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A NEW APPROACH FOR CONSTRUCTING HIGHLY STABLE HIGH ORDER CESE SCHEMES

Sin-Chung Chang
NASA Glenn Research Center, Cleveland, OH 44135

E-mail: sin-chung.chang@nasa.gov

Abstract

A new approach is devised to construct high order CESE schemes which would avoid the common
shortcomings of traditional high order schemes including: (a) susceptibility to computational instabilities;
(b) computational inefficiency due to their local implicit nature (i.e., at each mesh points, need to solve a
system of linear/nonlinear equations involving all the mesh variables associated with this mesh point); (c)
use of large and elaborate stencils which complicates boundary treatments and also makes efficient parallel
computing much harder; (d) difficulties in applications involving complex geometries; and (e) use of problem-
specific techniques which are needed to overcome stability problems but often cause undesirable side effects.
In fact it will be shown that, with the aid of a conceptual leap, one can build from a given 2nd-order CESE
scheme its 4th-, 6th-, 8th-,... order versions which have the same stencil and same stability conditions
of the 2nd-order scheme, and also retain all other advantages of the latter scheme. A sketch of
multidimensional extensions will also be provided.

1. Introduction

The space-time conservation element and solution element (CESE) method is a high-resolution and
genuinely multidimensional method for solving conservation laws [1-63]. Its nontraditional features include:
(i) a unified treatment of space and time; (ii) the introduction of conservation elements (CEs) and solution
elements (SEs) as the vehicles for enforcing space-time flux conservation; (iii) a time marching strategy
that has a space-time staggered stencil at its core and, as such, fluxes at an interface can be evaluated
without using any interpolation or extrapolation procedure (which, in turn, leads to the method’s ability
to capture shocks without using Riemann solvers); (iv) the requirement that each scheme be built from a
nondissipative core scheme and, as a result, the numerical dissipation can be controlled effectively; and (v)
the fact that mesh values of the physical dependent variables and their spatial derivatives are considered as
independent mesh variables to be solve for simultaneously. Note that CEs are non-overlapping space-time
subdomains introduced such that (i) the computational domain can be filled by these subdomains; and (ii)
flux conservation can be enforced over each of them and also over the union of any combination of them. On
the other hand, SEs are space-time subdomains introduced such that (i) the boundary of each CE can be
divided into component parts with each of them belonging to a unique SE; and (ii) within a SE, any physical
flux vector is approximated using simple smooth functions. In general, a CE does not coincide with a SE.

Without using flux-splitting, dimensional-splitting, mesh-alignment or other special techniques, since its
inception in 1991 [1], the unstructured-mesh compatible 2nd-order CESE method has been used to obtain
numerous accurate 1D, 2D and 3D steady and unsteady flow solutions with Mach numbers ranging from
0.0028 to 10 [15]. The physical phenomena modeled include traveling and interacting shocks, acoustic waves,
vortex shedding, viscous flows, detonation waves, cavitation, flows in fluid film bearings, heat conduction
with melting and/or freezing, MHD vortex, hydraulic jump, crystal growth, chromatographic problems and
solar wind [3-63]. In particular, its unexpected simple non-reflecting boundary conditions [12,50] and rather
unique capability to resolve both strong shocks and small disturbances (e.g., acoustic waves) simultaneously
[19,21,22] make the CESE method an effective tool for attacking computational aeroacoustics (CAA) prob-
lems. Note that the fact that the second-order CESE method is capable of solving CAA problems accurately
is an exception to the commonly-held belief that a second-order scheme is not adequate for modeling CAA
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problems. Also note that, while numerical dissipation is needed for shock capturing, it may also result in
annihilation of small disturbances. Thus a solver that can handle both strong shocks and small disturbances
simultaneously must be able to overcome this difficulty.

In spite of its nontraditional features and robust capabilities, the core ideas of the CESE method are
simple. In fact, all of its key features are the results of a pursuit driven by these simple ideas. The first
and foremost is the belief that the method must be solid in physics. As such, in the CESE development,
conservation laws are enforced locally and globally in their natural space-time unity forms for 1D, 2D and 3D
cases. Moreover, because direct physical interaction generally occurs only among the immediate neighbors,
use of the simplest stencil also becomes a common CESE feature. Obviously, this requirement has the effect
of simplifying boundary-condition implementation.

The second idea emerges from the realization that stability and accuracy are two competing issues in
time-accurate computations, i.e., too much numerical dissipation will degrade accuracy while too little of
it will cause instability. In other words, to meet both accuracy and stability requirements, computation
must be performed away from the edge (“cliff”) of instability but not too far from it. This represents a
real dilemma in numerical method development. As an example, high order schemes generally have higher
accuracy and lower numerical dissipation. However, they are susceptible to computational instabilities. In
fact, in complicated real-world applications, not only they seldom live up to their nominal order of accuracy—
generally they possess only first-order accuracy when shocks are present, stability of these schemes often is
difficult to maintain without resorting to problem-specific treatments. To confront this issue head-on, in
the CESE development, generally it is required that a solver be built from a nondissipative (i.e., neutrally
stable) core scheme. By definition, computations involving a neutrally stable scheme are performed right on
the edge of instability and therefore the numerical results generated are nondissipative. As such numerical
dissipation can be controlled effectively if the deviation of a solver from its nondissipative core scheme can
be adjusted using some built-in parameters.

Moreover, because an accurate viscous flow simulation requires that the numerical dissipation be much
smaller than the physical dissipation which decreases as the Reynolds number increases, in principle, an
accurate and robust solver for high-Reynolds-number flows must be able to cut numerical dissipation as
the Reynolds number increases. Obviously this requirement can only be met by a solver built from a
nondissipative core solver.

Other CESE ideas are: (i) the flux at an interface be evaluated in a simple and consistent manner;
(ii) genuinely multidimensional schemes be built as simple, consistent and straightforward extensions of 1D
schemes so that multidimensional shocks can be captured without using any mesh alignment technique;
(iii) triangular and tetrahedral meshes be used in 2D and 3D cases, respectively, so that the method is
compatible with the simplest unstructured meshes and thus can be easily used to solve problems with
complex geometries; and (iv) logical structures and approximation techniques used be as simple as possible,
and special techniques that has only limited applicability and may cause undesirable side effects be avoided.
Fortunately for the CESE development, realization of the above lesser ideas (i)—(iv) follows naturally from
the first two core ideas.

Building on its initial successes, efforts to refine and improve the CESE method have continued in the
past few years. As an example, it was shown in [5] that the numerical dissipation of a dissipative extension
of a CESE core scheme may increase to an intolerable level as the value of the CF L number decreases from
its maximum stability bound. As such, in a case with a large CFL number disparity (e.g., a simulation
with a highly non-uniform spatial mesh and a spatially independent time step), the performance sensitivity
with respect to the CFL number can lead to a solution that is highly dissipative in a region where the
local CFL number < 1. Even though a remedy was suggested in [5], a simple and robust solution to this
problem had not arrived until a family of new Courant number insensitive schemes [25,31,46-49,51,54,55,58]
was developed with fresh insights. Note that these new schemes have one important advantage, i.e., all
variables at each mesh point can be evaluated explicitly without resorting to solving a system
of linear /nonlinear algebraic equations involving these local mesh variables even in applications
where systems of multidimensional nonlinear PDEs are solved.

As another example, even though they are accurate enough to solve CAA problems, second-order CESE
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solvers are not capable of resolving fine flow structures within a boundary layer without using relatively fine
meshes and/or meshes with large aspect ratios. To overcome this limitation, two neutrally stable 4th-order
schemes, referred to as the a(3) and a(4) schemes [59-61], were developed in 2006 and intended to serve as
the core schemes of other high order CESE schemes. Unfortunately, the dissipative extensions of these new
schemes turned out to have the same intractable stability problem that afflicts traditional high order schemes.
As such it became obvious to the author that overcoming this problem requires a fresh new prospective.

It will be shown in this paper that, with the aid of a conceptual leap, one can build from a given 2nd-
order CESE scheme its 4th-, 6th-, 8th-,... order versions which have the same stability conditions of
the 2nd-order scheme and also retain all other advantages of the latter scheme. Thus the high
order CESE schemes so constructed would avoid the common shortcomings of traditional high order schemes
including: (a) susceptibility to computational instabilities; (b) computational inefficiency due to their local
implicit nature (i.e., at each mesh point, need to solve a system of linear/nonlinear equations involving all
the mesh variables associated with this mesh point); (c) use of large and elaborate stencils which complicates
boundary treatments and also makes efficient parallel computing much harder; (d) difficulties in applications
involving complex geometries; and (e) use of problem-specific techniques which are needed to overcome
stability problems but often cause undesirable side effects.

Because the new high order CESE schemes are built from 2nd-order CESE schemes, the remainder of
the paper includes an extensive review of 2nd-order CESE schemes (Sec. 2—4). It is followed by a thorough
discussion of several linear and nonlinear high order CESE schemes (Sec. 5-7). A sketch of multidimensional
extensions is provided in Sec. 8. The numerical results are presented in Sec. 9. Conclusions and discussions
are given in Sec. 10. As a final note, in Sec. 10, we also present a hybrid 3rd-order scheme built from the
Lax-Wendroff scheme and a 2nd-order CESE scheme.

2. Review of second-order 1D CESE schemes

For simplicity, we review existing 2nd-order CESE solvers for the simple partial differential equation
(PDE)
ou ou

o or

where the advection speed a # 0 is a constant. Let 7 = z, and o = t be the coordinates of a two-

=0 (2.1)

dimensional Euclidean space Es. Then, because Eq. (2.1) can be expressed as V - h =0 with h & (au,u),
Gauss’ divergence theorem in the space-time Es implies that Eq. (2.1) is the differential form of the integral

conservation law
j{ f-ds=0 (22)
S(V)

As depicted in Fig. 1, here (i) S(V) is the boundary of an arbitrary space-time region V in Fs, and (ii)
ds = do 7 with do and 7i, respectively, being the area and the unit outward normal vector of a surface element
on S(V). Note that: (i) because & - d is the space-time flux of i leaving the region V' through the surface
element d3, Eq. (2.2) simply states that the total space-time flux of h leaving V through S(V) vanishes;
(ii) in Es, do is the length of a line segment on the simple closed curve S(V); and (iii) all mathematical
operations can be carried out as though Es were an ordinary two-dimensional Euclidean space.

To proceed, let © denote the set of all space-time staggered mesh points in Es (dots in Fig. 2(a)),
where n = 0,£1/2,+£1,43/2,42, ..., and, for each n, j = n+1/2;n+3/2,n+5/2,.... Each (j,n) € Q
is associated with a solution element, i.e., SE(j,n). By definition, SE(j,n) is the interior of the space-time
region bounded by a dashed curve depicted in Fig. 2(b). It includes a horizontal line segment, a vertical line
segment, and their immediate neighborhood. By definition, the end points of the line segments referred to
above are excluded from SE(j,n) so that two SEs will not overlap.

Eq. (2.2) will be simulated numerically assuming that, for any (z,t) € SE(j,n), u(z,t) and E(x,t),
respectively, are approximated by

wt (@t ,m) Sl 4 (ug)? (2 — 25) + (ug) Pt — ) (2.3)
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and

—

R (a,t3d,m) < (au (@, t35,m), w” (2, :4,m) (#.1) € SE(jn) (24)
Note that: (i) u}, (us)7, and (u;)}} are constants in SE(j,n), and (in a rough sense) they can be considered
as the numerical analogues of the values of u, du/0z, and du/0t at the mesh point (j,n), respectively, (ii)
(xj,t") are the coordinates of the mesh point (j,n) with z; = jaz and t” = nat, and (iii) Eq. (2.4) is the
numerical analogue of the definition / = (au, u).

Let u = u*(x,t;4,n) satisfy Eq. (2.1) within SE(j,n). Then one has

(w)] = —a(ug)j (2.5)

As a result, Eq. (2.3) reduces to
u*(x,t;5,n) = u? + (ux)? [(x —xj)—a(t— t”)] (2.6)

ie., uj and (ug)} are the only independent mesh variables associated with (j,n). Note that, for the purpose
of uniquely defining the flux over a boundary of a CE, u*(x,t;j,n) is defined here only for (z,t) € SE(j,n)
for each (j,n) € Q. In some later developments, this function will also be used in applications other than
flux evaluation such as construction of finite-difference approximations. Hereafter, for such extended
applications, it is to be understood that u*(z,t;j,n) is defined even for a point (z,t) ¢ SE(j,n).
Let E5 be divided into non-overlapping rectangular regions (see Fig. 2(a)) referred to as basic conser-
vation elements (BCEs). As depicted in Figs. 2(c)-2(e), (i) each (j,n) € Q is assigned with two BCEs, i.e.,
CE_(j,n) and CE,(j,n); (ii) each BCE has one and only one pair of diagonally opposite vertices which
belong to €; (iii) the space-time Ey can be filled by CE_(j,n) and CE,(j,n), (4,n) € ©; and (iv) CE(j,n),
which is the union of CE_(j,n) and CE,.(j,n), is referred to as a compounded conservation element (CCE).
Given the above preliminaries, we are ready to describe the existing CESE solvers for Eq. (2.1).

2.1. The a scheme

Note that, among the line segments forming the boundary of CE_ (j,n), AB and AD belong to SE(j,n),
while CB and CD belong to SE(j — 1/2,n — 1/2). Similarly, the boundary of CE4(j,n) belongs to either
SE(j,n) or SE(j4+1/2,n—1/2). As a result, by imposing the two local flux conservation conditions at each
(J,m) € Q, ie.,

—

h*-ds=0 (j,n) € Q (2.7)
%S(CEuj,n))

and

h* . ds

j{S(CE(g‘,n)) 0 (4,n) € Q (2.8)

and using Egs. (2.4) and (2.6), one can obtain two equations for two unknowns u} and (u.)}. In fact, with

j
the aid of N N
def n def AT n .
v=a— and  (uz)] = T(um)] (4,m) € Q (2.9)
it can be shown that (see Comment (a) given at the end of this subsection) Egs. (2.7) and (2.8) are equivalent
to

(1= ) [u+ (L +v)ualy = (1 =) [u— 1+ v)ualiryls (.n) € Q (2.7a)
and
1+ ) fu— (1= v)uglf = (1L+v) fu+ (1= v)uz)l /2 (j,n) €9 (2.80)

respectively. To simplify notation, in the above and hereafter we adopt a convention that can be explained
using an expression on the left side of Eq. (2.7a) as an example, i.e.,

[u+ (1 +v)ugl; = uj + (1+v)(uz)j
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By adding Egs. (2.7a) and (2.8a) together, one has

i {a—ynu—a+ymﬂgy§+a+wnu+u—ymﬂﬁ%ﬂ (j,n) € Q (2.10)

N =

Let 1 —v2 #0,ie,1—v#0and 1 +v # 0. Then Egs. (2.7a) and (2.7b) can be divided by (1 — v) and
(14 v), respectively. By subtracting the resulting equations from each other, one has

(uz)} = (u2)] Gin) €0 (2.11)
with )
W) < 5 {lu = sl — e+ vl (.)€ 9 (2.12)

It has been shown that Eqgs. (2.7) and (2.8) imply (i) Eq. (2.10) for all v; and (ii) Eq. (2.11) if |v| # 1.
On the other hand, it can be shown that Egs. (2.10) and (2.11) are equivalent to

[wt (14 v)ual) = [u— (1+v)uallr) )y (j;n) € 0 (2.70)
and
= (1= v)usl} = fu+ (1 - v)us]} )5 (j,n) € Q (2.8b)

for all v. Because (i) Eqgs. (2.7b) and (2.8b) imply Egs. (2.7a) and (2.8a), respectively; and (i) Eqgs. (2.7a)
and (2.8a) are equivalent to Eqs. (2.7) and (2.8), respectively, one concludes that, for all v, the last two
conservation conditions are enforced by the a scheme which, by definition, is formed by Egs. (2.10) and
(2.11) for all v.

Note that, because
ou Az Ou

9z~ 4 O

if 9 ¢ /(az/4), the normalized parameter (uz)} can be interpreted as the value at (j,n) of the derivative
of u with respective to the normalized coordinate Z. Also note that: (i) the superscript symbol “a” in the
parameter (ug)} is introduced to remind the reader that Eq. (2.11) is valid for the a scheme, and (ii) the

a scheme is second-order accurate in space and time for both u} and the non-normalized parameter (u;)}

[1,5].

The review of the a scheme is concluded with the following remarks:

(a) Evaluation of Egs. (2.7) and (2.8) can be facilitated by the following observations: because u*(x,t;j,n) is
linear in x and ¢, the total flux of 2* leaving CE_ (j, n) or CEL (j, n) through any of the four line segments
that form its boundary is equal to the scalar product of the vector h* evaluated at the midpoint of the
line segment and the “surface” vector (i.e., the unit outward normal vector multiplied by the length) of

the line segment.

Note that, by definition, points B and D depicted in Fig. 2(c) do not belong to either SE(j,n) or
SE(j —1/2,n—1/2). This fact, however, does not pose a problem for flux evaluation over S (CE_(j,n))
because the values of i* at isolated points do not contribute to the flux of 2* over a finite line segment.
A similar comment applies to points D and F depicted in Fig. 2(d).

