74 129.56
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Appendix I

The Attenuation of Radio Waves Propagated Between
a Perfectly Reflecting Spherical Ionospheric Layer

and a Spherical Earth

The attenuation with which we are here concerning ourselves

is that due to the spreading of the energy over larger and larger areas

as it progresses further and further from the transmitting antenna.

For the sake of clarity in presentation, several simpler

problems will be solved first in order to illustrate the principles

involved. Consider first the attenuation of waves emanating from an

isotropic radiator in free space as in Fig. 1-1. The total energy

passing through the differential elements of area, dA, and, dA,
1

normal to the radius vector and at the unit of distance R and at R,

respectively, will be equal.

2
dA = R dip r dx = R cos vJj dvp dx (1-1)

dA = R
2
cos Oi ddy dx (1-2)

Now, if we let p and p represent the energy density per unit area at

the distances R and R, we obtain:

P1
dA

1
= p

2
dA (1-3)

(P^Pj) = (dA^dA) = R
2
/R

2
(1-4)

Thus we see that the field intensity (i. e. , the energy density)

is inversely proportional in free space to the square of the distance
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from the source. In terms of transmission loss, this result may be

expressed:

L
bf

(R) = L
bf
(R

l
} + Z ° lo8

10
<R/R

i)
(1-5)

Consider next— see Fig. 1-2—the attenuation of waves reflected

from a plane perfectly conducting ionosphere at a height, h, above a

plane earth and with no atmospheric refraction; in this case we have:

dA = - r d x sin if* dr = R cos ij> dtp d\ (1-6)

In this case again we find that the attenuation of waves reflected from

a plane ionosphere is the same as in (1-5).

Finally consider — see Fig. 1 3—the attenuation of waves

reflected from a perfectly conducting spherical ionosphere and a

perfectly conducting spherical earth with the effects of atmospheric

refraction included:

dA = - y d x sin ty dr

dr = 2ad9

y = a sin 2 e

dA = - 2a sin 2 sin vp d 8 dx

(1-7)

(1-8)

(1-9)

(1-10)

By Snell's law:

cos (i[» + 6 - t)

cos ^

{1 + N • 10~ exp(- c h )}(a + h )

C = 2_ ' S-S L (1-11)

{1 + N • 10" exp(-c h)}(a + h)
o s

C = cos (8 - t) - tan ^ sin ( - t) d-12)
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Since C is a constant, independent of 9, t and *\>, we find:

Thu8 lMm ..ft,«>}. {%,*}* (I.14)

In the particular case when i|> = 0:

(d9/d^
= Q

= - 1 + (dT /d.|i)
= q

= - k (1-16) *

MR) = i^k,) + io log
10( gj-1 = LM(R) " C1<

R> <I-17>

Thus, if we substitute (X-10) and (1-1) in the above and solve for C^R)^

we obtain:

x R. dA ' l -2a sin 2 9(d0/dijj) J

(1-18)

The function C (R) is a convergence factor, expressed in decibels,

which measures how much stronger the field intensity at the receiving

point is for one reflection at a spherical ionosphere than it would be

if it were plane.

The generalization of this expression to m reflections at the

ionosphere may be obtained by noting that the only changes required

in the above analysis are:

* Note that k here refers to the ratio between the effective and actual
radii of the earth.

5



dr = 2mad0 (1-19)

y = a sin 2 m 9 (1-20)

Thus the convergence factor for m ionospheric reflections may be

written:

C (R> = 10 1og-[— .

R
, ..-..,. ')•.( '.°;M (1-21)m &

10 L - 2ma sin i|i (d0/dilj) J [a sm2mGL '

The above expression has been divided into two factors with subscripts

v and h so that the convergence of the rays in the vertical and hori-

zontal planes, respectively, can be considered separately.

If we introduce the approximate expression

R ~ 2 m a sin 9/sin <j> into (1-21) above, we obtain:
o

~ /«% >* > sin 9 If 2m sin cos »1»
"|

,„ „« .

C (R) ^ 10 log,.^ : t :
—rTJETnT r * 1

~—i—n— of (i-21a)m 10 t - sm <|> sin iji (d9/dip) J I sin <j> sin 2 m 6 J
'

o v ° h

The above expression indicates that the convergence in the vertical

plane at points far removed from a caustic is independent of the

number of ionospheric reflections for a given angle, v|j.