(b) Even though they have completely different origins and structures (one is a two-level scheme with two
independent variables per mesh point while another is a three-level scheme with a single independent
variable per mesh point), the a scheme and the classical leapfrog scheme are deeply related. In fact, it
can be shown that each of the two variables u} and (us)} of the a scheme by itself satisfies the same
leapfrog scheme automatically [56]. Moreover, after sorting through the differences in the notations
used in typical CESE papers and traditional literatures, and also taking into account the decoupled
nature of a leapfrog solution, it is shown in [5, pp.301 and 313-315] that the two amplification factors
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of the a scheme are identical to those of the neutrally stable leapfrog scheme. Thus, the a scheme is
also neutrally stable (i.e., nondissipative) if |v| < 1 (see the additional discussions given in Sec. 2.2).
(c) Even though it is introduced to model a single PDE (i.e., Eq. (2.1)) with a single dependent variable
u, the a scheme is formed by two coupled discrete equations (i.e., Egs. (2.10) and (2.11)) involving
two independent numerical variables u} and (u;)}. As such one would expect that the a scheme be
consistent with a pair of PDEs with one of them being Eq. (2.1). Indeed, it is shown in [1] that, regardless
how at > 0 and Az > 0 are refined, Egs. (2.10) and (2.11) are always consistent with Eq. (2.1) and

v — Ou/dx = 0 with the understanding that v being the analytical version of (u,)7.

(d) Because (i) the vector h* at any surface element lying on any interface separating two neighboring BCE
is evaluated using the information from a single SE, and (ii) the unit outward normal vector on the
surface element pointing outward from one of these two neighboring BCEs is exactly the negative of that
pointing outward from another BCE, one concludes that the flux leaving one of these BCEs through the
interface is the negative of that leaving another BCE through the same interface. As a result of this flux
cancelation, the local flux conservation relations Egs. (2.7) and (2.8) lead to a global flux conservation
relation, i.e., the total flux of B leaving the boundary of any space-time region that is the union of any
combination of BCEs will also vanish. In particular, because CE(j,n) is the union of CE_(j,n) and
CE+ (]7 TL),

h*-ds=0 (j,n) € Q (2.13)
7{S(CE(M))

must follow from Egs. (2.7) and(2.8). In fact, it can be shown that Eq. (2.13) is equivalent to Eq. (2.10).
(e) In addition to the nondissipative a scheme, as will be shown, there is a family of its dissipative extensions
in which only the less stringent conservation condition Eq. (2.13) is assumed [5]. Because Eq. (2.13) is

equivalent to Eq. (2.10), for each of these extensions, u} is still evaluated using Eq. (2.10) while (uz)}
is evaluated using an equation different from Eq. (2.11).

2.2. The a-c¢ scheme and the ¢ scheme
Consider any (j,n) € Q. Then (j £1/2,n—1/2) € Q. Let

n def 4 n, ; -
Wity s S (g, 75 £ 1/2,n = 1/2) = [u+ (at/2)uel ) )3 (2.14)

The validity of the last equality sign in Eq. (2.14) follows from Egs. (2.5) and (2.6). Thus u;’il/Q is the
first-order Taylor approximation at the point (x;41/2,t") (which ¢ SE(j£1/2,n—1/2)) evaluated using the
mesh variables at (j£1/2,n—1/2). Moreover, with the aid of Egs. (2.6) and (2.9), one can recast Eq. (2.14)
in the form
n —1/2
u;il/Q =(u—2v uj)?il//Q (2.15)

Note that, by definition, (j £1/2,n) ¢ Q if (j,n) € Q. Thus u;il/Q is associated with a mesh point ¢ Q.
The reader is warned that similar situations may occur in the rest of this paper.
Because u}ll/Q is a first-order Taylor’s approximation of u at (j +1/2,n),

e det AT (Ul =Ty \ UGy — iy gy 51
gy 2 A0 (Lre M) Mt .16

is a central-difference approximation of du/dx at (j,n), normalized by the same factor axz/4 that appears
in Eq. (2.9). Note that: (i) the superscript “c” is used to remind the reader of the central-difference origin
of the term (ug)%; and (ii) by using Egs. (2.15), (2.16) and (2.12), one has

1 n—1/2 n—1/2
(ug)} = 1 (u— 2uuf)j+1//2 —(u— 2Vui)j71//2} (2.17)
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and

c a\n —1/2 —1/2
(ug — )y = 7 |(u+ 2ua)} 73 = (u = 2us)} ) (2.18)

(uz)j = (ug)j + 2€(ug —ug)} (2.19)

where € is an adjustable real number. Note that: (i) with the aid of Egs. (2.12) and (2.18), Eq. (2.19) can
be rewritten as

(uz)? = % {[(1 —u+ (2e—1— y)ui];:f//; —l—eu+(1—v— 26)%];:11//22} (2.19a)

(ii) the a-e scheme reduces to the a scheme when ¢ = 0; (iii) for the case € = 1/2, Eq. (2.19) reduces to

(uz)j = (ug)} (2.20)

and (iv) because (u$)”

)7 represents a central-difference approximation, hereafter, to simplify its frequent
references, the special a-e¢ scheme with e = 1/2 will be referred to as the ¢ scheme.
As a preliminary to later developments, we offer the following remarks on the a-e scheme:

(a) Ateach (j,n) € Q, Egs. (2.10) and (2.11) imply Egs. (2.7) and (2.8). Because Eq. (2.19) does not reduce
to Eq. (2.11) except in the special case e = 0, at each (j,n) € Q, generally the a-e scheme satisfies only
the single conservation condition Eq. (2.13) (which is equivalent to Eq. (2.10)) rather than the two
conservation conditions Egs. (2.7) and (2.8). However, because (u$)’ generally is present on the right
side of Eq. (2.19), implementation of the a-e scheme generally will still be burdened with the cost of
solving two conservation conditions at each mesh point. The exception occurs only for the special case
e =1/2 (i.e., the ¢ scheme) in which Eq. (2.19) reduces to Eq. (2.20). As it turns out, implementation of
an Euler version of the ¢ scheme does not require inverting any system of equations while that involving
an Euler version of any other a-e¢ scheme (¢ # 1/2) generally requires inverting, per mesh point and
per time step, a system of several linear equations. As an example, because the 3D Euler equations is
formed by a system of five PDEs with each of them being associated with three independent spatial
derivatives at each mesh point, a 3D Euler a-¢ (¢ # 1/2) scheme requires inverting a system of 15
(= 5 x 3) equations. Partly because of this cost consideration, extensions of the ¢ scheme have been
used extensively.

(b) For the a-€ scheme, it is shown in [5] that the principal and spurious amplification factors per marching
step (i.e., per at/2—recall that the solution is advanced by a time period at/2 per marching step) are
A+ and A_, respectively, with

At (e,v,0) def ecos(6/2) —ivsin(6/2) + \/(1 —€) [(1 — €)cos2(0/2) + (1 — v2)sin’(0/2)] (2.21)

Here (i) 4 def Vv—1, and (ii) 8, —oo < 0 < +00, is the phase angle variation of a Fourier component over
the length Az (i.e., § = kax where k denotes the phase angle variation per unit length). In addition, it
can be shown that the a-e scheme is stable < (i.e., “if and only if”) either

0<e<1 and lv| <1 (2.22a)

or

e=1 and v =1 (2.22b)

(Note: Because Eq. (2.11) is a result of Egs. (2.7) and (2.8) only if |v| # 1, the a and a-e schemes were
not defined for the case |v| = 1 in [5]. As such the case Eq. (2.22a) was not presented in [5]). Also
one can show that the a-e¢ scheme becomes more dissipative as the value of e increases from 0 to 1 [5].
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Note that, unless specified otherwise, in the remainder of the paper the ranges of ¢ and v respectively,
are defined by Eq. (2.22a,b). Moreover, note that: (i) the mesh points used in the a-e¢ scheme are
so arranged that those at any two time levels are staggered in space-time unless these two levels are
separated by a whole integer multiple of at, and (ii) by applying Eqs. (2.10) and (2.19) successively
over two consecutive marching steps, one can derive a compounded form (Eq. (3.7) in [5]) of the a-€
scheme in which the mesh variables at any (j,n + 1) € Q are determined in terms of those at (j — 1,n),
(j,n) and (j + 1,n)—i.e., the space-time staggering nature of the original scheme is eliminated from
the compounded form. As such, (i) Hereafter two consecutive marching steps will be referred to as a
marching cycle, and (ii) in the following accuracy evaluation of the numerical amplification factors, we
choose to consider the amplification factors per marching cycle (i.e., per at).

Note that, for several reasons which are related to the space-time staggered nature of the meshes used in
the CESE method (see pp. 313-315 in [5]), the same spatial-interval length and time-step size denoted
by ax and At respectively in traditional literatures, are denoted by Az/2 and at/2 respectively here.

Because the same definition 8 % kaz is used here and in traditional literatures, for the same Fourier
component (i.e., the same value of k), the corresponding value of § in traditional literatures is only one
half of that in the current paper, i.e., the symbol 8/2 that appears on the right side of Eq. (2.21) would
be replaced by 6 in traditional literatures.

Let k be a constant. Then u = ¢”(*=9) represents a plane wave solution to Eq. (2.1). For this solution,
k is the phase angle variation per unit length. Thus, by using the relations § = kaz and v = aat/axz,
one concludes that

ik[z—a(t+At)]

def €

the analytical amplification factor per at = — e e thadt _ —ivd (2.23)

The amplification factors of the a-e¢ scheme per At (i.e., per two consecutive marching steps) are given
by (A£)?%  According to Eq. (2.21), [A+(0,v,0)]?, the amplification factors of the a scheme (which
corresponds to the case ¢ = 0) per at, have the following properties:

Mt (0,,0)2 =1 if |y <1 (2.24)
Jim [A(0, v, 0))* = T (2.25)
Jim [A-(0,v, 0)* = et (2.26)
and
[A+(0,0,0)]* =1 (2.27)

On the other hand, e~*?, the analytical amplification factor per at, has the following properties:

le=?) =1 (2.28)
lim e~ %% = T (2.29)
v—=+1
and ‘
e =1 if v=0 (2.30)

For the a scheme, Egs. (2.24)-(2.30) imply that: (i) the two amplification factor of the scheme, and
the analytical amplification factor all have the same constant absolute value (= 1) if |v| < 1, i.e.,
the scheme is nondissipative if |v| < 1; (ii) in the limit of |v| — 1 (i.e., v — 1 or v — —1), the
principal amplification factor is identical to the analytical amplification factor and, thus, the former
has no dissipative or dispersive error in this limit; (iii) also in the limit of |v| — 1, the phase angle
associated with the spurious amplification factor is exactly the negative of that associated with the
analytical amplification factor—thus the spurious amplification factor has a large dispersive error in
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this limit except when || < 1 (i.e., when the wavelengths of the errors > 1); and (iv) when v = 0, the
two amplification factors of the scheme, and the exact amplification factor are all equal to 1 and, thus,
the two amplification factors of the scheme have no dissipative or dispersive error if v = 0. Because
the accuracy of a scheme is essentially hinged on the behaviors of the principal amplification factor [1],
according to the facts stated above, the a scheme tends to become very accurate when |v| approaches
1 or 0. However, the dispersive errors associated with the nondissipative spurious amplification factor
(which could be introduced at ¢ = 0 as a result of an inaccurate initial-value specification [1]) may
appear in a solution as persistent numerical wiggles when |v| approaches 1.

According to Eq. (2.21), [\+(1/2,v,6)]?, the amplification factors of the ¢ scheme (which corresponds
to the case e = 1/2) per at, have the following properties:

Jim (A (1/2,v, 0))> = T (2.31)
Jim [A-(1/2,v, 0)]* = —sin?(0/2) (2.32)
and )
Ae(1/2,0,0) = [1 + cos(0/2)\/2 — C052(9/2)} (2.33)
Because (i) €™ = —1 and (ii)
1- [COS(9/2)\/2 - (:052(19/2)}2 =[1- (:052(1_‘)/2)}2 >0

1> ‘608(9/2) 2— COSQ(H/Q)‘

Egs. (2.32) and (2.33) can be recast as

Vlim A_(1/2,v,0)]* = sin?(0/2)e'™ (2.32a)
and
A+(1/2,0,0))? = % 1+cos(6/2)v/2 — 0052(9/2)‘ (2.33a)

respectively. By comparing Eqgs. (2.29) and (2.30) with Egs. (2.31), (2.32a) and (2.33a), one arrives at
the following conclusions for the ¢ scheme: (i) in the limit of |v| — 1, the principal amplification factor
is identical to the analytical amplification factor and, thus, the former has no dissipative or dispersive
errors in this limit; (ii) also in the limit of |v| — 1, the spurious amplification factor generally has large
dissipative and dispersive errors; and (iii) when v = 0, both the principal and spurious amplification
factors generally have large dissipative errors but no dispersive errors. According to the facts stated
above, like the a scheme, the ¢ scheme also tends to become very accurate when |v| approaches 1.
However, unlike the a scheme, the errors associated with the spurious amplification factor of the c
scheme do die out rapidly when |v| approaches 1 if the value of |0] is not too close to  (see Eq. (2.32a)),
i.e., if the wavelength of the discrete Fourier component is not close to 2ax—the shortest possible
wavelength. Also, in sharp contrast to the a scheme, the ¢ scheme becomes highly dissipative when v
approaches 0.

From the above discussions, one concludes that:

The advantages of the a scheme include: (i) it is nondissipative for all 8 if |v| < 1; and (ii) when the value
of |v| is close to 0 or 1, the scheme is very accurate. On the other hand, its disadvantages include: (i)
because it is nondissipative, its extensions for nonlinear equations generally are unstable; (ii) when the
value of |v] is close to 1, the dispersive errors associated with the nondissipative spurious amplification
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factors will appear in a solution as persistent numerical wiggles; and (iii) comparing with the ¢ scheme,
it costs more to implement.

(b) The advantages of the ¢ scheme include: (i) when the value of |v| is close to 1, it is very accurate and
the errors associated with the spurious amplification factor generally die out rapidly; (ii) because of its
dissipative property, its extensions for nonlinear equations can be stable; and (iii) in terms of ease of
implementation and computer cost, it is much more superior than any other a-e¢ scheme. On the other
hand, the c scheme has a serious disadvantage, i.e., it is very dissipative when v approaches 0.

Based on the remarks given above, it becomes clear that a new solver of Eq. (2.1) possesses all the
advantages of the a and ¢ schemes but none of their disadvantages if it is formed by Eq. (2.10) and a new
equation in which (i) (uz)? is evaluated using a simple central-differencing procedure similar to that used
to obtain (ug)’; and (ii) the (uz)} so obtained is identical to (ug)? in the limit of [v| — 1 and identical to

(ug)?} in the limit of v — 0. In other words, such an ideal solver (i) is comparable to the ¢ scheme in ease
of implementation; (ii) becomes the ¢ scheme in the limit of [v| — 1; and (iii) becomes the a scheme in the

limit of ¥ — 0. In Sec. 3, it will be shown how such a solver can be constructed.
2.3. The w-a scheme—a special wiggle-suppressing scheme

If discontinuities are present in a numerical solution, any a-e¢ scheme such as the ¢ scheme is not equipped
to suppress numerical wiggles that generally appear near these discontinuities. To serve as a preliminary
for future development, here we shall briefly review an extension of the ¢ scheme which was introduced as a
remedy for this deficiency [5].

To proceed, let

(up_ )7 deF 2T (“? _“9n1/2> _ Wy (2.34)
A Az/2 - 2 '
and ) )
n n n n
OUE C i i Ve B ) IV (2.35)
Ty AT/2 - 2 '

ie., (uz-)7 and (uz4)} are normalized numerical analogues of Ju/dx at (j,n) evaluated from the left and
the right, respectively. By using Eqgs. (2.16), (2.34), and (2.35), it can be shown that

c\n 1
(u$)j = 5 (uz— + uzy)y

5 (2.36)

ie., (ug)7 is the simple average of (uz-)% and (uz)7. As such, the ¢ scheme can be extended by replacing
(u$)? in Eq. (2.20) with an weighted average of (uz—)" and (uz+)}. In other words, the resulting extension
is formed by Eq. (2.10) and

(uz) = (w-)j (uz-)7 + (wi)] (uz4)} (2.37)
where (w- )} and (w4)}, the weight factors associated with (uz-)} and (uz+)j respectively, must satisfy the
condition

(w-)j + (wy)} =1 (2.38)

at all (4,n) € Q. In addition, it is assumed that the expression on the right side of Eq. (2.37) represents an
interpolation (rather than an extrapolation) of (uz—)j and (uz+)j. This assumption <

(w-)] >0 and (wy)} >0 (2.39)

For real variables z_, x4, and a > 0, let W_ and W be the functions defined by: (i) W_(z_,z4+;a) =
Wi(r_,z4;0) =1/2if x_ = x4 = 0; and (ii)

|z |
W_(z-,z4;0) = ERCENENG (lz—[ + |z 4] > 0) (2.40)
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and

2|
Wilz_, 2 0) = — 1 |+ >0 2.41
e aiie) = o (o1 + fo+1 > 0) (2.41)
if either x_ # 0 or x4 # 0. Furthermore, let
(we)} = We((uz-)7, (uz4)}, @) (2.42)

Then (w-)7 and (w4 )} so defined satisfy Egs. (2.38) and (2.39) and have the property that

(wo)? = (y)? =1/2 i a=0 or |(us )2 = l(uzs)? (2.43)
Note that: (i) to avoid dividing by zero, in practice either a small positive number such as 1072° is added to
each of the denominators in Egs. (2.40) and (2.41), or one must make sure that the definition W_(z_, z4; o) =
Wi(z_,z4;) = 1/2 instead of Egs. (2.40) and (2.41) is applied when z_ = x4 = 0; and (ii) the special
cases of Egs. (2.40) and (2.41) with o = 1 and a = 2 are used in the slope-limiter proposed by van Leer [64]
and van Albada et al. [65].