Note that the convergence in the vertical plane becomes

infinite when vp approaches zero; this infinite convergence is demon-

strated on Fig. 25. Similarly, the convergence in the horizontal

plane becomes infinite at the antipode of the transmitter where

2m9 = ir, Actually, of course, the received energy is finite at these

points, and we may use Airy's integral to evaluate the convergence in

the vertical plane when ty < 0. It can be shown -* by the solution of

the two dimensional wave equation that:

v
[oho{o^C_( R) = 10 log, „ -j

-^L
1

(1-22 )

v

where Q - 2irR/\ is the phase of. the waves at the receiving point. If



we multiply the numerator and denominator of the first term in

(1-21) by 2tt/X and compare the results with (1-22), we find:

n " (ip) = 4 it m (a /X) sin 4# (dO/dip)

Now we see that the above second derivative of the phase is equal to

zero when the convergence factor becomes infinite; this is the

definition of a caustic and the convergence at this caustic may be

evaluated by means of the third derivative at this point:

O '" (i|j) = - 47rmk(a/X) (i|i< 0)

Thus, at the caustic in the vertical plane, C (R) may be expressed:.!/

C (R) = 10 1og
io{

9,2* {A (0)}

n m }
(1-23)

nIn the above A. (0) is the Airy integral—' with argument zero:

2tt (A.(0)}
2

= 0.79196357.

From the above results we obtain the following expression

for C (R) at the caustic in the vertical plane:m

[ 2Trmk(a/\)J \
R

a sin 2m(0 - kip)m 'h

}(<M 0)

(1-24)

The convergence at the antipode of the transmitter is of a

somewhat different nature. Note, in particular, that there is no

point of stationary phase with respect to variations in the azimuth

angle, x» since the waves appear to be arriving from all directions

at this particular point. The following treatment of this problem

is due to J. R. Wait. —

'



Using a cylindrical coordinate system centered at the antipode

(i. e. , p, x» z )» W3 may obtain the following axially symmetric

solution of the wave equation, for a time factor exp(iu>t):

E =Aexp[-ik(R + z sin i|i)l J (k p cos 40 (1-25)
z a o

H = Bexp[-ik(R + z sin ty) J (k p cos 4»> (I-25a)
X a 1

where k = 2tr/X.» R is the distance along the ray path to the antipode*
a

A and B are constants, and J and J, denote Bessel functions. For
o 1

the ground wave and for those ionospheric modes for which m ia

sufficiently small so that ip is negative at the antipode, ^ should be

set equal' to zero in (1-25) and (1-2 5a). Note that, in addition to the

oscillations with time, the magnitudes of E and H oscillate with the
z x

distance p from the antipode, E having its maximum value at the
. z

antipode while H is equal to zero at the antipode. Note also that the

variation with p is the same, independent of the azimuth angle, x»

this would be expected since we have assumed that our source radiates

uniformly in all directions. When kp cos vj; > > 1, we may replace the

Bessel functions by the first terms in their asymptotic expansions

and obtain:

exp{i[k(p cosiJ> - R ) - tt/4]} + exp{-i[k(p cos +R )-tt/4]K
E
z
= A exp( - ikz sinM - — - V

n/ 2tt k p cos ty
J4

(1-26)

r exp \i[K:^p cos vy - n. f
- it/'* j/ - exp \-ij,JK:vp cos ty + R J-tt/^JK

in*| 2 ^ * 1

Kl 7 it 1r n fo a ill J

exp{i[k(p cosvJj - R ) - tt/4]} - exp{-i[k(p cos i}> + R^)-tt/4]}

H = - i B exp(- ikz sinvjj-!
(b km - -

1

h] 2 irk p cos ijj

(I-26a)

The two exponential terms in the above may be identified with waves

arriving from opposite directions at a receiving point at a distance p

from the antipode along great circle paths of lengths R - p cos ip and
a

7a



R + p cos ifr, respectively. It is the interference between these
a

two waves which causes the oscillations in the magnitude of the field

near the antipode.

To complete our solution we need only evaluate the constants

A and B. Rather than doing this directly, we note by (1-21) that the

geometrical theory indicates that the focusing in the horizontal plane

not too near the antipode is given by:

c.=
R

.