An extension of the ¢ scheme is formed by Egs. (2.10) and (2.37) with (w-)? and (w,)} being defined
by Eq. (2.42). Because it involves an weighted average which is dependent on a parameter «, hereafter the
scheme is referred to as the w-a scheme. In a straightforward manner, the w-a scheme has been extended
to become the Euler w-a scheme. The details are given in [5].

Assuming a > 0 and [(uz-)}| # |(uz+)7], then Egs. (2.37), (2.40), and (2.41) imply that, of (uz-)7 and
(u;H_);L, the one with smaller absolute value is assigned an weight factor > 1/2. This observation coupled
with Egs. (2.36)-(2.39) leads to the conclusion that, of (uz-)} and (uz+)}, (uz)} will have an algebraic
value closer to the one with smaller absolute value if (uz)} is evaluated as an weighted average of (uz—)7
and (uz4)} according to Eq. (2.37). As a result, (uz)’ so evaluated has a smaller absolute value than that
evaluated using Eq. (2.20). In turn, numerical wiggles or overshoots can be annihilated by the additional
numerical dissipation introduced as a result of this local “flattening” of (uz)}. It has been shown numerically
that the extension is stable if |v| < 1 and o > 0. Moreover, as a result of Egs. (2.20), (2.36), (2.37) and
(2.43), (i) the extension reduces to the ¢ scheme when o = 0; and (ii) even if & > 0, the extension behaves
very much like the ¢ scheme in any smooth solution region (where the condition (uz—)} = (uz+)} more or

j
less prevails) or at a solution extremum (where the condition (uz—)" = —(uz4)? more or less prevails). As

J J
such, the wiggle-suppressing power of the extension takes effect only if o > 0 and only in a solution region
where |(uz-)}| and |(uz+)}| differ substantially.

This section is concluded with the following discussion of CESE non-reflecting boundary conditions.
2.4. Non-reflecting boundary conditions

An unique feature of the CESE method is its simple and robust non-reflecting boundary conditions
[12,50]. Let (j,n) be a mesh point on the right spatial boundary of the computational domain. Then (i)
(j —1/2,n — 1/2) represents an interior mesh point at the (n — 1/2)th time level; and (ii)

n n—1/2

ul =,

p=ul T2 and (ua)) = (us) )] (2.44)

J j—1/2
form a set of non-reflecting boundary conditions. On the other hand, for a mesh point (j,n) on the left
boundary, (i) (j + 1/2,n — 1/2) represents an interior mesh point at the (n — 1/2)th time level; and (ii)

n n—1/2

U; = U

Py and (ug)) = (uz)] s (2.45)

J j+1/2

form a set of non-reflecting boundary conditions. The above non-reflecting conditions are applicable to all
the second-order schemes described in Sec. 2-4. A rigorous justification of these and other simple CESE
non-reflecting boundary conditions is given in [50].

3. The c-7 and c¢-7* schemes
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The ideal solvers of Eq. (2.1) defined at the end of Sec. 2.2 will be developed here. As a preliminary, we
shall show that (u3)? can be cast into a central-difference form when v = 0.

According to Figs. 2(d), |[EF| = |AD| = 0 when at = 0. Moreover, because of the assumption a # 0,
v =0« at = 0. Thus, in the case v = 0, Eq. (2.7) reduce to the condition that the sum of the fluxes leaving
CE. (4, n) through its top face AF and bottom face ED is zero. Because (i) 7 = (0,1) at AF and 7 = (0, —1)
at ED (7i denotes the outward unit normal vector at any boundary of CE4(j,n)), (ii) |[AF| = |ED|, and
(iii) A* = (au*,u*), by using the flux evaluation rule referred to in Remark (a) given at the end of Sec. 2.1,
one concludes that Eq. (2.7) reduces to

n

(u+up)] = (u—uz)} 7,3 (v="0) (3.1)

if v = 0. Similarly, Eq. (2.8) reduces to
n

(w—uz)! = (u+ uf)y_—j//j (v=0) (3.2)

if v = 0. Because Egs. (2.10) and (2.11) (which form the a scheme) are equivalent to Egs. (2.7) and (2.8) if
|v] # 1, they must be equivalent to Egs. (3.1) and (3.2) when v = 0. In fact, by subtracting Eq. (3.2) from
Eq. (3.1), one obtains Eq. (2.11) with (u3)? being the reduced form of Eq. (2.12) when v =0, i.e.,

(2 = 5 (0= )22 — (b )] (v =0) (3.3)

N =

On the other hand, by summing over Egs. (3.1) and (3.2), one has the reduced form of Eq. (2.10) for the
case v = 0.

With the aid of Eq. (3.3) and the facts that: (i) (u — uf)7;11/22
n—1/2

the midpoint of ED while (u + Uz); ), represents that at the midpoint of COD (see Fig. 2(c,d)); and (ii)
the distance between the two midpoints is Az/2, one concludes that, for the special case v = 0, (u%)? is
indeed a central-difference approximation of du/0x at (j,n — 1/2) (which coincides with (j,n) when v = 0),
normalized by the factor az/4. QED.

According to the above discussions, construction of the ideal solvers is hinged on finding central-difference
approximations for (uz)} such that each approximation (i) becomes (ug)} in the limit of [v| — 1, and (ii)
reduces to the expression on the right side of Eq. (3.3) when v = 0. As a result, these new solvers will be
constructed as the subschemes of the ¢-7 scheme, a new class of CESE solvers for Eq. (2.1) to be described
immediately.

represents the approximation of u at

3.1. The c-7 scheme

To proceed, refer to Fig. 3. Here M+ and M~ denote the midpoints of AF and AB, respectively.
Also PT and P~ are two points on BF that satisfy the following conditions: (i) P* is to the right (left)
of Mt & P~ is to the left (right) of M ~; and (ii) |M*P*| = |[M~P~|. In addition, the parameter 7 is
defined by: (i) 7 = 0 if P* coincides with M*; (i) 7 az/4 = [M+P*| > 0 if P* is to the right of M*; and
(ili) 7Aaz/4 = —|MTP+| < 0 if P* is to the left of M*. Obviously, it follows from the above definitions
that (i) 7 = 0 if P~ coincides with M —; (ii) Taz/4 = |[M—P~| > 0 if P~ is to the left of M ~; and (iii)
TAax/4d=—|M~-P~| <0if P~ is to the right of M.

Next let

w(P) ot (a(PH), 1" j +1/2,n— 1/2) (3.4)

and

def

u(P7) = u (2(P7),t" 5 —1/2,n—1/2) (3.5)

where z(PT) and x(P~) denote the x-coordinates of PT and P~ respectively. Then, according to Egs. (2.5)
and (2.6), u(P1) is the first-order Taylor’s approximation of u at P evaluated using the mesh variables
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at (j +1/2,n — 1/2) (i.e., point E) while u(P~) is that at P~ evaluated using the mesh variables at
(j —1/2,n—1/2) (i.e., point C). Moreover, with the aid of Egs. (2.6) and (2.9) along with the relations

AT

x(PJr):xj‘f'(l*‘T)%=$j+1/2—(1—7')r, —00 < T < 400 (3.6)
and AT AT
Egs. (3.4) and (3.5), respectively, can be simplified as
+\ n—1/2
u(PT)=lu—(14+2v— T)uj]jJrl/Q (3.8)
and
w(P7) = [u+ (1= 20 — PJus]} "1y (3.9)

To proceed, note that: (i) the mesh point (j,n) (i.e., point A depicted in Fig. 3) is the midpoint of
P—P*, and (ii) |[P~P*| = (14 7)az/2. Thus

n def AT {u(PJr) - U(P_)} — u(Pt) —u(P7) (r # —1) (3.10)

)i = T | "5 naa2 2(147)

represents a central-difference approximation of du/dx at the mesh point (j,n), normalized by the factor
Az /4. Thus the new scheme defined by Eq. (2.10) and (uz)j = (@z)} represents a solver for Eq. (2.1).
Moreover, by using Egs. (3.8)—(3.10), the second component of the new scheme can be explicitly expressed

as

(uz)? = ()" = ﬁ fu— 2D+ (-2 -l 2} £-1) (31D

In view of the facts that (i) (iz)} represents a central-difference approximation of (uz)}, and (ii) the ap-
proximation is associated with the parameter 7, hereafter the new scheme will be referred to as the c-7
scheme.

Moreover, by using Egs. (2.12), (2.18) and (3.11), one has

(0] = ()] + s~ — oD [ -] ey Ga2)

By comparing Eq. (3.12) with (2.19), one concludes that the c-1 scheme generally is different from the a-€
scheme. In fact, the c-7 scheme becomes the a-¢ scheme < either (i) 7 =1 or (ii) v = 0. For the case T =1,
Eq. (3.12) implies that (iz)} = (ug)}. In other words, the c scheme is the special case of the c-7 scheme
with 7 = 1, a fact that can also be deduced from the observation that the points Pt and P~ depicted in
Fig. 3, respectively, coincide with points F and B (i.e., the mesh points (j+1/2,n) and (j —1/2,n)) if 7 = 1.
On the other hand, when v = 0, the ¢-7 scheme become the a-e scheme with € = 27/(1 4 7). In fact one can
further deduce that ¢-7 scheme reduces to the a scheme < v =7 = 0.

Because the ¢-7 scheme is formed by two rather complicated equations (i.e., Egs. (2.10) and (3.11))
involving two parameters v and 7, it were not expected that its von Neumann stability conditions could be
cast into an explicit analytical form. However, by using the Jordan canonical form theorem [66], it is shown
rigorously in [46] that the ¢-7 scheme is von Neumann stable <

V<1, 7>71,(%), and (V3,7)# (1,1) (3.13)
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where

0 ifs=0
4—5—2/2(2—-5—5%2)
To(s) % - if 0<s< (3.14)
s—14++v1—-2s+5s2 3
75 1fH§5§1

Note that:

(a) The current stability conditions agree completely with those generated through numerical experiments
[31] (Note: the reader is warned that the condition 7 > 7,(v?) that appears in Eq. (3.13) here is
expressed as T > 7,(|v|) in Eq. (3.12) of [31], i.e., the function 7, defined here is different from the
function 7, introduced in [31]).

(b) Tt can be shown that [46]: (i) 7,(s) is continuous at s = 0, i.e.,

lim 7,(s) = 7,(0) =0

s—0t

(ii) 7o(s) is consistently defined at s = 3/11, i.e., both the second and third expressions on the right
side of Eq. (3.14) implies that 7,(3/11) = 1/3; (iii) 7,(s) is continuously differentiable at s = 3/11, i.e.,

lim 7)(s) = lim 7(s) = 121/90
s%%f s—3T

where 7/ (s) def dro(s)/ds; (iv) To(s) is strictly monotonically increasing in the interval 0 < s < 1; (v)
To(1) = 1; and (vi)
5 < To(s) < /s, 0<s<1 (3.15)

(¢) For any given fixed value of |v| < 1, the ¢-7 scheme tends to become more dissipative as the value of 7
increases from its minimum stability bound 7,(v?).

With the above preliminaries, the ideal solvers of Eq. (2.1) will be constructed in Sec. 3.2.
3.2. The c-7* schemes

The value of 7 used in the c-7 scheme generally can be chosen independent of v. Here we will introduce
a subset of the c-7 scheme in which 7 is a function of v for each member of this subset. As a preliminary,
note that, by using the properties of 7,(s) presented earlier, it can be shown that there exist infinitely many
choices of a strictly monotonically increasing smooth function h(s), 0 < s < 1, which possesses the following
properties: (i)

h(0) =0; and hr{l_ h(s) =1 (3.16)
and (ii)
h(s) > 1o(s) if 0<s<1 (3.17)

By definition, the subset contains every special c-7 scheme with
7 = h(v?) (vl < 1) (3.18)

where h(s) is one of the special functions defined above. By using Eqs. (3.16)—(3.18) and the fact that h(s)
is a strictly monotonically increasing function in the domain 0 < s < 0, one concludes that, for each member
of the subset, (i)

=0 if v=0 (3.19)
(i)
2lin}_ T=1 (3.20)
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(iii) 7 increases with |v| in the domain 0 < |v| < 1; and (iv)
T > 7,(V°) (Ivl < 1) (3.21)

By using the results presented in the above items (i)—(iii), one can easily infer from Fig. 3 a simple relation
between the value of |v| and the locations of P™ and P, i.e., as the value of |v| increases from 0 to 1, P*
will move away from M and edge toward the mesh point (j +1/2,n) while P~ will move away from point
M~ and edge toward the mesh point (j — 1/2,n).

Recall that (i) (iz)} = (ug)? if 7 = v = 0; and (ii) (4z)} = (u3)} if 7 = 1. As such, Eqgs. (3.19) and
(3.20) imply that, for each member in the subset, (i) (iz)} = (u$)} if v = 0; and (i) (4z)} = (ug)} in the
limit of |v| — 17. In other words, in the domain |v| < 1, all members in the subset are the ideal solvers
defined at the end of Sec. 2.2. Moreover, by using Eq. (3.13) and (3.21), one can also show that these ideal
solvers are also stable in the same domain. Hereafter, each of these ideal solvers will be referred to as a ¢-7*
scheme.

Corresponding to infinitely many choices of h, there are infinitely many different c-7* schemes. In

particular, with the aid of Eq. (3.15), one can see easily that the special choice
h(s) = /s (0<s<1) (3.22)

represents a strictly monotonically increasing smooth function which also satisfies Egs. (3.16) and (3.17).
Thus Eq. (3.18) implies that a ¢-7* scheme can be defined using the relation

=y (lv| < 1) (3.23)

Any c-7* scheme described above meets all the requirements of an ideal solver. However, because of
stability problem, a ¢-7* scheme and its multidimensional extensions may not be robust enough for some
complicated real-world applications. To overcome this difficulty, we introduce a special ¢-7 scheme which is
defined by Egs. (2.10) and (3.11) with

=34l B>1; v <1) (3.24)

where 3 > 1 is a constant parameter. For this scheme, Eq. (3.19) is also valid. Thus it becomes the
nondissipative a scheme when v = 0 and, therefore, it will not become overly dissipative as v — 0 (i.e., the
scheme’s numerical dissipation is CF' L number insensitive). Moreover, because 8 > 1, Egs. (3.13) and (3.15)
along with Comment (c) given following Eq. (3.15) imply that the scheme is stable if |v| < 1 and it becomes
more dissipative (i.e., more stable) as the value of § increases. However, also because 3 > 1,

lim 7=0>1 (3.25)

v|—1—

As such, except the special case 3 = 1, the scheme does not become the ¢ scheme in the limit of |v| — 17,
i.e., it does not meet all the requirement of an ideal solver.

Note that, unless specified otherwise, in the remainder of this paper we consider only the
c-* schemes or the special c-7 scheme defined by Eq. (3.25).

Next we will introduce weighted-averaging extensions of the c-7 schemes along with two classes of
advanced weighted-averaging techniques.

4. Other c-7* extensions and new weighted-averaging techniques

To proceed, let

(4.1)

4 \ (1+7)az/4 (1+7)

(60 )" def AT <u?—u(P_)> _ u?? —u(P7)
e=)j = 7 =
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and

N n def AT U(PJF)—UT'L U(PJF)—UT'L
(Gz4)] = = e : (4.2)
4 \ (1+7)az/4 (14+7)
Because |[AP-| = |[APy| = (1 + 7)az/4 (see Fig. 3), it is easy to see that (iz-)} and (iz4)} are two

normalized one-sided difference approximations of du/dzx at the mesh point (j,n) with one being evaluated
from the left and another from the right. Also, it follows immediately from Egs. (3.10), (4.1) and (4.2) that

(i) = 3 [} + (3 )7] (13)

Moreover, by (i) substituting Egs. (2.10), (3.8) and (3.9) into Eqgs.(4.1) and (4.2), and (ii) using Egs. (3.11)
and (3.19), one arrives at the conclusion that

(i)} = (Gz4)} = (0z)] (v =0) (4.4)

when v = 0.
With the above preliminaries, several extensions of the ¢-7* scheme will be constructed in the following
subsections.