C

n°2m9 (2m8<„) (1-27)
n a sin c. m U

and if we multiply (1-27) by the square of the ratio of
J
E j as given
z

by (1-25) and by the first term in (1-26), we obtain the following

expression for c which must be used instead of (1-27) at points very
h

near the antipode:

S,
=

a *\^?™ ft
*£JJk P c° 9 M Zwkpcosiji (1-28)

n a sin c, m w o

When we note that p = a sin(ir - 2m 9), the above reduces to:

2 2
c, = 2-rrk R cos vJj [J (k p cos 4*)1 (1-29)
h o

For the ground wave R = ira and vji = 0; thus, at the antipode

2
c, = 2u ka and C, = 10 log1rt c, = 34. 210 + 10 log,„ f, , and this
h h 610 h 610 kc
clearly represents an extremely large focusing effect for the ground

wave at and near this point. The focusing in the horizontal plane

for the sky wave modes is only slightly different, but we must add to

this the focusing in the vertical plane to obtain the total focusing for

these modes. (1-29) is for a vertical electric dipole receiving

antenna; if a horizontal magnetic dipole were used for reception, then

the J should be replaced by J,,
o 1

Note that cos \\i > 0. 995 for m < 16, and cos i|> = 1 for m < 8 when
h = 90 km.
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Using a cylindrical coordinate system centered at the antipode

(i.e., p, x» z )» W3 may obtain the following axially symmetric

solution of the wave equation, for a time factor exp(icot):

E =Aexp[-ik(R + z sin M J (k p cos 4>) (1-25)
z a o

H = Bexp[-ik(R + z sin «J/) J (k p cos i|>) (I-25a)
X a 1

where k = 2ir/X., R is the distance along the ray path to the antipode„

A and B are constants, and J and J, denote Bessel functions. For
o 1

the ground wave and for those ionospheric modes for which m is

sufficiently small so that 4* is negative at the antipode, v|; should be

set equal* to zero in (1-2 5) and (1-2 5a). Note that, in addition to the

oscillations with time, the magnitudes of E and H oscillate with the
z x

distance p from the antipode, E having its maximum value at the.25
antipode while H is equal to zero at the antipode. Note also that the

variation with p is the same, independent of the azimuth angle, \'>

this would be expected since we have assumed that our source radiates

uniformly in all directions. When kp cos i|j > > 1, we may replace the

Bessel functions by the first terms in their asymptotic expansions

and obtain:

{exp{i[k(pcosi|j-R ) - ir/4]} + exp{-i[k(p cos +R )-ir/4]}-»
* a L

>J 2-n k p cos ip

(1-26)

{exp{i[k(pcos*|'-R ) - tt/4]} - exp{-i[k(p cos vp + R )-tt/4]K

V 2irkp cos i|j *

(I-26a)

The two exponential terms in the above may be identified with waves

arriving from opposite directions at a receiving point at a distance p

from the antipode along great circle paths of lengths R - p cos 4" and
a
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R + p cos i|*, respectively. It is the interference between these
9.

two waves which causes the oscillations in the magnitude of the field

near the antipode.

To complete our solution we need only evaluate the constants

A and B. Rather than doing this directly, we note by (1-21) that the

geometrical theory indicates that the focusing in the horizontal plane

not too near the antipode is given by:

R cos i|>

h a sin 2 m 9
(2m 9 < it) (1-27)

and if we multiply (1-27) by the square of the ratio of
J
E | as given
z

by (1-25) and by the first term in (1-26), we obtain the following

expression for c which must be used instead of (1-27) at points very
h

near the antipode:

13 f* f\ a iff X

c, = :—-
tt »[J (k p cos 4*) 1 2irkpcosvji (1-28)

h a sin 2 m 9 o r

When we note that p = a sin(ir - 2m 9), the above reduces to:

2 2
c, = 2irk R cos »|i [J (k p cos ip)l (1-29)
h o

For the ground wave R = ira and vh = 0; thus, at the antipode

2
c, a 2tt ka and C, = 10 log, rt ct

= 34.210 + 10 log,„ f, , and this
h h 610 h 610 kc
clearly represents an extremely large focusing effect for the ground

wave at and near this point. The focusing in the horizontal plane

for the sky wave modes is only slightly different, but we must add to

this the focusing in the vertical plane to obtain the total focusing for

these modes. (1-29) is for a vertical electric dipole receiving

antenna; if a horizontal magnetic dipole were used for reception, then

the J should be replaced by J,.
o 1

Note that cos v|v > 0. 995 for m < 16
8 and cos 4* = 1 for m < 8 when

h = 90 km.
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All of the above discussion applies to the case when the

effective reflecting surface of the ionosphere is smooth and concentric

with the surface of the earth. In practice, as the sun rises and sets,

or as the geomagnetic latitude of the reflection point is varied, the

surface of the ionosphere will undoubtedly change in such a way that

its radius of curvature and slope relative to a tangent plane on the

earth will vary over appreciable ranges, and this will cause C (R)m
to vary up and down relative to the values expected on the basis of