4.1. Scheme w-1

A comparison of Eqgs. (4.1)—(4.3) with Eqgs. (2.34)—(2.36) reveals that an obvious extension of the ¢-7*
scheme can be obtained by replacing (uz-)} and (uz+)j in Egs. (2.37) and (2.42) with (iz-)} and (iz+)7,
respectively. In other words, the new extension is formed by Eq. (2.10) and

(uz)} = (w-)j (Gz—)} + (wy)j (Gay)f (4.5)

with
(we)j = Wa((4z-)7, (Uz4)7, @) (4.6)

Because the scheme is the first extension of the c-7* scheme in which (uz)} is expressed as an weighted
average of (uz-)7 and (iz4)}, for simplicity, hereafter it will be referred to as Scheme w-1. It has been
shown numerically that Scheme w-1 is stable if |v| < 1 and a > 0. However, as will be shown, Scheme w-1
is deficient in one key aspect.

Egs. (4.4) and (4.6) along with the definition of W imply that, for any given a > 0, (w-)} — 1/2
and (wi)} — 1/2 as v — 0. In other words, for Scheme w-1, the “weighted” average on the right side of
Eq. (4.5) will approach the simple average as v — 0. According to an explanation given in the last paragraph
of Sec. 2.3, this implies that Scheme w-1 will lose its capability to suppress wiggles or overshoots when v
becomes small. For this reason, even though the Euler version of Scheme w-1 performs much better than
that of the w-a scheme in its ability to resolve shocks and contact discontinuities crisply in a wide range
(from 1 to less than 0.001) of the global CFL number (i.e., the maximal value of local CF'L numbers), it is
handicapped by the fact that wiggles or overshoots can appear near a discontinuity in a generated solution
when the local CFL number there becomes extremely small. In the following, it will be shown that this

weakness can be overcome by simple modifications of Eq. (4.6).
4.2. Scheme w-2

A new scheme, referred to as Scheme w-2 is formed by Eqs. (2.10) and (4.5) with (w+)? being given by
Eq. (2.42). In other words, although (uz)? is still constructed as an weighted average of (iz- ) and (iz+)7,
the associated weight factors (wy)} are evaluated using (uz—)} and (uz4)7 (which are defined in Eqgs. (2.34)
and (2.35), respectively). Because the last two parameters, respectively, are identical to the special cases of
(tz-)7} and (Gz4)} with 7 =1 (see Egs. (2.15), (2.34), (2.35), (3.8), (3.9), (4.1), and (4.2)), their values do
not vary with v. As such, (wx)? # 1/2 and therefore the weighted average on the right side of Eq. (4.5) will

not turn into a simple average when v = 0. In other words, Scheme w-2 is still capable of annihilating the
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numerical wiggles near a discontinuity even if ¥ becomes small. It has been shown numerically that Scheme
w-2 again is stable if |v| < 1 and a > 0.

Note that a possible drawback of Scheme w-2 is that the relation |(uz—)7| < [(uz+)7| (|(uz-)7| >
|(uz+)}|) does not automatically follow from [(iz—)}| < [(4z+)7] (|(4z-)}| > [(4z+)7}]) and vice versa.
As a result, at some local mesh points, it may happen that, of (iz-)} and (iz4)7, the one with smaller
absolute value may not be associated with a weight factor > 1/2. According to a discussion given in the last
paragraph of Sec. 2.3, this implies that there is no guarantee that, at all localities, the weighted-averaging
induced numerical dissipation will be available to suppress wiggles or overshoots. Despite this possible failing,
fortunately it has been demonstrated numerically that, not only are they capable of suppressing wiggles or
overshoots robustly, Scheme w-2 and its Euler extensions are also highly accurate.

In the following, schemes that overcome the weakness of Scheme w-1 and also avoid the theoretically
possible failing associated with Scheme w-2 will be constructed using two new classes of weighted-averaging
techniques more advanced than that given in Egs. (2.40) and (2.41).

4.3. New classes of weighted-averaging techniques

To pave the way, first we shall discuss a limitation of Egs. (2.40) and (2.41) as a generator of weight
factors.

Let x4 # 0. Then, for a given a > 0, obviously W_ — 1/2 and W} — 1/2 as |z /x_| — 1. As such,
when |z /x_] is very close to 1, then both W_ and W, will be very close to 1/2 unless o > 1. As a result,
in case that (i) (dz+)7 # 0, (ii) [(4z+)7/(dz-)%| is very close to 1 (e.g., when v is very close to 0); and (iii)
Eqs. (4.6) is assumed, then the only way to prevent the weighted average that appears on the right side
of Eq. (4.5) from becoming almost a simple average (and thus causing the overshoot problem discussed in
Sec. 4.1) is to increase the value of « used. However, this approach may be impracticable because numerical
evaluation of a quantity such as x® for any real number x generally is hampered by round-off errors and
thus becomes highly inaccurate if the value of o becomes too large, say 100.

To overcome the limitation discussed above, two classes of weighted-averaging techniques much more
potent and flexible than that discussed in Sec. 2.3 were presented in Sec. 4.3 of [31]. These new techniques
can be used to constructed weighted averages of any set of N (> 1) parameters. By applying these new
techniques for the special case N = 2 [62], one can construct two more extensions of the ¢-7* scheme. These
extensions, referred to as Schemes w-3 and w-4, are presented in Sec. 4.4 and 4.5, respectively.

4.4. Scheme w-3

Let -
o= ﬁ (0o > 0 and v #0) (4.7
§Gimsa) :EZj: " :EZ;: (a> 0 and [(a5-)7] + (@)} > 0) (43)
T+ ) z—)j
wp S [t o £ ma) (49)

wj if0< wi <1
(wl_)n déf 1 lf U);l >1 (4.10)
0 if w? <0
and
(w! )y 1= (wl )2 (4.11)

where 0, > 0 and « > 0 are preset parameters in the order of 1. Note that: (i) to avoid dividing by zero, in
practice a small positive number such as 10~2° should be added to each of the denominators of the fractions
that appear in Eqs. (4.7) and (4.8); and (ii) Egs. (4.10) and (4.11) imply that

(W)} + ()} =1 (4.12)



and
(wl)} >0 and (w)})} >0 (4.13)

e, (w_)? 7 and (w +) represent a pair of interpolating weight factors. With the aid of these weight factors,
Scheme w-3 is formed by Eq. (2.10) and

(uz)j = (W)} (Uz-)} + (W)} (Gz+)] (4.14)

21> (a7
2 = [(tz- )7 (v #0) (4.15)
7 <|(tz-)7|

0< (wh)y <1/2<(wl)f <1 if |(dz4)7] > |(2z-)7]
(W)} = (W)} =1/2 if |(4z4)7] = |(@z-)7] (v #0) (4.16)
0< (w)r < 1/2< w)r<1 1|(a )71 < [(az-)}]

As such, of (iz-)7 and (iz4)7, the one with smaller absolute value is assigned an weight factor > 1/2 in
Eq. (4.14). As explained at the end of Sec. 2.3, it follows that Scheme w-3 also has the capability to suppress
wiggles or overshoots. In fact, as will be shown, it would retain this capability even when |v| < 1.

According to Eqgs. (4.4) and (4.8), (i) £(j,n; «) implicitly is a function of v, and (ii) £(j,n; ) — 0 as
v — 0. Let £(j,n; o) varies linearly with |v| in the immediate neighborhood of v = 0, i.e.,

i (£G.m@)/ ) = & Gimia) and  lim (60, msa)/v]) = & (i) (417)

where &1 (j,n;a) and & (j,n;«) are parameters independent of v. Then, by substituting Eq. (4.7) into
Eq. (4.9) and using Eq. (4.17), one has

1 1
Vlirg+ wf = 3 [1+0,&(j.n;a)]  and Vl_i)r(r)l_ w} = 3 [1+00& (j,n;a) (4.18)
By assumption, o, > 0. Thus, one concludes that
. 1
lim w? # = (4.19)

v|—o+ 7 7 2

if
EX(j,ma) #0 and & (4,n;a) #0 (4.20)
In turn, with the aid of Eq. (4.19), Egs. (4.10) and (4.11) imply that

1
lim (w))} # 3 and  lim (w’)} #

4.21

|1/‘4>O+ ( )
if Eq. (4.20) is assumed. In other words, the expression on the right side of Eq. (4.14) generally would not
reduce to the simple average of (iiz— )’ and (iz+)7, and as such, Scheme w-3 would retain its capability to
suppress wiggles and overshoots even when |v| < 1 This conclusion was supported by the numerical results
of Euler solvers [31] which were constructed using the weighted-average technique similar to that presented
here.

4.4. Scheme w-4
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Scheme w-4 is originally presented in [25]. As will be shown in [62], the weight factors used in this
scheme can be constructed using the second class of weighted-averaging techniques reported in Sec. 4.3 of
[31]. Let

(02); = (agfj}|'(ux+)nla} ~1 (a>0and [(a,_)}] + |(@a4)]] > 0) (4.22)
(Lol (v £0) (1.23)

2+ o[(n)j + (n-)7]
and
-\ def L+o(ng)}
(wf)j = 2 n n
+ U[(77+)j + (77—)]‘]
where o > 0 is a preset parameter in the order of 1 while o is that defined in Eq. (4.7). Note that: (i) to

avoid dividing by zero, in practice a small positive number such as 10~2° should be added to the denominator
of the fraction that appears in Eq. (4.22); and (ii) Eq. (4.22) implies that

(v # 0) (4.24)

" ol > ()7
(14); {=o if |(254)7] < [(8-)7] (4.25)

and (601)7]
Uz ;L
i) (4.26)

Egs. (4.23)—(4.26) imply that: (i)
(0)7 + (wo)? =1 (4.27)

and
(wy)} >0 and (w-)} >0 (4.28)
ie., (w4)7 and (- )} represent a pair of interpolating weight factors; and (ii)
0< (wy)f <1/2<(w-)} <1 if [(dz4) iz )7
()} = (w-)} =1/2 if | ( (az-)7| (v #0) (4.29)
0< (w-)} <1/2<(wy)} <1 if[( iz )7
Scheme w-4 is formed by Eq. (2.10) and

(uz)} = (0-)F (Uz-)} + (04)F (G2 )] (4.30)

According to Eq. (4.29), of (4z-)} and (dz4)} in Eq. (4.30), the one with the smaller absolute value is
also assigned an weight factor > 1/2. As such, Scheme w-4 also has the capability to suppress wiggles or
overshoots. In fact, if (n4)} varies linearly with [v| in the immediate neighborhood of v = 0, one would

conclude from the argument that lead to Eq. (4.21) that in general

. - 1 . - 1
Jim (@) £ 5 and | Jim (00)F # 5

(4.31)
As such the expression on the right side of Eq. (4.30) generally would not reduce to the simple average of
(tz—)} and (fiz4)}, i.e., Scheme w-4 would also retain its capability to suppress wiggles and overshoots even
when |v| < 1. This conclusion was supported by the numerical results of Euler solvers [31] which were
constructed using the weighted-average technique similar to that presented here.

A rather thorough review of several 2nd-order 1D CESE schemes has been provided in Sec. 2-4. In the
following, it will be shown that each of these second-order scheme can be “naturally” extended to become its
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4th-order version. In Sec. 5, first we will construct the a-4 and a-e-4 schemes, i.e., the 4th-order extensions
of the a and a-€¢ schemes, respectively.

5. The a-4 and a-e-4 schemes

To construct the a-4 and a-e-4 schemes, again we consider Eq. (2.1). Also we will use (i) the same mesh

structure and the same CEs and SEs defined in Sec. 2 and (ii) the same definitions of h* (z,t;4,n), v, and
(uz)?} defined in Egs. (2.4) and (2.9). However, Eq. (2.3) is now replaced by

u(x,t;7,n) def n (uz)f(x —25) + (ue)j (t —t") + 1(um)"(x — xj)2

J J 2 J
()} (0 = )0 7)) 7 4 g ) o — )’ (1)
+ 5(Umt)j (z —x;)%(t —t") + §(Uztt)j (z —aj)(t —t")* + E(Uttt)j (t—t")°

Here u, (um)?, (ut);b, (um)?, (um)?, (utt);b (umx)?, (umt);b, (umt)?, and (um)? are constants in SE(j, n).
They can be considered as the numerical analogues of the values of u, du/dx, Ou/0t, 0*u/dx?, 0*u/0xot,
0?u/ot?, O%u/0x3, 0%u/0z?0t, 03u/0x0t?, and O%u/Ot> at the mesh point (j,n), respectively. As such
u*(z,t;7,n) represents a 3rd-order Taylor’s approximation of w.

For any (j,n) € Q, let u=u*(x,t;4,n) be a solution to Eq. (2.1) in SE(j,n), i.e.,

3u*(x,t;j,n)+a3u*(w,t;j,n)

= E(j 2
! L) (r,1) € SEG,n) (52)
Then one has

un:_auznv Uy n:_auzznv u n:a2uxxnv

( t)j . ( )] 75 t)] . ( 2)] (ntt)j n( )]3 . (])n) cn (53)

(uxxt)j = _a(uxxx)j; (uxtt)j =a ('Wc:c:c)jv (uttt)j =—a (uxxx)j

Substituting Eq. (5.3) into Eq. (5.1), one obtains
u*(x,t;5,n) = ul + (ux);’ [(x —xj)—a(t— t”)]

+ 5 (Waa)j [(w = 25) —a(t = t")]" + 5 (ueea)} [(@ = 25) —a(t = 1")]

(5.4)

Thus, (i) u*(x,t;j,n) is a 3rd-order polynomial function of [(x —z;)—a(t— t”)} ;and (ii) u?, (ue)}, (ew)?,
and (uxm)? are the only independent mesh variables associated with (j,n). Note that, for the same reason
presented immediately following Eq. (2.6), except for flux evaluation, Eq. (5.4) and Eq. (5.7) (see below) are

applicable even for (z,t) ¢ SE(j,n).

Let P .
(o tiion) o ) 5.5)
Then Egs. (5.2) and (5.4), respectively, imply that
Qup,(z,tij,m) | Oup,(x,t;4,n) _ .
T +a e =0 (x,t) € SE(j,n) (5.6)
and
uy,(z,t;4,n) = (uzz);l + (uzzz)? [(x - xj) —a(t— tn)] (z,t) € SE(j,n) (5.7)

ie, (i) v = ul (z,t;4,n) is also a solution to Eq. (2.1) in SE(j,n); and (ii) uk,(x,t;74,n) is a first-order
polynomial function of [(z — x;) — a (t — t")]. Note that the fact that Eq. (5.2) implies Eq. (5.6) is but the
special case of the more general result that Eq. (2.1) implies

0 [0%u 0 [(0%u
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In fact, for a smooth function u(z,t), the conservation condition Eq. (2.2) implies the conservation condition

f Frye - d5 = 0 (5.9)
S(V)
where .

= gef ®h [ 0%u O%u

As a result of the above observations on the “equivalence” relation between u and 9%u /02, the reader
should no longer be surprised by the fact that, by replacing the symbols u}, (us)}, u*(z,t;j,n), and
E*(x,t;j, n) with (uze)?, (Ueex)], ws, (2,1 j,n), and i_i;m(x,t;j, n), respectively, Egs. (2.4) and (2.6) would
turn into

Ryaltigom) = (aul, (@, 65 .n), (2, 45, m) (x,t) € SE(j,n) (5.11)

(i.e., the numerical analogue of Eq. (5.10)) and Eq. (5.7), respectively. This structural similarity strongly
suggests that the mesh variables (um)? and (uxm)? can be advanced in time by using one of the 2nd-order
CESE schemes described earlier with the understanding that the role played by u}, (uz)}, u*(z,t;j,n), and
h* (z,t;7,n) in a 2nd-order CESE scheme be replaced by (uyzz)}, (Uzza)}, s, (7, t;7,n), and E;x(x,t;j, n),
respectively. Note that this simplified approach is justified by the observation that (us.)7 and (uzzz)},
respectively, appear in the 2nd-order and 3rd-order terms on the right side of Eq. (5.4) and therefore the
4th-order accuracy requirement of u*(z,t; j,n) demands only that (uys)} and (ugzsa)}, respectively, be 2nd-
order and Ist-order in accuracy, i.e., the same orders of accuracy achieved by u} and (ux);b in a 2nd-order
CESE scheme.