the above analysis. However, except near the antipode, it seems

plausible to assume that the median values of C (R) may not bem
much influenced by such changes. The magnitude of the antipodal

anomaly will be substantially reduced by these macroscopic

perturbations of the spherical concentric shell model assumed for

our calculations. Note also that there will be concentric rings around

the antipode at which the expected field will be equal to zero. The

radii of these concentric rings are the same, regardless of the

number, m, of ionospheric reflections, and are determined by the

zeros of the Bessel functions; for the electric field, the first two

such rings have radii equal to 0. 38\ and 0. 88\. Note, however, that

the geographical location of the centers of the antipodal anomalies

may be expected to be somewhat different for the different modes for

the actual non-concentric ionosphere, and thus these zeros are not

likely to be observable unless some means is used to exploit their

different times of arrival. The shifts in the geographical locations

of the anomalies caused by these macroscopic changes in the iono-

sphere would be expected to result in a net increase in the fading

range in the neighborhood of the antipode.

In addition to these systematic macroscopic changes in the iono-

sphere, the reflecting surface of the ionosphere will be locally rough,

and we will see in the following analysis how this local roughness may



be expected to reduce the median values of convergence as computed

above for a smooth concentric ionosphere.

We have seen above that the convergence depends, at a given

receiving point, upon the smooth variation of the phase of the received

waves with changes in elevation angle and azimuth. If we let a

denote the standard deviation of the phase of the waves received via

m hops, then we may use Rayleigh's criterion of ionospheric rough-

ness (see Section 2 for a discussion of Rayleigh's criterion as applied

2
to ground roughness) to calculate o_ in terms of the variance, o\ , of

U h
the local effective reflection heights, h, of the ionosphere at the

points of. stationary phase.

720° a cos <() N/m

"n
=

"J f 1
" 30 '

2
Note that the variance, tr , of phase consists of components arising

from (a) a drift of a fixed pattern of ionospheric irregularities

relative to a reference great-circle-smooth-concentric-ionosphere

path, (b) changes in the shape of these irregularities with time, and

(c) changes in the locations of the reflection points in the horizontal

plane.

3/Brennan and Phillips — find that variations with time of the intensity

and phase of a one-hop transmission at 543 kc over a 380 mile path

at night indicate rather conclusively that they may be described

adequately most of the time by assuming that the received waves

consist of a steady component with constant phase and approximately

constant amplitude plus a random Rayleigh distributed component of

2
relative intensity k and random relative phase; the amplitude

distribution expected in this case is given on Fig. 5 with

2
K = 10 log k . The fixed component may be identified with a



specular reflection expected from the reference smooth surface

while the random component arises from the surface roughness. It

now becomes clear how ionospheric roughness may be expected to

affect the convergence; the specular component will be increased

C (R) db whereas the random component, since its phase is random,m
will not be increased at all. If we Write C (R) s 10 log.,^ c , thenm 10 m
we find the following expression for the convergence factor C (R, p)

j m
exceeded 100 p % of the time in terms of the values of k (1 - p)

exceeded 100(1 - p)% of the time:

, c + k (1 - p) >

C (R, p) = 10 log 4 ~^-5
I

(1*31)
10L

l + k
2
(l-p) J

2
Note that k (1 - p) approaches zero as p approaches zero, and thus

C (R, p) approaches C (R), the value expected for a smoothm m _

ionosphere, as p approaches zero. On the other hand, k (1 - p)

approaches co for a perfectly rough ionosphere, and in this case

there will be no convergence and C (R, p) approaches zero.m
2

The values of k to be used in (1-31) may, in principle, be

determined from observations of the variations in either the amplitude

or the phase of the waves corresponding to a single mode of propaga-

tion. However, it is ordinarily better in practice to use the variations

in phase as an index to k since the amplitudes of the received waves

also vary with ionospheric absorption, and it is sometimes difficult

to separate out these absorption variations from the amplitude

variations arising from surface roughness alone. In Table 1-1 are

tabulated some experimental measurements of <r . In some cases

the required variance was observed directly, but in other cases it

had to be estimated from phase difference measurements made on

paths with one common terminal, but with their other terminals

10
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separated by S wavelengths. In this latter case the observed phase
2

difference was related to o as follows:

'ob.. = 2(1 - ^ '0 (I-32)

In the above p is the correlation between the phase variations along

the two independent paths. The correlation will vary from p = 1 for

S = to p =0 for S > 40X.. Although direct measurements of p do not

appear to be available in the literature, it seems reasonable to

assume that p will be of the same order of magnitude as the correla-

tion between the amplitude variations on paths separated a distance

S at one end. Measurements of the latter correlation were reported

in reference 3, and these data constituted the basis for the estimates

in Table 1-1.

Using (1-30) estimates of cr can also be made, and these

are also given in Table 1-1 and shown on Fig. 1-4. Although the data

are quite scattered, the curved lines labelled day and night, respectively,

represent the estimates used in this report for calculating the median

values of cr using (1-30). It should be noted that or is itself a random

variable which changes over wide ranges from hour to hour and from

day to day. For example, an analysis of the data in reference 3 shows

that the observed phase differences, cr
%

. ranged from 5. 3° to more
obs.

than 180°, 10% of the values exceeded 118°, 50% exceeded 34° and 90%

exceeded 14°. We will see below that the maximum value of cr , to
obs.

be expected in practice is 103.9 x n/2 = 147°, which corresponds to

2
k = co, and only 5% of their observed values exceeded this value.

2
The relation between cr and k has been obtained on the

8/
assumption that the data fit the Rice -^ distribution of a constant vector

plus a Rayleigh distributed vector. By integrating over the joint

12
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probability distribution given by Rice for all of the variables except

Q , we obtain the following expression for the probability density

2
function for Q with k as a parameter:

2irp{Q) = {1 + n/tT z exp (z ) [1 + erf (z)]} exp (-1/k ) (1-33)

c o s £"2

where z = —-— . Fig. 1-5 shows p(Q) is symmetrically distributed
k

2 2
about zero for all values of k . When k is very small, sin Q is

distributed approximately normally about zero with variance
2 2 2

c . = k /2. When k approaches infinity, Q is uniformly distributed
sin s?

between - 180° and +180° and cr approaches 103.923 degrees. Fig. 1-6

gives the cumulative distribution defined by:

Q(P)

P[0(t)> ft(P)] = 1 - \ p(^)dn (t-34)

- ir

i-i 2
The mean absolute value | n| and variance o_ are also of interest:

TT

I ST2 1 = 2 \ Qp(n) dQ (1-35)

o

TT

2 C 2
o- = 2 \ n p(^)dS7 (1-36)

For many applications the cumulative distribution of the absolute

value of |f}(t)| is of greater interest:—

P' [ \Q (t)| > Q (P')j = 2P[n(t) > (P)] (1-37)

The distribution of P' is given in a recent paper '-* and several of its

percentage points, together with | Q |
and <r are shown on Fig. 1-7

as a function of k . By using the median values of <r determined
4 It

from Fig. 1-4, we may use the results shown on Fig. 1-7 to determine
2

the median values of k (o. 5) required for the evaluation of C (R, 0. 5).m

14
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Table 1-2 below gives the values of |S7J and of tr for several

values of k .

Table 1-2

k
2

i

m *n
\a\

radians radians degrees degrees

0. 01 0.056514 0.070890 3.2380 4.0617

0. 02 0.080059 0. 10051 4.5871 5.7590

0. 05 0. 12726 0. 16023 7.2915 9.1803

0. 1 0.18172 0.23013 10.412 13.185

0. 2 0.26330 0. 34032 15.086 19.499

0. 5 0.44605 0.60664 25.557 34.758

1 0.64346 0.87134 36.868 49.924

2 0.85196 1. 1175 48.813 64.031

5 1.0876 1.3661 62.313 78.270

10 1.2217 1.4972 69.999 85.785

20 1.3212 1.5907 75.701 91.142

50 1.4119 1.6735 80.896 95.884

100 1.4582 1.7149 83.547 98.259

200 1.4911 1.7441 85.431 99.929

500 1.5203 1.7698 87.107 101.40

1000 1.5351 1.7827 87.953 102.14

oo tt/2 tt/>JT 90.000 103.92

18



An analysis was made in reference 3 of both the amplitude

variations on single paths as well as the phase differences between

paths separated by 3. 39 wavelengths at one end. Using their observed

median standard deviation of <r , = 34°, the median value o>» = 41°
obs. U

given in Table 1-1 was estimated; this value corresponds by Fig. 1-7

2
to k (0. 5) = 0. 68. The analysis of their amplitude variations gives

2 ~ z
directly the estimate k (0. 5) = 2/a = 0.854, and this latter estimate

is somewhat larger, as might have been expected, since the amplitude

variations are biased by changes in absorption.