For the reason presented above, equations such as Eqgs. (5.11) and (5.7) hereafter will be designated as
the substitution forms of Egs. (2.4) and (2.6), respectively. With the aid of this designation, in the following

(uz2)} and (ugzze)] will be advanced in time using the a and a-¢ schemes.
5.1. Time marching of (um)? and (uxm)?
By imposing the substitution forms of Egs. (2.7) and (2.8), i.e.,

h:,-ds=0 (j,n) € Q (5.12)
%S(CEm,n))

and

h,-ds=0 (j,n) € (5.13)
j{s(CE_(j,n))

and using Eqs. (5.7) and (5.11), one can show that (i)

n 1 - - )
(usa) = {(1 —v) [uzs — (L4 V)usza] "7 2 + (14 v) [uzs + (1 - y)um]y_j//j} (yn) €Q  (5.14)
and, assuming |v| # 1, (ii)
(uja_ja_j)‘;l = (u;ii)? (],n) e (515)
with .
(u%;z;z)? = B} {[ufci -1+ V)U;z;z;z];:ll//; — [uzz + (1 — V)U;z;z;z];l:ll//;} (5.16)
where v, (uz)}, (uzz)}, and (uzzz)} are defined by Eq. (2.9) and
det (AT 2 def /AT\3 )
(uze)] = (50) (uae)j and (ugze)} = (50) (oo (j.n) € © (5.17)
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It can be shown that Eqgs. (5.14)—(5.15) are equivalent to the substitution form of Eqs. (2.10) and (2.11).
As such, the time marching scheme formed by Eqgs. (5.14) and (5.15) literally is the same a scheme defined
earlier. Also, one can shown easily that Eq. (5.14) is equivalent to the substitution form of Eq. (2.13), i.e.,

i, -ds=0 (j,n) € (5.18)
j{s(CE(m))

Note that, as explained in Comment (d) given at the end of Sec. 2.1, Eq. (5.18) is a direct result of Eqgs. (5.12)

and (5.13).
Next let
% . def [AT\?2 « . . def [AT\?2 .
wip(@ tijon) © (S5) (e tign) and (a)Gon)  (S5) (a)) G e (519)

Then the substitution forms of Eqgs. (2.14)—(2.18) can be expressed as

def 4 . n—1/2
(U’%i)?j:l/2 = Whp (2j21/2,t™ 7 £1/2,n = 1/2) = [ugz + (At/Q)U;z;zt]jill//Q (5.20)
n —1/2
(u%i)jil/Q = (uzz — 2v uﬁ»f)?ﬂ/g (5.21)
(uﬁ,,)’.’ d:ef ﬁ (U%Q)?+1/2 - (u%i)?fl/Q _ (u%j)?+1/2 — (u%i)?71/2 (5 22)
TTT) ] 4 AT = 1 .
c n ]‘ —1/2 —1/2
(u;z;zfc)j =1 [(um - 2yug—5ﬁ)?+1//2 — (uzz — 21/“9?@9?)?_1//2} (5.23)
and .
(Ufzz — Ugzz)] = 1 {(ufcfc + QU;zf;z);l:ll//QZ — (uzz — 2%;2;2);:11//22} (5.24)

respectively. Note that the validity of the last equality sign in Eq. (5.20) can be proved using Egs. (5.7),
(5.17) and (5.19) along with the relation (uzat)} = —a(uze,)} which is part of Eq. (5.3).

Moreover, let the symbol € be replaced by €;. Then the substitution form of Eq. (2.19) can be expressed
as

(uiii’)? = (u;ii)? + 2e1(ugz5 — u%fcg’c);l (5.25)

Obviously Eq. (5.25) reduces to (i) (uzzz)} = (u$55)} if €1 = 0; and (ii) (uzzz)] = (u$z5)] if €1 = 1/2. With

the aid of Egs. (5.16) and (5.24), Eq. (5.25) can be rewritten as

(uzzz)] = % {[(1 — 1)tz + (261 — 1 — V)uzaa] T2 — [(1 = €2)uza + (1 v — 261)uﬁj]?:11//22} (5.26)
Obviously Eq. (5.26) is the substitution form of Eq. (2.19a) if the symbol € in the latter equation is replaced
by €.

Because (i) (uzz)} and (uzzz)] can be explicitly evaluated in terms of the mesh variables at the (n —
1/2)th time level using Eqgs. (5.14) and (5.26), and (ii) the latter equations are equivalent to the substitution
forms of Eqs. (2.10) and (2.19a), it has been shown that indeed (uw)? and (uzgm)? can be advanced in time
using the a-e scheme.

This completes the description of the first step in the construction of the a-e-4 scheme. In the following,
we describe the second step, i.e., the details of how u} and (uz)} can be advanced in time. As a preliminary,
we conclude this subsection with the following remarks:

(a) As a result of its construction, the scheme formed by Eqs. (5.14) and (5.26) observes both the conser-

vation relations Egs. (5.12) and (5.13) if and only if e, = 0.

22



(b) Because Eq. (5.14) is equivalent to Eq. (5.18), the scheme formed by Eq. (5.14) and (5.26) still observes
the less stringent conservation relation Eq. (5.18) if €; # 0.

(c) Because of how they are derived, by replacing the symbols €1, uzz, and uzzz with €, u, and uz, respec-
tively, Eqgs. (5.14) and (5.26), respectively, will become Eq. (2.10) and (2.19a), the defining equations of
the a-€ scheme.

5.2. Time marching of u7 and (u;)}

Let
(5)7 2 [u— (At oy s 20FPHD) (1+u)(1+V2)umr (,n) € 0 (5.27)
J 3 3 ;
— VUV 1/2 — VUV 1/2 "
(s_)r & [u + (1 = v)uz + 2(1 . + )uﬁ + (1 )gl + )um]j (j,n) € Q (5.28)

Then, assuming Egs. (2.4), (2.9), (5.4), and (5.17), it can be shown that the conservation relations Eqgs. (2.7)
and (2.8) are equivalent to

2(1+ v+ 12 14+ v)(1 +v? " _
(1-v) { [u + (1 +v)uz + ( 3 )ufcgz + ( ):()) )uxm] T (5+);L+11//22 =0 (5.29)
J
and
2(1 — v +1v? 1—v)(1+ 2 " n—
J
respectively.
By adding Egs. (5.29) and (5.30) together, one has
n 1 1 n-1/2 n—1/2 2 n . Q0 531
uj - 5 [( - V)(S+)j+1/2 +( —I—V)(S,)j71/2} - g(uii’)] (]7”) € ( . )

Let 1 — 12 #0,ie,1—v #0and 1+ v # 0. Then Eqgs. (5.29) and (5.30) can be divided by (1 — v) and
(14 v), respectively. By subtracting the resulting equations from each other, one has

(uz)} = (u%"l)? (4,n) € (5.32)
where
- def 1 n— n— 2v 1 i
(ug™); = 2 (5+)j+11//22 - (S—)jfll//; — 5 (uwa)i — 3 (1+v7) (uazz)j (G:n) €92 (5.33)

Hereafter the superscript “4” is used to distinguish the parameters introduced in the current construction

of the 4th-order schemes from their counterparts that appear in the 2nd-order schemes.
At this juncture, note that:

(a) The zero-order and first-order terms in the third-order expansion on the right side of Eq. (5.4) are
identical to those in the first-order expansion on the right side of Eq. (2.6), and (ii) Egs. (5.31) and
(5.32) were obtained by imposing the conservation relations Egs. (2.7) and (2.8) and assuming Eqgs. (2.4)
and (5.4) while Eqgs. (2.10) and (2.11) were obtained by imposing the same conservation relations and
assuming Eqgs. (2.4) and (2.6). As such, one would expect that Egs. (5.31) and (5.32) differ from
Egs. (2.10) and (2.11) only in the appearance of the extra 2nd-order and 3rd-order terms in the former
equations. With the aid of Egs. (2.12), (5.27), (5.28), and (5.33), the reader can prove for himself that
this is indeed true.
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(b) Assuming Egs. (2.4), (2.9), (5.4), (5.17), (5.27), and (5.28), it has been shown that Eqgs. (2.7) and (2.8)
imply (i) Eq. (5.31) for all v; and (ii) Eq. (5.32) if |v| # 1. On the other hand, it can be shown that
Egs. (5.31) and (5.32) are equivalent to

2(1 + v + 12 1+ v)(1 + 12 " _

J

and ) ) n
201 — 1—-)(1 .

J

for all v. Because (i) Egs. (5.29a) and (5.30a) imply Egs. (5.29) and (5.30), respectively; and (ii)

Egs. (5.29) and (5.30) are equivalent to Eqgs. (2.7) and (2.8), respectively, one concludes that, for all v,

the last two conservation conditions are enforced by Egs. (5.31) and (5.32).

(¢) Under the current assumptions, it can be shown that Eq. (5.31) is equivalent to the conservation relation

Eq. (2.13).

For Egs. (5.31) and (5.32) to be considered as a complete marching scheme for u} and (uz)}, the
mesh variables (uzz)7 and (uzzz)} which appear on right sides of Egs. (5.31) and (5.33) must be expressed
explicitly in terms of the mesh variables at the (n — 1/2)th time level. In the current construction, this is
done by demanding that the former mesh variables be evaluated in terms of the latter mesh variables using
Egs. (5.14) and (5.26). By using this assumption and Eqgs. (5.27) and (5.28), Egs. (5.31)—(5.33) can now be
cast into the forms by which u} and (uz)} can be evaluated in terms of the mesh variables at the (n —1/2)th
time level, i.e.,

1 - 2v(l+v 1+v)(1—12 n—1/2
uj = 9 [u - (14 v)uz + ( 3 ) iz ( )z()) )uxm:|
j+1/2
, (J,n) € Q2 (5.34)
1 20(1 — 1— 1— 2 n—1/2
+ tv [u—i—(l—l/)uf— I/( V)’U,jj— ( V)( v )uii’i’:|
2 3 3 j—1/2
and
(us)y = [ug ()]} (j,n) € Q (5.35)
where
1 1 2 1+ 12 (1 — 12) — e (1 + 12 n—1/2
[“3_4(61)]?@§{u—(1+u)uf+ tatalty )um+ p-v?)—al+v >]ujﬁ}
5 3 Jj+1/2
1 1 2 1412 2[(1 — 12 142 n—1/2
——{u—i—(l—y)uf—k + 34+ e +V)UM;+ [u( v?) + e —|—z/)]uﬁj} (i) €0
2 3 3 j—1/2
(5.36)

At this juncture, note that:

(a) As a result of how Eqgs. (5.34)—(5.36) are derived, one concludes that: (i) Egs. (5.14) and (5.34) satisfy
Eq. (5.31) automatically; and (ii) Eqgs. (5.14), (5.26), and (5.35) satisfy Eqs. (5.32) automatically.
Because the conservation relations Eq. (2.7) and (2.8), in turn, are enforced by Egs. (5.31) and (5.32)
for all v (see Comment (b) given following Eq. (5.33)), the two conservation relations are observed by
the scheme formed by Egs. (5.14), (5.26), (5.34), and (5.35) for all v and e;.

(b) It is pointed out earlier (see comments (a) and (b) given at the end of Sec. 5.1) that the scheme formed
by Egs. (5.14) and (5.26) observes (i) the conservation relations Eqgs. (5.12) and (5.13) if e = 0; and
(ii) only the conservation relation Eq. (5.18) if €5 # 0.
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(¢) As a result of the comments made in the above items (a) and (b), one concludes that the special scheme
formed by Egs. (5.14), (5.26), (5.34), and (5.35) with €1 = 0 observes the four conservation relations
Egs. (2.7), (2.8), (5.12), and (5.13). In fact, for this special scheme, the time evolution of the four
independent mesh variables u}, (uf)?, (u;c;c)?, and (umg—c);b is completely determined by these four
conservation relations. As such, this special scheme is referred to as the a-4 scheme.

(d) On the other hand, for the case €; # 0, the scheme defined in the above item (a) satisfies only three
conservation relations, i.e., Egs. (2.7), (2.8), and (5.18). In the following, this scheme will be extended

so that the extension satisfies only the two least stringent conservation relations Eq. (2.13) and (2.18).

To proceed, first we will construct the current version of (u)} which was defined in Eq. (2.16). As a
preliminary, Taylor’s expansion is invoked to obtain

u(z; £ [(147)az/4],t") = {1 + (14 7)ax/4)0/0x + (1/2)[(1 + 7)az/4)?0% /0x?
(r>-1) (5.37)
+ (1/6)[(1 + 7)ax/4]30° /02> + (1/24)[(1 + T)Ax/4]484/8x4}u(a:j, t") 4+ O[(az)®]

Here (i) 7 > —1 is an adjustable parameter, and (ii) (z; + [(1 4+ 7)ax/4],¢t") and (z; — [(1 4+ 7)ax/4],t"), are
the coordinates of points P and P~ depicted in Fig. 3, respectively. By subtracting the two equations in
Eq. (5.37) from each other and then rearranging the resulting equation, one has

ou oy (g + [+ 7)ax/4],t") —u(x; — [(1+7)ax/4],t")  [(1+ T)A{E]2 u n
gzt = (1+7)az/2 56 om0l
(5.38)
Next, by using Eqs. (3.6) and (3.7), one has
u(zy £ [(1+7)ax/4],t") = u(zjr1/2 F (1 - T)az/4), "2 4+ at/2) (5.39)

The expression on the right side of Eq. (5.39) can be expressed as a Taylor’s expansion about the point
(75412, t"~1/2). Substituting the expansion into Eq. (5.39), one has

w(z; + [(1+ 1)az/4],t") = u*(P*) + 4th-order terms involving at and Az (5.40)

where

u*(P*) d:ef{l + {(at/2)0/0t F [(1 — 7)ax/4)0/0x} + (1/2){(at/2)0/0t F [(1 — T)Afc/4]8/8x}2
(5.41)
+(1/6){(at/2)0/0t 7 [(1 - T)Ax/4]a/ax}3} w(zjin 2, 7 1/2)

Hereafter, we consider only a mesh refinement procedure in which the ratio at/az and the parameter

7 are held constant as At — 0 and ax — 0. Because the advection speed a is a constant, in such a mesh

refinement procedure, v is also held constant as At — 0 and Ax — 0. Moreover, with this assumption, the

4th-order terms which appear on the right side of Eq. (5.40) can be expressed as O [(Am)ﬂ, i.e., Eq. (5.40)
can be expressed as

u(z; £ [(1+ 7)az/4],t") = u*(PF) + O [(az)*] (5.42)

In turn, by substituting Egs. (5.42) into Eq. (5.38), one has

ou ut(PT) —u* (P~ az]? 83u
= MDD W Py o]
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For any (j,n) € Q, u*(P*) and u*(P~) will be approximated by

ut (P L (@ + (1 +7)az/4], 75 +1/2,n — 1/2)

5.44
=[u—(1—7+20)uz + (1/2)(1 — 7+ 2v) ugz — (1/6)(1 — 7 + 20)° uzzs] (5.44)

n—1/2
G4+1/2

and

W (P7) % @y — [(1+ P)aw/4], % — 1/2,n — 1/2)

5.45
= [u+ (1 —7—=2v)uz + (1/2)(1 = 7 — 2v)% ugz + (1/6)(1 — 7 — 20)° ugas | (545)

n—1/2
j—1/2

respectively. According to Egs. (3.6), (3.7), and (5.1)—(5.4), u**(P7) is the 3rd-order Taylor’s approximation
(i-e., the error is O [(az)*]) of u at P evaluated using the mesh variables at (j+1/2, n—1/2) while u**(P~)
is that at P~ evaluated using the mesh variables at (j — 1/2,n — 1/2). Note that the validity of the last
equality signs on the right sides of Eqgs. (5.44) and (5.45) follows from Egs. (2.9), (3.6), (3.7), (5.4) and
(5.17). Moreover, according to Eq. (5.43), the parameter

n def U (PT) —ut* (P~ azl?
[Ui(T)]j = ((1 —i—)T)A:c/(Z : - = +96)A ] (tzaz)j (5.46)

represents a numerical analogue of the value of Ou/0x at (j,n) with 3rd-order accuracy. This is consistent
with the 4th-order accuracy requirement of u*(z,t;j,n) because (u;)} (the numerical analogue of du/0x)
appears in the first-order term on the right side of Eq. (5.4). By using Eq. (5.17) and

[ub(r)] = % [uz (T)] (5.47)

Eq. (5.46) can be cast into its normalized form, i.e.,

n def ut(PT) —ut*(P7) 0+ 7)?

[u%(T)]j 21+ 7) 6 (uzzz)] (5.48)

J

Because points Pt and P~ coincide with the mesh points (j + 1/2,n) and (j — 1/2,n), respectively,
when 7 = 1, the current version of (ug)’ is defined by

1 413 n—1/2
= Z |:’LL — 21/11@ —+ 21/211@93 — %uzjj}
(yn) €Q  (5.49)
1 9 413 n—-1/2 9
- — [u — 2vuz + 2V Uzz — _uii’i’i| Py
4 j—1/2 3

The validity of the last equality sign in Eq. (5.49) can be proved by using Eqgs. (5.44), (5.45), and (5.48) with
7 = 1. Substituting Eq. (5.26) into the last term on the right side of Eq. (5.49) and denoting the resulting

. —_ n
expression as [ug 4(61)]j , one concludes that

4(1—61)}u L A0v- P 2e) n-1/2
3 TIrXT

[uf{‘l(el)}? = i{u —2vug + [21/2 —
Gon) € (5.50)

Uzz — u

41— ¢ 41— v+ 13 — 2 n-1/2
{u— 2vuz + [2y2 - M} ( 1) mx}



By definition, the a-e-4 scheme is formed by Egs. (5.14), (5.26), (5.34), and
(uz)] = [ug‘*(q)}j + 26 [uS*(e1) — u;_4(61)]; (j,n) € Q (5.51)

where €3 is another adjustable parameter. With the aid of Egs. (5.36) and (5.50), Eq. (5.51) can be expressed
as

1
(uz)? = 6{3(1 —ea)u—3(1+ v — 2en)uz + [1+430% — 663 + (14 2)er + 2(1 — v2)er62] uzs
n—1/2
201 — 1) + 25 — (1 +12)er — 2(1 — 2
+ [V( 14 )+ €2 ( +v )61 ( 14 )6162}Ux;c9c}j+1/2
1 (5.52)
- 6{3(1 —e2)u+3(1— v — 2e2)uz + [14 302 — 6 + (1 + 12)er + 2(1 — v2)erea] uas
9 9 9 n—1/2 .
+ 2[1/(1 —v9) =26+ (14+v7)a +2(1—v )eleg}uﬁg—c}l o (4,n) €
i

We conclude this subsection with the following remarks:

(a) Egs. (5.51) reduces to (i) (uz)} = [uf—é“l(el)]? if €2 = 0; and (ii) (uz)} = [uf{‘l(el)]? if e2 = 1/2. Because
the a-4 scheme is the special scheme formed by Eqs. (5.14), (5.26), (5.34) and (5.35) with e, = 0, the
a-€-4 scheme reduces to the a-4 scheme when ¢; = e5 = 0.