19
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Appendix II

The Physics of Ionospheric Scatter Propagation

Wheelon —'
—-» —' gives the following formula for the

ed power, p , relative to the power,
s

gation over the same distance in free space:

scattered power, p , relative to the power, p , expected for propa-

(p /pr ) = 4ir b sec <j> cr(k ) (II-l)
s i

(r(k
2

) = constant r
2
< [d N /dh] *

5
> f(k ) (1 1-2)

e e o

2 2 2
~ 5 ^2

2 2 2/^ ~
2

2 2 2 ~4 ' 3

f(k^> = [i + k^ ri [Hik'rr 3
] [i + <k y] m-3)

The dimensionless constant in (1 1-2) is of the order of unity, and will

be set equal to one in the subsequent analysis; k is defined by (32).

[d N /dh] is the gradient of the electron density expressed in

electrons /cubic meter /meter; b is the effective thickness of the

scattering layer expressed in meters; the classical electron radius,

r =2.817*
e

in meters.

-15
r = 2.81785 X 10 meters and I is the scale of turbulence expressed
e o

2
Note that when f = f we have k = and f(0) = 1. The constant

S(0. 5) = - 8.4 db determined from the radio data may be readily

identified with:

S(0. 5) = 10 log 4u b o-(O) = - 8. 4 (II-4)

Consequently it follows that:

4irb r
2
< [d N /dh]

2
|
5
> = 0.1445 <H-5)

e e o

II-l



If we let b = 10, 000 meters, we obtain:

< fd N /dhl
2

i
5
> = 14. 48 X 1Q

22
(H-&)

e o

Note that the average indicated by < > is taken over the scattering

volume. In the troposphere it has been found that I is a random

variable with respect to time at a fixed point and with respect to

location at a fixed time; more specifically, L = 10 log i has been

found to be normally distributed about its median value I withom
cr = 5 db. It seems not unreasonable to assume a similar variability

2
for I in the ionosphere. Similarly we may assume that [d N /dh] is

log -normally distributed about its median value [d N /dhl with a
e m

similar standard deviation, i.e. , about 5 db. On these assumptions

it can be shown—' by simple statistical analysis that:

< [d N /dh]
2

i
5
> = [d N /dh]

2
I
5

exp[0. 02651 o-

2
] (II-7)

e o em om

In the above, (r denotes the standard deviation, expressed in decibels,
2 5

of 10 log {[d N /dh] "
i }; if we neglect any correlation between the

e °
2 2 2

variations of [d N /dh] and of I , then <r s (5) -»- (25) = 650 and
2

e 7°
exp [0. 02651 <r ] = 3. 045 X 10 . If we combine (II-7) and (II-6) and

set I = 100 meters, we obtain [d N /dh] = 690 electrons /c. c/om e m
kilometer. If this value is compared with the value 3, 800 electrons/

2
c. c. /kilometer expected with (r = 0, we see the importance of allowing

for this statistical correction; the actual value probably lies somewhere

between these two estimates, and can be estimated more precisely only

when more adequate information becomes available relative to the

variances of these variables.

The above analysis refers to the scatter expected for frequencies

just above the E layer MUF. The forward scatter on the higher

1 1-2



frequencies where S was actually evaluated becomes independent of J?

22-5/2-5-5 22
since fl + kfl "= k I when k I > > 1. In this case the

o o °
2

correction factor should be determined for <r = 25, i.e.

»

exp[0. 0265 <r ] = 1. 940 and the expected median gradient on these

assumptions is then 2700 electrons /c. c. /km.

It appears from the above analysis that S may increase with

decreasing frequency because of the increasing importance of the

variance of i at these lower frequencies. This statistical factor should
o

not be ignored in analyses of ionospheric scatter data. However, it

was suppressed in the present analysis because of the lack of definitive

data on <r .

Note that scale lengths of the order of I - 100 meters and
om

electron density gradients of the order of 11 000 electrons /c. c. /km.

are not unreasonable values to assume for the lower ionosphere, and

We conclude that Wheelon's theory provides a useful description of

ionospheric turbulence which is not inconsistent with our knowledge

of the ionosphere

II-3





Appendix III

An Additional Height-Gain Factor in Transmission Loss

In free space the field strength e, expressed in volts per meter

at a distance d, expressed in meters, from an isotropic transmitting

antenna radiating p watts may be determined from the relation:

e

z
4ir d

(III-l)

(Radiation from an isotropic

antenna in free space)

-7
where z = 4tt c • 10 = impedance of free space expressed in ohms,

o

and c = 2.997925* 10 meters per second = velocity of light in free

space.