(b) Because of how they are derived, by replacing the symbol €2 with € and dropping all the 2nd-order and
3rd-order terms, Eqgs. (5.34) and (5.52), respectively, will become Egs. (2.10) and (2.19a), the defining

equations of the a-e scheme.

In the following, we will discuss the stability of the a-e-4 scheme. As a preliminary, the scheme will be
cast into a matrix form.
5.3. Matrix form of the a-e-4 scheme

The component equations of the a-e-4 scheme, i.e., Egs. (5.14), (5.26), (5.34) and (5.52), can be cast
into the matrix equation

q(j,n) = Q—(e1,€2,v) @G +1/2,n = 1/2) + Q4 (e1,€2,v) g(j — 1/2,n = 1/2)  (j,n) € Q (5.53)
where
uy
. def (uj);b .
qj,n) = (j,n) € Q (5.54)
(uzz)}
and
+ o+ o+ +
i1 G2 43 s
+ o+ o+ +
def 421 422 q23 424
Qi(er,62,v) = L (5.55)
0 0 @3 a3
0 0 4 ah
with ) ( 2) : 2)2
def 1 v def 1 —v def _ V(1 —v def 1—-v
ME S mEE L =TI dn s (5.56)
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+odef _1—e€ + def 26 —1£v 4 def 1+302 —6ea + (1 +12)er +2(1 — 12)ere2

21 = 5 Ao = 9 423 = 6
(5.57)
4odef V(1 —=1%)F2e £ (1416 £2(1 — v)eren
24 = 3
def 1 £V def | 1—12 det _1—€1 det 261 — 1+ v
= AL =T e (5.58)

For simplicity, hereafter Q4 (€1, €2,v) and Q_ (€1, €2, ¥) may be abbreviated as Q4 and Q_, respectively.

Eq. (5.53) represents the form of the a-e-4 scheme by which mesh variables can be advanced over at/2.
By applying Eq. (5.53) successively over two consecutive marching steps, one obtain a compounded form by
which mesh variables can be advanced over at, i.e.,

g, n+1) = (Q+)%q(j — 1,n) + (Q+Q- + Q-Q4)q(,n) + (Q-)*q( + 1,n)  (j,n) €Q (5.59)

Eq. (5.59) has the advantage that the mesh variables involved are associated with mesh points which are not
staggered in space-time.

To further explore the relations between the a-e-4 and a-e schemes, note that the component equations
of the a-€ scheme, i.e., Egs. (2.10) and (2.19a), can be cast into the matrix form

qg,n) = M_(e,v)q(G +1/2,n = 1/2) + My(e,v) §(j — 1/2,n = 1/2)  (j,n) €Q (5.60)
where
um”
e def J .
qj,n) = (4;n) € (5.61)
(uz)}
and
;1 1+v  £(1-1?)
M4 (e,v) & 5 — 00 < €< 40 (5.62)
Fl—-¢) 2—-1+v
With the aid of Egs. (5.56)—(5.58) and (5.62), it can be shown that
G diz
= My (e2,v) (5.63)
@i
and R
933 934
= My (e1,v) (5.64)
+ +
413 Qa4

By comparing Eqgs. (5.63) and (5.64) with Eq. (5.55), one now arrives at the conclusion that the 2 x 2
submatrices in the top-left and bottom right corners of the 4 x 4 matrix Q4 (€1, €2,v) are My (e2,v) and
M4 (e1,v), respectively.

Because of the relations Egs. (5.63) and (5.64), as will be shown in the next subsection, the a-e-4 and
a-€ schemes share essentially the same stability conditions.

5.4. Stability conditions of the a-¢-4 scheme

Note that a scheme such as Eq. (5.53) would become computationally unstable if the round-off errors
introduced initially at any time level are amplified without bound as they propagate down the subsequent
time levels. To be specific, consider the effect of contamination of the initial values by round-off errors. Let
q(j,n) denote the solution associated with the given exact initial values while ¢(j,n) + 64(j,n) denote the
solution associated with the contaminated initial values. Then ¢(j, n) must satisfy Eq. (5.53). Also, because

28



the coefficient matrices Q4 and @_ in the linear scheme Eq. (5.53) have constant elements independent of
mesh variables, the contaminated solution satisfies the equation

q(j,n) +0q(j,n) = Q- [q(j +1/2,n = 1/2) + 6q(j + 1/2,n — 1/2)]

in)en 5.65
FQuldi— 12— a1z —1/2] O o)
By subtracting Eq. (5.53) from (5.65), one has

6q(j,n) = Q-6q(j +1/2,n = 1/2) + Q4 6¢(j —1/2,n = 1/2)  (j,n) € 2 (5.66)

Thus the time evolution of 6¢(j, n), which represents the solution errors induced by the initial-value contam-
ination, is also governed by the scheme Eq. (5.53). For this reason, stability of the linear scheme Eq. (5.53)
can be determined by the time-evolution behavior of ¢(j,n) itself.

The stability of the a-e-4 scheme will be studied using the von Neumann method. In this method (see
Sec. 4 in [1] for a rigorous treatment based on the discrete Fourier analysis), the time-evolution behavior of
each Fourier component (characterized by a phase angle 6) of ¢(j,n) is studied separately. Because these
components propagate in time independently for a linear scheme such as Eq. (5.53), the scheme is stable if
only if each component is bounded as it evolves in time.

Let

q(j,n) = q*(n, 6)e'* (jon) € Q; —00 < 0 < +00; i ¥ /1 (5.67)

Here (i) 6 is the phase angle variation of a Fourier component over the length Az, and (ii) ¢*(n,0) isa2x 1
column matrix. Substituting Eq. (5.67) into Eq. (5.59), one has

T*(n+1,0) = [Q(e1, e2,v,0)]* T* (n, ) n=0,+1/2,+1,+3/2, ... (5.68)
where

Qe1,€2,1,0) = €92Q_(e1, €2,1) + e 2Q (€1, €2,v)

ei9/2qﬁ+e’i9/2qﬂ 61‘0/2(]1—2_,_671‘0/2(]?2 e“’/zqf?,—ke*“’/zqf% ei9/2q174+67i0/2q;r4

e/2g5, +e—i«9/2q;rl e0/2g5, + e~i0/2¢, eia/Qq;?) +e—i9/2q;rg e®/2¢5, + ei0/23, (5.69)
0 0 ei(a/z%—3 +67i6/2q§i}) 61‘0/2(]3—4 + 640/2(1;4
0 0 eiG/QqZB +e—i9/2qzr3 6z‘e>/2q4—4 + 6—19/2(114

Because of Eq. (5.68), [Q(e1, €2, v, 9)]2 is referred to as the amplification matrix of the a-e-4 scheme per
marching cycle (i.e., per at) while Q(e1, €2, v, 0) is referred to as the amplification factor per marching step
(i.e., per at/2). Also by using Eq. (5.68), one has

7 (n+m,0) = [Q(er, 2,1, 0))*"7*(n,0) m=1,2,3...; n=0,%£1/2,+1,+=3/2,... (5.70)

There is an important relation between the matrix Q(e1, €2,v,60) and the amplification matrix per marching
step of the a-e scheme, i.e.,

M(e,v,0) defeio/2py (e,v) + e O2M, (e,v) =
cos(6/2) — ivsin(6/2) —i(1—v?)sin(0/2) —00 < €< 400 (5.71)
i(1 —€)sin(0/2) (26 — 1) cos(0/2) — ivsin(6/2)
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In fact, it follow from Egs. (5.63), (5.64), (5.69), and (5.71) that

e02qT, + e~ 0/2qf, /25, + e~ /21,
= M (eo,v,0) (5.72)
6'Lt9/2q2—1 +6710/2q;-1 619/2q2—2 +€719/2q;2

and i0/2 — i0/2 + i0/2 — i0/2 +
e 2qgy + e 2y €?2q5, + 723,

= M(e1,v,0) (5.73)
619/2q4—3 +e—z€/2q2-3 61,6?/2q4—4_'_e—'u9/2qz;1

i.e., the 2 x 2 submatrices in the top-left and bottom-right corners of the matrix Q(ey, €2, v, 0) are M (ea, v, 0)
and M (e1, v, ), respectively. As such, the amplification matrix of the a-e¢ scheme is identical to each of the
above 2 x 2 submatrices of Q(e1, €2,v,0) except that the parameter € in the former matrix is replaced by eo
or €1 in the latter two submatrices. By using this property, it will be shown that, for each set of €1, €3, v,
and 0, the eigenvalues of Q(e1, €2,v,0) can be expressed as Ay (e1,v,0) and Ay (e2,v,0) where the function
At (€,v,0) was defined in Eq. (2.21).

To prove the above proposition, note that, for each set of €1, €2, v, and 6, the eigenvalues A of
Q(e1, €2,v,0) are the four roots of the characteristic equation

det [Q(€1,€2,,0) — A4 =0 (5.74)

Hereafter I,, denote the n x n identity matrix. Let 02 denote the 2 x 2 zero matrix. Then according to
Egs. (5.69), (5.72), and (5.73), the 2 x 2 submatrices in the top-left, bottom-left, and bottom-right corners
of the 4 x 4 matrix [Q(e1, €2, v, 0) — AI4] are [M(e2,v,0) — A3, 02, and [M (e1,v, 0) — Alo], respectively. As
such, by using elementary theory of determinant, we have

det [Q(e1, €2, v,0) — A\y| = det [M (€1,v,0) — Ma| - det [M (€2, v, 0) — o] (5.75)

It now follows from Eqs. (5.74) and (5.75) that, for each set of €1, €2, and v, the eigenvalues of Q(e1, €2, 1, 0)
are the four roots of the characteristic equations

det [M(€1,v,0) — A\2] =0 (5.76)

and
det [M(ea,v,0) — AI3] =0 ((5.77)

Because the roots of Eq. (5.76) and ((5.77) are Ay (€1, v, 0) and Ay (ez,v, ), respectively, the proof is com-
pleted. QED.

Because of the relation Eq. (5.70), for a given set of €1, €2, and v, the a-e-4 scheme is said to be stable
relative to this set if and only if, for all §, —co < 6 < +o00, all the elements of the matrix [Q(e1, €2, v, 0)]™
remain bounded as m — +00. By using the Jordan canonical form theorem [66] and the proposition we have
just proved, it can be shown that, for each given set of €1, €2, v, and 6, all the elements of [Q(e1, €2, v, 0)]™
remain bounded as m — +oo if and only if

max {| A (e1,v, 0)], | A_(e1,v,0)], | A+ (e2,v,0)] , | A_(€e2,v,0)|} <1 if Q(e1,€2,v,0) is nondefective (5.78)
and
max {|Ay(e1, v, 0)], | A_(e1,v,0)], [At(e2,v,0)], | A_(e2,,0)|} <1 if Q(e1,€2,v,0) is defective (5.79)

Note that an n x n matrix is said to be defective if and only if the number of its linearly independent
eigenvectors is less than n [66].
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From the above discussions, it is seen that, for a given set of €1, €2, and v, a necessary condition for the
stability of a-e-4 scheme is

7ooglgf+oo {|>‘+(61a v, 0)| ) P‘*(Ela v, 0)| ) |>‘+(62a v, 0)| ) |)‘* (62, v, 9)|} <1 (580)

By using Eq. (2.21) and a line of arguments which was used in establishing the stability condition Eq. (3.14)
of [5] (Note: In [5], the a-€ scheme is not defined for the case |v| = 1), one can show that Eq. (5.80) <

0<e <1, 0<e<l and |y <1 (5.81)

Thus Eq. (5.81) represents a set of necessary stability conditions for the a-e-4 scheme.

Because Q(e1,€2,v,0) does become defective for some special values of €1 €2, v and 6, according to
Eq. (5.79), Eq. (5.80) and therefore Eq. (5.81) generally is not sufficient to insure the stability of the a-e-4
scheme. However, it is expected that the necessary and sufficient stability conditions (not yet established)
for the a-e-4 scheme would be formed by Eq. (5.81) and some exclusion conditions involving some boundaries
of the stability domain defined in Eq. (5.81).

From the above discussions, one concludes that the 2nd-order and 3rd-order terms which appear on the
right sides of Eqs. (5.34) and (5.52) (which are associated with the 2 x 2 submatrices in the top-right corners
of the matrices Q4 and QQ_) play only a marginal role in the stability of the a-e-4 scheme even though they
play a decisive role in the 4th-order accuracy of the scheme

Next we will present a set of non-reflecting boundary conditions with 4th-order accuracy.

5.5. Non-reflecting boundary conditions

Let (j,n) be a mesh point on the right spatial boundary. It has been shown numerically the current
extension of Eq. (2.44) i.e.,

n __  n—1/2

j uj_l/gv (ui)n = (ui)n_l/Q (ui’i’)n = (ui’i)n_l/Q and (uiii’)n = (ui’i’i)@_l/Q (582)

u j j—1/2 g j—1/2> J j—1/2

and a similar extension of Eq. (2.45) also form sets of non-reflecting boundary conditions. However, these
simple extensions are not 4th order in accuracy. In the following, we present non-reflecting boundary
conditions with 4th-order accuracy.

Let (j,n) be a mesh point on the right spatial boundary. Again we assume

n—1/2
(uzzz)] = (Uiif)j,l//g (5.83)

However, (uzz)j will be determined in terms of the mesh variables at (j — 1/2,n — 1/2) by imposing the
conservation condition Eq. (5.13) which links the mesh variables at the two diagonally opposite mesh points
(4y,n) and (j —1/2,n — 1/2). Because Eq. (5.13) <

(14 2) [uaz — (1= Vugzal} = (1+v) [uzs + (1= V)uszs]} o (5.84)
we assume 1o

(Eq. (5.85) is a condition stronger than Eq. (5.84)). By combining Egs. (5.83) and (5.85), one has

n—1/2
(uzz)] = [uzz +2(1 — I/)Uﬁj]j,l//g (5.86)
Next (uz)} will be evaluated using the Taylor’s expansion
~1/2
n Az At 1 raz\2 Az At 1/at)? !
(uz)j = |ua + o Uew T Uzt + 5 (7) Uzez + o S Ueat + 5 | 5 ) Uatt (5.87)
j—1/2
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With the aid of Egs. (2.9), (5.3), and (5.17), Eq. (5.87) can be rewritten as

n—1/2

(uf);l = [uf + 2(1 — l/)ug}g} + 2(1 — I/)2ua_3ja_3:|j_1/2

(5.88)

The mesh variable v} will be evaluated in terms of the mesh variables at (j —1/2,n —1/2) by imposing

the conservation condition Eq. (2.8). Because Eq. (2.8) < Eq. (5.30), we will assume Eq. (5.30a) (a stronger
condition than Eq. (5.30)). As such one has

2(1 —v+1v2 (1—v)(1+0v2 " n_1/2
W = [(1— vus — %u + %uw (s (5.89)
j
where (87)?_—11//22 is defined in Eq. (5.28). With the aid of Eqgs. (5.83), (5.86), and (5.88), u} can now be

evaluated in terms of the mesh variables at (j — 1/2,n —1/2).

A similar treatment can also be applied at the left spatial boundary. As will be shown, these new
non-reflecting boundary conditions are 4th-order in accuracy.

6. The c-7-4 and c-7*-4 schemes

The c-7-4 and c-7*-4 scheme will be built from the c-7 scheme in a procedure similar to that was used
to built the a-e-4 scheme from a-e scheme. Thus the basic equations including Eqs. (2.4), (2.9), (5.1)—(5.7),
(5.11), and (5.17) will be assumed here. In addition, both the conservation conditions Eq. (2.13) and (5.18)
will also be assumed here.

6.1. The c-7-4 scheme

Because Eq. (5.18) is equivalent to Eq. (5.14) assuming Egs. (5.7), (5.11), and (5.17), in the current
development, the mesh variable (uzz)} will be evaluated using Eq. (5.14). Moreover, because (i) Eq. (5.31)
is equivalent to Eq. (2.13) assuming Egs. (2.4), (2.9), (5.4), and (5.17); and (ii) Eq. (5.34) can be obtained
from Egs. (5.31) and (5.14), the mesh variable u} will be evaluated using Eq. (5.34). As such, the current
schemes share with the a-e-4 scheme two component equations, i.e., Egs. (5.14) and (5.34).

In the a-e-4 scheme, (uzzz)} is evaluated using Eq. (5.26) which is the substitution form of Eq. (2.19a)

(by which (uz)? is evaluated in the a-e scheme) except that the symbol € in Eq. (2.19a) is replaced by €
in Eq. (5.26). Similarly, in the c-7-4 scheme, (uzz7)’ is evaluated using the substitution form of Eq. (3.11)
(by which (uz)j is evaluated in the c-7 scheme) with the understanding that the symbol 7 in Eq. (3.11) is
replaced by 71 in the substitution form. Thus we have

1 n— n—
(uzzz)} Zm {[U;zfc - (14+2v - Tl)U;z;zfc]jJrll//QQ — [uzz + (1 —2v — Tl)ufc;z;z]j,ll//;} 61)

(]7”) S Q7 T1 7é -1

In the c-7-4 scheme, (uf);’ will be evaluated using an equation which is the result of the following

assumptions: (i) (uz)j = [u%(Tg)]; (see Eq. (5.48)); (ii) the mesh variable (uzzz)} which appears on the

right side of Eq. (5.48) is evaluated using Eq. (6.1); and (iii) the parameter 7 which appears on the right
sides of Eqs. (5.44) and (5.45) is replaced by 75. Then, by using Egs. (5.44), (5.46), (5.48), and (6.1), one
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has

(u—)"—l{ u  l-m+2v %[(1—72—1—21/)2_(1—1—72)2}%_

P14 1 147 7 147 31+ 1)
1 (1+7'2)2(1—T1—|—2y) (1_72+2V)3 n—1/2
+_{ - }U;zfcfc
’ ten 1+n J+1/2
1 1—m—2 17(1 =7 —20)2 1 2 .
_ - U + To Vuj-l—— ( To l/) _( +7'2) }uﬁ, (6 2)
2U1+m 1+ 2 1+7 31+m)

1 {(1 + 7‘2)2(1 -7 —2v) 3 (11— — 2V>3}u,,, n—1/2
6 14+m7 1+m zZTT p

(J,n) €y 1 #—1; o # -1

By definition, the ¢-7-4 scheme is formed by Eqgs. (5.14), (5.34), (6.1), and (6.2). It enforces the local
conservation relations Egs. (2.13) and (5.18). According to an argument given in Comment (d) presented at
the end of Sec. 2.1, it will also enforce a global conservation relation for each of the fluxes of 1* and /_ig*m over
any space-time region that is the union of any combination of CE(j,n), (j,n) € Q. Moreover, the scheme is
completely explicit, i.e., the four independent mesh variables at each (j,n) can be evaluated directly in terms
of those at the (n — 1/2)th time level without resorting to solving a system of linear equations involving the
independent mesh variables at (j,n) such as Egs. (2.7a) and (2.8a).

The ¢-7 and a schemes become the same scheme when v = 7 = 0 (see Eq. (3.12)). It happens that
the c-7-4 and a-4 schemes also become the same scheme when v = 71 = 75 = 0. In fact, for the case
v=m =12 =0, Egs. (6.1) and (6.2) reduce to

n_ 1 ~1/2 —1/2
(uii’i’)j = B {(Uif - Uiﬁ)?Jrl/Q - (UM + Uﬁf)?,l/g} (6-3)
and
1 1 n—1/2 1 n—1/2
(U:E)? =3 (U —ug + guxx) - (u + uz + gum) (6.4)
j+1/2 j—1/2

respectively. It can be shown that Egs. (5.26) and (5.52) (the counterparts of Egs. (6.1) and (6.2) in the
a-e-4 scheme) also reduce to Egs. (6.3) and (6.4), respectively, when v = €; = ea = 0. Because (i) the a-4
scheme is a special case of a-e-4 scheme with €; = eo = 0 and (ii) Eqgs. (5.14) and (5.34) are shared by the
c-7-4 and a-e-4 schemes, the proof is completed. QED.

Because the conservation relations Egs. (2.7), (2.8), (5.12), and (5.13) are satisfied by the a-4 scheme for
all v, it now follows that these conservation relations are satisfied by the ¢-7-4 scheme when v =1, = 75 = 0.

The ¢-7 and ¢ schemes (the special case of the a-e scheme with e = 1/2) become the same scheme when
7 =1 (see Eq. 3.12). Let the ¢-4 scheme be the special case of the a-e-4 scheme with €; = e3 = 1/2. Then
one can also show that the c-7-4 and c-4 schemes become the same scheme when 7, = 75 = 1. In fact, for
the case 71 = 72 = 1, Egs. (6.1) and (6.2) reduce to

1 n— n—
and
n_ 1 2 2 n—1/2

- [3u — 6rug + 2(3v2 — 1ugz + 4v(1 — VQ)ui’i’i’H:ll//;}

33



respectively. It can be shown that Eqgs. (5.26) and (5.52) also reduce to Egs. (6.5) and (6.6), respectively,
when ¢; = e = 1/2 (i.e., when the a-e-4 scheme becomes the ¢-4 scheme). QED.

6.2. Matrix form of the c-7-4 scheme

The component equations of the ¢-7-4 scheme, i.e., Egs. (5.14), (5.34), (6.1) and (6.2), can be cast into
the matrix equation

@(]7n):Q*(TlaTQaV)(j(]+1/2ﬂn_1/2)+@+(71aT27V)§(]_1/27n_1/2) (]7n)€Q (67)
where ¢(j,n) is defined in Eq. (5.54), and
Qi1 Gz Gis i

N P e
21 422 423 424

a ef
Q(m1,72,v) « L (6.8)
0 0 d33 qA34
0 0 G dn
i (1-2?) (1-2?) (1= 02
ot det 1 EV ~+ def 1-v o+ def V(l—v + def 1—v
ih = , HEE— GBS, ST (6.9)
2 2 3 6
i df  Fl g dgf_(l_ﬁ:F?’/) = def (1+7m)° s (1 -7 F20)?
21+ ) 2 20+ 1) = B 12(1+7) 11+ 7)
; (6.10)
todet (1470 -nF20) (1-nF2w)°
o4 12(1+7) 12(1+ 7)
and ( 2) ( )
~+ def 1+v ~+ def 1-v ~+ def F1 ~+ def 1—7m F2v
= — = d+——7 = — = ~-T1T°7 6.11
433 5 434 5 y 43 2(1—1—7’1)7 q44 2(1+T1) ( )

To further explore the relations between the c-7-4 and c-7 schemes, note that the component equations
of the ¢-7 scheme, i.e., Egs. (2.10) and (3.11), can be cast into the matrix form

q,n) = M_(r.0) 4 +1/20 = 1/2) + My (r.0) 4 = 1/2n=1/2)  (im)eQ  (6.12)
where ¢(j,n) is defined in Eq. (5.61), and

1+v £(1-2?)

= def 1
1+7 1+71
With the aid of Egs. (6.9)—(6.11) and (6.13), it can be shown that
G @\
= Mj:(TQ, V) (614)
@i
and
G dn\
= My(m,v) (6.15)
~t ~t
d43  Gaq
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By comparing Eqs. (6.14) and (6.15) with Eq. (6.8), one now arrives at the conclusion that the 2 x 2
submatrices in the top-left and bottom right corners of the 4 x 4 matrix @i(Tl,TQ, v) are ]\/I\i(Tg, v) and
J/W\i (71, V), respectively.

6.3. Stability conditions of the c-7-4 scheme

By using similar arguments presented in Sec. 5.4, one concludes that the amplification matrices per
marching step of the ¢-7-4 and ¢-7 schemes are

CA?(TLTQ, v,0) = ew/%j—(ﬁﬁzﬂ/) + 67i0/2@+(7177'2a V)

eie/Q(jﬂ _'_e—iG/Qerl ei@/QqA;Q +e—i9/2inr2 ei9/2quf3 +e"'9/2(jf3 ei9/2qu4 +e—i9/2dfr4

6i9/2q51 + efiG/QqBi-l ei0/2q2—2 + 67i0/2q;-2 eiG/ZqAQ—B + efiG/QqA;-B ei0/2q2—4 + 67i0/2q3i-4 (616)
0 0 eiG/Qqug _’_e—iG/Qqur?) 67;9/2(}?:4 +6_i9/2q§r4
0 0 ei9/2qA4—3 _'_e—iG/Q@L ei9/2qA4—4 +e—i9/2d;&

and

—~

M(r,v,0) €20 _(r,v) + e /M, (1,v) =

cos(0/2) — ivsin(6/2) —i(1 —v?)sin(0/2) (6.17)
= isin(6/2) [ (L =7)cos(6/2) + 2ivsin(0/2)
1+ 1+7

respectively. Moreover, by using Eqs. (6.14)—(6.17), one concludes that

e0/2G + e~ 0/2Gf /26 + e/ N
= M(12,v,0) (6.18)
ei0/2G5 + e~i0/2Gf, €/, + e/,

and

€0/ + e~0/2G, €i0/2G5, 4+ e /24, N

= M(m,v,0) (6.19)

€025 + e 102Gk ei0/2G,, + e 0/2¢],
i.e., the 2 x 2 submatrices in the top-left and bottom-right corners of the matrix @(ﬁ, To, v, 0) are ]\7(7’2, v,0)
and M (11,v,8), respectively. As such, the amplification matrix of the c-7 scheme is identical to each of the
above 2 x 2 submatrices of @ (11,72, v,0) except that the parameter T in the former matrix is replaced by o

and Ty in the latter two submatrices. By using this property and using a line of arguments similar to that
presented in Sec. 5.4, one can show that, for each set of 11, T2, v, and 0, the eigenvalues of Q(71, 72, v,0) are

the union of those of M\(n, v,0) and ]\7(7'2, v,0). As a result, by using a line of arguments presented in the
last part of Sec. 5.4, one can infer from the stability conditions Egs. (3.13) of the ¢-7 scheme that

V2 <1, m=> TO(V2)a T2 2 TO(VQ)v (V277—1) 7é (1a 1)7 and (V277—2) 7é (17 1) (620)

form a set of necessary stability conditions for the c-7-4 scheme.
6.4. The c-7*-4 schemes

Let h1(s) and ha(s) be any two functions that meet the same requirements imposed on the function h(s)
introduced in Sec. 3.2. Then, because of the close relations between the ¢-7 and c-7-4 schemes established
above, here a c-7*-4 scheme is defined to be a special c-7-4 scheme with

7 =hi(v?) and T = ho(v?) (lv] < 1) (6.21)
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According to Eq. (3.22), one can assume hi(s) = ha(s) = /s. As such a special ¢-7*-4 scheme can be defined
by the relation
T =T = |V (lv] < 1) (6.22)

For robust real-world applications, we may also introduce a special ¢-7-4 scheme which is defined by an
extension of Eq. (3.24), i.e

nn=01|v] and = G2y (Br1=21; B22>1; v <) (6.23)

where 81 > 1 and (3 > 1 are two adjustable parameters.
7. Fourth-order solvers for the inviscid Burgers equation

Consider the inviscid Burgers equation

ou  Of(u)
il — 1
ot + ox 0 (7.1)
where )
ef U
)& = (7.2)
Because, in Fa, Eq. (7.1) can be expressed as V - h = 0 with
R (fou) (73)

Gauss’ divergence theorem in the space-time Eo implies that Eq. (7.1) is the differential form of the integral
conservation law Eq. (2.2) if & is defined by Eq. (7.3). Moreover, for a smooth function u(z,t), Eq. (2.2)
implies the conservation condition Eq. (5.9) if

P def 2h <an 5‘2u)

da2 ~ \ 022’ 0a?

e (7.4)

7.1. The inviscid Burgers c-7-4 scheme

In this section, the c-7-4 scheme will be extended to become a solver for the inviscid Burgers equa-
tion. Here again Eq. (5.1) is assumed. However, for any (z,t) € SE(j,n), the flux function f(u) will be
approximated by

(fxx) ( - j)2

(x — a;)° (x,t) € SE(j,n) (75)

f* (st gom) S A (fx)”(x— 3+ 5= 1" +
()@= )= 17) ()} = 7 + 5 (Fowe
b 5ot @ = 22— 1) + 5 )} o = )= )2 + 2 () = )

Here f7, (f2)%, (fo)}s (fez)}s (fot)}s (fe)} (fowa)?s (fowt)}s (for)}, and (fie)} are constants in SE(j,n).
They can be considered as the numerical analogues of the values of f, df/0x, 0f /0t, 0 f/0x?, % f/0x0t,
O%f)ot?, O3f)0x3, 93f/0x%0t, O3f/0x0t?, and O°f/0t> at the mesh point (j,n), respectively. Thus
f*(z,t,7,n) represents a 3rd-order Taylor’s approximation of f. Moreover, as will be shown, by impos-
ing proper assumptions, the coefficients on the right sides of Egs. (5.1) and (7.5) can be explicity expressed
as the functions of the independent unknowns u, (ux)?, (um)? and (uxm)y

For any (j,n) € Q, let u =u*(z,t;j,n) and f(u) = f*(z,t,j,n) satisfy Eq. (7.1) uniformly in SE(j,n),

ie.,
du*(z,t;5,n) n of*(z,t,j,n)
ot ox

1
2
)j

=0 (4,m) € Q (7.6)
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It can be shown that Eq. (7.6) <, for all (j,n) € Q,

(w)j = —(fa)} (7.7)
(uet)} = —(foa)] (7.8)
(ute); = —(fat)} (7.9)
(Uazt)] = —(foaa)] (7.10)
(Uztt)] = —(foat)] (7.11)
and
(uett)j = —(fart)} (7.12)

Moreover, by taking the numerical analogues of all the differential forms of Eq. (7.2) up to the third order,
one has, for all (j,n) € Q,

= %(UQ)? (7.13)

(f2)] = (uuz)j (7.14)

(f)] = (uuy)j (7.15)

(fea)} = [(uuze + (uz)?]} (7.16)
(fat)] = (wuzs + ugur)y (7.17)

(fur)} = [Cuae + (ue)?] (7.18)
(frza)} = (Ulgza + BUztize)} (7.19)
(feet)] = (Ulgpt + Utlzr + 2Ug Ust) ] (7.20)
(fate)} = (Wuger + UgUps + 2urtay)} (7.21)
(fier)] = (uupee + Bugur)} (7.22)

By substituting Eqgs. (7.14), (7.16), and (7.19) into Egs. (7.7), (7.8), and (7.10), respectively, one has

(ur)} = —(uug)} (7.23)
()} = = [t + ()] (7.24)

and
(uzzt)? = —(Wlggs + 3“95“11)? (7.25)

respectively. In turn, by substituting Eqs. (7.23)—(7.25) into Egs. (7.15), (7.17), and (7.20), one has

(fo)} = —(WPuz)} (7.26)
(for)} = = [20(u0)® + wPugs] (7.27)

and
(f:c;ct);b = [z(ux)3 + buug g, + UQ'foxx};l (7.28)

Moreover, by substituting Eqgs. (7.27) and (7.28) into Egs. (7.9) and (7.11), respectively, one has
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and

respectively.
Next, by substituting Eqs. (7.23), (7.24), (7.29), and (7.30) into Egs. (7.18) and (7.21), one obtains

and
(fxtt);‘l = [6u(ux)3 + 9u2uxumc + uguzzz}y (732)

In turn, by substituting Eq. (7.32) into Eq. (7.12), one has
(wee)] = — [6u(ux)3 + 9 ug gy + u3uxm]: (7.33)
Finally, by substituting Eqs. (7.23), (7.29), and (7.33) into Eq. (7.22), one has
(feet)] = — [12u2(um)3 + 120U Uy + u4umx}: (7.34)

According to the set of sixteen equations formed by Eqs. (7.13), (7.14), (7.16), (7.19), and (7.23)-
(7.34), all the twenty coefficients on the right sides of Egs. (5.1) and (7.5) other than u}, (uz)?, (uss)}, and
(umx)? are explicit functions of the latter coefficients. Thus there are only four independent mesh variables
associated with each (j,n) € Q. In fact, by substituting these sixteen equations into Egs. (5.1) and (7.5),

one has

u (@t gm) =+ () {1 = () (¢ = ) + [()]] (6 = )2 o = 2y — e = #7)]

(1)} (t000); (7
Uz ) n n n a2 Uz ); n 13
+ 5 L1 = 3(ue)j (t — ") [ — 25 — uff (t —t™)] +Tj[$—xj —uf(t —t"))
and
f*(x,t,4,n) —T+(um)j {uj + [ — x; — 3uf (t —t")]
n 2 n n n n n
— ()]t = ) [& — 25 — 207 (¢t — ¢ )]}[x—xj — (= t")]
() (7.36)
Uzz)j n n n n n ny12
T 2J{uj—k(um)j[x—xj—éluj(t—t)}}[m—xj—uj(t—t )]
un(uxxx)n n ny\193
%[m—xj—uj(t—t )]
In turn, by substituting Eqgs. (7.35) and (7.36) into Eq. (5.5) and
) - det O fF (2,1, 4, )
fa(x,t;g,mn) = 0z (7.37)
one has
Uy (2,85 5,m) = (umx)? + (umcx)? (z —25) — (Uugzs + SUIUII)? (t—t") (7.38)
and

Fao(@,t:5,m) = [utte + (uz)?]} + (Utges + 3usuee)} (1 —5) = [2(u0)” + uttptiy + uPtge ] (E—t") (7.39)
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Note that, for the same reason presented immediately following Eq. (2.6), except for flux evaluation,
Eqs. (7.35) and (7.38) are applicable even for (z,t) ¢ SE(j,n).
Next let the numerical analogues of Eqgs. (7.3) and (7.4) be

-

h(xz,t;7,n) def (f*(z,t,4,n), v (x,t;4,n)) (z,t) € SE(j,n) (7.40)

and
B, 4,n) S (fip (@t Gon),uly (2,6 4,0)) (z,t) € SE(j,n) (7.41)

respectively. Also, let

n def AT n n def (AT 2 n n def (AT ’ I ]
(ua)j = - (ua)j,  (uzs)j = (T) (uzz)f, and  (uzzz)j = (I) (Uzza)] (4,n) €Q (T742)
and
def WAL def (uz)jat det (Uzz)j At dof (Uzza)jat
gy B (g O 2 Gy

Obviously, (uz)7, (uzz)}, and (uzzz)} defined here are identical to those defined in Eqgs. (2.9) and (5.17).
However, the “Courant number” v} and its “derivatives” (vz)}, (vzz)}, and (Vzzz) are mesh-point depen-
dent in the current development.