Now consider the intensity of the radiation field of a short

vertical electric dipole antenna of length 1 and at a height h above a

perfectly conducting plane. By re-distributing the field in the space

above the plane, the radiation resistance is modified by the presence

of the surface as follows:

R = 5ulL [1+ a j
e

3\
Z

(m-2)

a
(2k h )

a

sin (2k h )
a

2k h
cos (2k h )

a
(HI-3)*

* These relations are derived by S. A. Schelkunoff in Chapters VI and IX
of the book "Electromagnetic Waves, " D. Van Nostrand Company, 1943.

m-i



In the above k = 2tt/\ = Zrr f /c, i. e. , X is the wavelength in free space.

Note that A approaches zero at large heights above the surface, and

R approaches its free space value. On the other hand A = 1 for

h = 0, and the radiation resistance is then just twice its free space

value. Using (III-2) we find that the field intensity of the short dipole

over the perfectly conducting plane surface may be expressed:

,2
2 p (3/2) [2 cos ty cos (k h sin ty)]

e r a
(HI-4)

Z
4ir d

2
[l + A ]

St

(Radiation from a short vertical electric

dipole over a perfectly conducting surface)

Note that the factor (3/2) is just the free space gain of the short dipole

antenna. Since A =1 for h = 0, the field intensity is 3 db greater
a a

when ip = for a dipole on the surface of a perfectly conducting plane

than for a short dipole in free space. In more familiar units (III-4)

with h s t(i s may be expressed:
a

e(uv /meter) = 299,896.2 N/plkwTR (h =i|j=0) (III-5)km a

Furthermore, the effective absorbing area of a short vertical

c dipole antenna a1

plane may be expressed:

electric dipole antenna at a height h above a perfectly conducting
D

a =
v2 < 3

/
2

>
cos> (m-6)

e 4u[l + A
b ]

where A, is defined by (III-3) with h replaced by K, ,

Combining (III-4) and (III-6) we may express the transmission

loss in decibels between short vertical electric dipole s at heights h and

1l above a perfectly conducting plane as follows:

HI-2



= Lir - G - G + A (III-7)
bf t r

A = - 20 log1n [2 cos^>|> cos (k h sin \\>)] + L + L, (IIt-8)
"10" a a b

Note that L» is the basic transmission loss expected in free space,

G - G = 1. 761 db, and that the transmission loss, A, relative to free
t r

space contains two height gain factors which are not ordinarily con-

sidered in field strength calculations. No allowance was made in the

calculations in this report for the additional losses L. and L. which
a b

arise from the redistribution of the field intensity in space which, in

turn, is associated with the proximity of the antennas to the ground.

Thus the transmission losses shown on Figs. 7, 8, 16, 17, 18, 19, 20,

21, 27, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40, etc. are too small by

an amount ranging from about 6 db at very low frequencies and low

antenna heights to zero at the higher frequencies. Fig. HI-1 shows

this additional loss as a function of antenna height (h/X), expressed in

wavelengths, for the case of a perfectly reflecting surface, and this

should also represent a good approximation in those cases where the

antennas are erected over large ground screens.

It is of interest, although not surprising, to note that the

transmission loss between vertical electric dipoles on the surface of

a perfectly conducting plane (h = h, = iJj = 0) is the same as if the- a b

dipoles were in free space, even though the field intensity at the surface

is 3 db greater.

It should be noted that Schelkunoff identified the factors in

(III-2) somewhat differently; thus he considered the ground to be an

integral part of the antennas, and set G = 10 log,
n
{(3/2)o2/[l -f A ]},

III-
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G = 10 log {(3/2)«2/[l + A, ]} and A = - 20 log, J cos i|j cos(kh sinl|i)].
T 10 D 1U 3.

It seems to this writer that the terms 10 log [ 1 + A ] should be
10 a, b

excluded from G and G . Thus, according to this approach, G and
t r t

G are the free space gains of the antennas, independently of their
r

location, and the path antenna gain G , when measured by replacing
P

the actual antennas by isotropic antennas^ will still be approximately

equal to G, + G .

t r

Suppose now that we use small loop antennas of area S, with

their axes normal to the plane of propagation, parallel to the perfectly

conducting surface and at heights h and h , respectively. In this
a b

case:

R = *djsf
[1+A]m

3X

(IH-10)

^ = (3/2) to-
. v sin (2k h, )
1 \ b

+

cos (2k h, ) -i

D

(2k h
b )

2
Jni , ,2 J 2k h,

(2k h«) ' b
b

(ni-ii)

e "
4tt [1 + A' ]

(ni-12)

A = - 20 log [2 cos (k h sin i|i)] + L J 4- L« (111-13)
1U 9, 3-D

Note that At, approaches zero at large heights and A' = 1 £°r \_ - 0.
b b b

Consider next the transmission loss between two small loop

antennas at heights h and h , respectively, above a perfectly conduct-
3. D

ing surface with their axes normal to this surface. In this case:

R =m
3 2

8u z S

3X
4

-A] (in-H)

in-4



A = - 20 log r2 cos
2

4> sin (k h sin ty)] 4- L" + L» (111-15)
10 a a b

L
"a,b = 101

°8lo[
1 - A

a.b]
(m -16)

The factor L" is also shown as a function of (h/X.) on Fig. III-l.

Finally consider the transmission loss between two short

horizontal electric dipoles of length I, normal to the plane of propaga-

tion and at heights h and h , respectively, above a perfectly conducting
a b

plane surface. In this case:

r = £l_£-L fi . A .] (ni-17)

3\
2

A = - 20 log [2 sin (k h sin i|/)] + L ,M + L«" (HI-18)
J.u el 3. D

^b-w^o^-^b' <ra-19)

Note that Lm and L n both approach (- co) as h approaches zero, but the

radiation resistance R simultaneously approaches zero, and it would be

difficult in practice to keep the radiated power constant as the antennas

are brought nearer and nearer to the surface. When h and h, are° a b
both much less than a wavelength, A, as defined by (111-15) for horizontal

loops becomes independent of these heights and equal to A=20 log (kd/5);

similarly A, as defined by (111-18) for horizontal electric dipoles approaches

20 log (2 kd/5) for h and h much less than a wavelength.

Since the factors L m and L,,M were omitted in calculating the
a b

transmission losses shown on Figs. 9 and 10, these values are much

too large at the lower frequencies since the 30-foot antennas are in this

case only a small fraction of a wavelength above the surface.

m-5



All of the above results refer to the case of a perfectly

conducting plane surface and to distances d > > X. For a finitely

conducting ground, the factor 2 cos (k h sin *\>) in (III-8) and (111-13)
a

or the factor 2 sin (k h sin v(j) in (111-15) and (111-18) must be replaced
a

by the appropriate attenuation factor, 2 W, relative to the free space

field. For example, for electric dipoles over a flat earth of finite

conductivity and with h = h = 0:
a b

W =
1 1 + i NfiFp" exp ( - p) erfc (- i N^p"

|
(HI-20)

Here p denotes Sommerfeld's numerical distance as defined in reference

13 where a comprehensive discussion is given of the radiation fields of

electric and magnetic dipoles over a finitely conducting plane earth.

Furthermore, A and A' will be modified when the antennas are located

over a finite ground, J J J J but this difference will often largely be

cancelled in practice if a large ground screen is used under the

antennas. Although (111-14) indicates that R approaches zero as them
vertical magnetic dipoles approach the perfectly conducting surface,

.1/
Wait —

' has shown that R becomes very large when such loops arem
brought near a finitely conducting ground.

It is sometimes convenient to be able to relate the basic trans-

mission loss, I , to the field strength er
b

p /! = p = (e
2
/z).(\

2
/4Tr) (HI-21)

a b a

(Isotropic antennas in free space)

Expressed in decibels, we obtain from (111-21):

L^ = 77. 216 + 20 log1rt f. + P - E^ (111-22)
b 10 kc r b

(Isotropic antennas in free space)
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In the above, P is the radiated power expressed in db above
r

one kilowatt, and E is the field strength in db above one microvolt per
b

meter. If antennas with free space gains G and G are used, we find
t r

that E = E, + G , and the transmission loss between these antennas in
t b t

free space may be expressed:

L = L -G -G = 77.216 + 20Wf +P - E - G (111-23)
b t r

B10 kc r t r

(Antennas with gains G and G in free space)
t r

ve dipole transmitting antenna G =2.15 db, a

from the above the relation given at the bottom of page two of the report.

For a half wave dipole transmitting antenna G =2.15 db, and we obtain
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TRANSMISSION LOSS ARISING FROM A
CHANGE IN THE RADIATION RESISTANCE
OF SHORT DIPOLE ANTENNAS NEAR A

PERFECTLY CONDUCTING SURFACE
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(h/X) HEIGHT OF ANTENNA IN WAVELENGTHS
ABOVE THE SURFACE

Figure 3H-I
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