Like the c-7-4 scheme, the current extension will be construct to enforce the least stringent conservation
conditions Egs. (2.13) and (5.18). In fact, by using Eqs. (7.38), (7.39), (7.41), (7.42), and (7.43), it can be

shown that Eq. (5.18) <

1 -1/2
(use)} = 5{ [ve(2vs = Duz + [1 = (1 = 6vz)uzz — (1 = ¥*)uazs]

(7.44)

Moreover, by using Eqs. (7.35), (7.36), (7.40), (7.42), and (7.43), it can be shown that Eq. (2.13) <

2[u—|— 2uﬁ}"
j
v 2(1 -3 1—vt n—1/2
= {(1 — E)u — [1 — V2427 — 4(V§j)2y2]u;i + [% + 4V;EV3:|U;E§3 — ( 3 >umx}]+1/2 (7.45)
21 4 13 1A n—1/2
+ {(1 + g)u—l- [1 — 2 4+ 27 — 4(%)21/2} Uz + [% — 4V5¢V3}’Uffc;z + ( 3V )Uiii} 12
e

Expressing the mesh variable (uzz)} on the left side of Eq. (7.45) in terms of the mesh variables at the
(n — 1/2)th time level by using Eq. (7.44), one obtains

n_ [(2-1) [3(1 —v2) +2(3v% — 1)(1 — 2vz)vs] v(1 —v?)(1 - 6vz) (1—1?)2 n—1/2
Y= { R 6 ta 3 tar + “”“’}m/z
{ 2+ l/)u n [3(1 — 1/2) + 2(3y2 -1 - 2%)%]% B v(l— 1/2)(1 _ 61/5”)“3_@ B (1— V2)2ujjf}n—1/2
4 6 3 6 j—1/2
(7.46)
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It has been shown that, by imposing the conservation conditions Egs. (2.13) and (5.18), one can obtain
Egs. (7.44) and (7.46) by which both u} and (uzz)7 can be explicitly evaluated in terms of the mesh
variables at the (n — 1/2)th time level. In the following, by using techniques developed earlier, similar
explicit expressions will be developed for (ug—c)? and (’U;j;;g;z)?

To proceed, let PT and P~ be the points depicted in Fig. 3, except that the parameter T shown in the

figure be replaced by the mesh-point dependent parameter (71)?. Then the x-coordinates of Pt and P~ are

AT AT
z(PY)=a;+[1+ (ﬂ)ﬂ o = T 1- (Tl)ﬂ e —00 < (1)} < 400 (7.47)

and _ 1 AT w1 AT N
{E(P ):{Ej— [1+(’7’1)j}I:$j_1/2+[1—(’7’1)]»}T, —OO<(T1)j < +00 (748)

respectively. In the current development, we assume

n__ Uy (P) = uge (P7)

where

e (PT) L ur, (2(PY), 075 +1/2,n— 1/2) (7.50)
and ,

Uew(P7) Lt (2(P7), 7 j — 1/2,n— 1/2) (7.51)

Because |[P—PF| = [1 + (7’1)?]A$/2, the expression on the right side of Eq. (7.49) represents a central-
difference approximation of (uz4.)7. With the aid of Eqs. (7.38), (7.42), (7.43), (7.47), (7.48), (7.50), and
(7.51), it can be shown that Eq. (7.49) <

n—1/2 n—1/2
()" = [(1 —6vz)uzz — (1 — 1 + QV)Ujff]j+1/2 - [(1 —6vz)uzz + (1 — 711 — 21/)%7:5@}]-_1/2 (752)
J 2[1+4 (n)7]

To simplify notation, in Eq. (7.52) and hereafter in this section we adopt a convention that can be explained
using two expression on the right side of Eq. (7.52) as examples, i.e.,
n—1/2

j+1/2 [(1- 6’/50)“509?]”71/2 = [1=(r)} + 2’/T'L_1/2} (Uiii)n_l/Q

[(1 — 61/5)’&9393 — (1 — 71 + 21/)11@593] j+1/2 j+1/2 j+1/2

and

—1/2 —1/2 n— n—
[(1 - 61/;3)’(1,5;5; + (1 —T1 — 2V)Uff§]?71;2 = [(1 — 61/;2)’11;253]271//2 + [1 — (Tl)? — 21/j_11//22} (u;zjj)]_ll//;

In other words, the parameter 7; which appears on the right side of an equation such as Eq. (7.52)
and the mesh variable which appears on the left side are associated with the same mesh point
(j ).

Next, let P and P~ be the points depicted in Fig. 3, except that the parameter T shown in the figure
be replaced by the mesh-point dependent parameter (Tg)?. Then the x-coordinates of PT and P~ are

AT AT
o(PY) =+ [1+ (Tz)ﬂ o = T2 [1- (Tg)ﬂ e —00 < (12)} < 400 (7.53)
and B Az Az §
z(P™)=m; — [1‘5‘(7'2)]‘}T =Tj-1/2+ [1—(72)j}j, —00 < (Tg)j < 400 (7.54)
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respectively. In the current development, (u,)?

% is approximated with the current version of the expression
on the right side of Eq. (5.46), i.e.,

. ut (P — ut(P) {[1 + (TQ);L]Ax}Q )
(ua) = [+ (r)r]az/2 96 (traa)j (7.55)

where
ut (PE) Ly (p(PF), 17 £1/2,m - 1/2) (7.56)

According to Eq. (7.35), u**(P™) is the 3rd-order Taylor’s approximation (i.e., the error is O [(az)?*]) of u
at PT evaluated using the mesh variables at (j + 1/2,n — 1/2) while u**(P~) is that at P~ evaluated using
the mesh variables at (j —1/2,n —1/2). As such, Eq. (5.43) implies that Eq. (7.55) is an approximation of
3rd-order accuracy for the value of du/dzx at the mesh point (j,n).

Next, with the aid Eqgs. (7.35), (7.42), (7.43), (7.53), and (7.54), it can be shown that

1
u (PE) :{u F (1= 72 £ 20)[1 = 205 +4(va) g + 5 (1= 72 £ 20)°(1 = 6v3)uas
1 , ne1/2 (7.57)
F 6(1 == 21/) U;fjjj}jil/Q
In turn, by using Egs. (7.42),(7.52) and (7.57), it can be shown that Eq. (7.55) <

" m (1—Tg+2y)[1—21/f—|—4(1/;g)2]uf
(us)j = {2(1+Tz) - 2(14+72) +(1_6Vf){

(1 — T + 21/)2 B (]. + ’7'2)2
4(1 + TQ) 12(1 + Tl)

IT

[(1—1—7'2)2(1 — 7+ 2v) (1_7—24_2”)3} ___}nl/Q
12(1 +7—1) ]_2(1 +T2) Uzzz

J+1/2

u (1—70—2v)[1 = 2v; + 4(vz)?|us (1-m—2v)2  (1+7)?
- {2(1 ) 2(1+ ) +(1- 6””’”)[ A1+m) 120+ m)lte
~ [(1 +m)?1-n—-20) (l-m-— 2u)3} }"1/2
12(1+7) 20 +m) 1,
(7.58)

Note that the simplifying convention established earlier for the parameter 7, in Eq. (7.52)
applies here for both 7 and 72, i.e., everywhere on the right sides of Egs. (7.57) and (7.58),
the symbols 71 and 7 are the shorthands for (1) and (72), respectively.

By definition, the Burgers ¢-7-4 scheme is formed by Eqs. (7.44), (7.46), (7.52), and (7.58). It enforces
the local conservation relations Eqgs. (2.13) and (5.18). According to an argument given in Comment (d)
presented at the end of Sec. 2.1, it will also enforce a global conservation relation for each of the fluxes
of h* and E;T over any space-time region that is the union of any combination of CE(j,n), (j,n) € Q.
Moreover, even though it is a solver for a nonlinear equation Eq. (7.1), by explicitly specifying (1)} and
(T2)7 as functions of the mesh variables at (j —1/2,n—1/2) and (j +1/2,n —1/2), the scheme will become
completely explicit, i.e., the four independent mesh variables at each (j,n) can be evaluated in terms of
those at the (n — 1/2)th time level without resorting to solving a system of nonlinear equations involving
the independent mesh variables at (j,n). Also note that, because v} = (vz)} = 0 when at = 0, Egs. (7.52)
and (7.58) reduce to Egs. (6.3) and (6.4) respectively when at = 74 = 7 = 0 In fact, it can be shown that
the Burgers ¢-7-4 scheme satisfies Eqgs. (2.7), (2.8), (5.12), and (5.13) (i.e., the conservation relations over
each CE4(j,n)) when at =1 = 1 = 0.
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To turn the current scheme into an explicit scheme, as an example, we can assume that
(r1)} =Bl and  (72)} = G|V (B1>1; B2 >1) (7.59)

where §; > 1 and 33 > 1 are two adjustable constant parameters. According to Eqs. (7.43) and (7.46),
Eq. (7.59) effectively defines (1)7 and (72)} in terms of the mesh variables at (j + 1/2,n — 1/2) and
(j —1/2,n—1/2). As another example, one can assume

(1) = Bumax {7 and () = Bemax {W S Y (=1 B2 1) (7.60)

where 81 > 1 and B2 > 1 are again two adjustable constant parameters. Other possible choices of (7'1)? and
(T2)7 are specified in Egs. (7.108)—(7.110).

In the following, it will be shown that the stability conditions of the Burgers ¢-7-4 scheme are essentially
similar to those of the ¢-7-4 scheme.

7.2. Stability conditions of the inviscid Burgers c-7-4 scheme

As explained in Sec. 5.4, for linear solvers such as the a-e-4 or ¢-7-4 scheme, propagation of round-
off errors is governed by the same linear system of equations governing the associated independent mesh
variables. As will be shown, the above simple relation is not valid for a nonlinear solver such as the Burgers
c-7-4 scheme.

To proceed, note that Eqgs. (7.1) and (7.2) imply that the dependent variable u has the dimension of
at/ax. Thus v}, (vz)}, (vzz)}, and (vzzz)} defined in Eq. (7.43) are all dimensionless. As a result, by
multiplying both sides of each of Egs. (7.44), (7.46), (7.52), and (7.58) with the factor at/Az, one can turn
the latter equations into their dimensionless versions. The dimensionless versions can be obtained from
the original versions by replacing the symbols u, uz, uzz and uzzz with v, vz, vzz, and vzzz, respectively.
Explicitly, the dimensionless versions of Eqs. (7.46), (7.58), (7.44), and (7.52) are

n_ [(2=v) [3(1—v?) +2(3v% — 1)(1 — 2vz)vz) v(1 —v2)(1 - 6vz) (1—1v?)? n—1/2
Vi _{ 1 7 6 vt 3 it TG Vﬁi}ﬁlﬂ
2+v)  [BA=12) 42632 =11 -2u)vs]  v(1—12)(1 - 6vs) (1 - 12)? n-1/2
+ { 4 v 6 Yz 3 Vaz — 6 Vﬁi}]—lm
(7.61)
0 v (1 -7 +2v)[1 = 2u; + 4(va2)?|vs 1—7+2v)2 (1+7m)?
(Vf)j - {2(1+7—2) N 214+ 72) +(1—6V2)[ 4(1 4 1) a 12(14—7’1)}””
(1+m)2(1-m+2v) (1-7+2w)° ol
+ FEy m5+m>}”ﬁhﬁm
v (1—7 —2v)[1 —2v; + 4(vz)?|vs (1-—m—2v)2  (1+7)?
- {2(1+Tg) * 2(1+72) +(1_6”f){ A1+m) 12(1+n)} o
(14721 —7m —2v) (1—75— W)} oz
- { 12(1+ ) T2+ m) }V_ﬁ}j_l/z
(7.62)
1 ) 2 n—1/2
(vez)] = 5 [(2vz — 1)(vz)* + [1 = v(1 — 6vz)|vzzs — (1 —v )l/im]j 1
2{ i (7.63)

4 (1= 20) (va)2 + [1+ (1 — 6vg)]vss + (1 — y2)y-ﬁ};’jj//j}
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and

n—1/2 n 2
. [(1—6vz)vzs — (1— 71 + 21/)I/EML+11//2 —[(1=6vz)vzz + (1 =71 — QV)VEML 11//2
- (7.64)

e 21+ ]

respectively.
In the current study, we assume that

[(uzz2)} ] < [(uaz)]| < [(uz)]| <[ uf| (J,n) €Q (7.65)
|V]”| <1 (4,n) € (7.66)

and
[(r)71=O(v}']) and |[(r2)7| = O(|v}]), (J,n) €Q (7.67)

Note that, by using Eqgs. (7.35) and (7.42), one has

AT , .
—t"0n) =uj £ (uz)] + 5 (uzz)] + = (uzzz)} (J;n) €Q (7.68)

u*(z; £ 1

Thus, Eq. (7.65) simply states that the magnitude of a term on the right side of Eq. (7.68) is much larger
than that of the next higher-order term to its right. In view of Egs. (7.42), obviously, this assumption can
be made valid by choosing a small enough value of az. Moreover, by using Egs. (7.43), it can be shown that
Egs. (7.65) and (7.66) <

|(veza)j| < (vae)f| <[ (va)f] <[ v} <1 (J;n) € Q (7.69)
With the aid of Eqgs. (7.42) and (7.43), it is seen that the assumption |(vz)}| <| v}'| in Eq. (7.69) <
Az(ug)] < uj (4,n) € Q (7.70)
Within a smooth solution region, (u;)} is a good approximation of the value of du/dz at (j,n). Thus
Eq. (7.70) implies that

—1/2 1/2 1/2 .
ult e =l R <l ) (j,n) € Q (7.71)

By using Eq. (7.43), one can cast Eq. (7.71) into its dimensionless form, i.e.,

—1/2 1/2 1/2 ‘
Wi = v < ) (j,n) € Q (7.72)
In turn, Eq. (7.72) implies that
-1/2  -p n ‘
Wi s = o] < |7 (j.n) € Q (7.73)
with 1
~p def n—1/2 n—1/2 .
7= 3 (Vj+1/2 + l/j_l/Q) (4,n) € Q (7.74)
Eq. (7.73) implies that
n—1/2 . -~ .
Vi = (j,n) € Q (7.75)

Hereafter the symbol “=" denote the fact that the magnitude of the difference of the quantities on the both
sides of the symbol is much less than the magnitude of either quantity itself. In other words, either is a close
approximation of another.
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The stability study will be carried out using Eqgs. (7.61)—(7.64). In these dimensionless equations, the
independent mesh variables at any mesh point (j,n) € 2 are v7, (I/z) 7, (vzz)}, and (vzzz)}. Hereafter the
round-off errors associated with these variables are denoted by ov7, 0 (vz)? I (5(1/@)?, and 5(1/@5)?, respec-
tively. Because the magnitude of the round-off error of a quantlty with a smaller magnitude
generally is not necessary smaller than that of a quantity with a larger magnitude, in contrast
to Eq. (7.69), we assume that

1601 )2 ] ~ 10(r2)2] A= 1007 = 18() 2] = [8(v50)?] = [3(viza ) Gmeo  (176)
Hereafter (i) the symbol “a~” implies that the quantities on both sides of this symbol have the same order
of magnitude, and (ii) §(71)} and 6(72)7 denote the round-off errors of (1)} and (72)}, respectively. Also
because round-off errors could vary erratically from one mesh point to another, in contrast to
Eq. (7.72), in general, we have

1/2 1/2 1 n n :
[y iy S e ESA I COD I ESA EICAY (.n) € Q (7.77)

Let x4, £ = 1,2,3,4, be independent mesh variables at a mesh point. Let dz,, £ = 1,2,3,4 be their
round-off errors, respectively. Then because each dx; is a very small perturbation of x,, the round-off errors
of a differentiable function f(x1,x2,z3,24) can be approximated by

4
3 (@1, 2,23, 24) < ; 8—f5$e (7.78)
As an example, let
def n—1/2 def —1/2 def —1/2 def —1/2 ‘
) = 1/;,:_1/2, 2 = ( f)?_H//Q, 13 = (I/M);LH//Q, and x4 = (z/ﬁf)?ﬂ/g (4,m) € Q (7.79)

Then the expression on the right side of Eq. (7.61) associated with the mesh point (j 4+ 1/2,n —1/2) can be
expressed as g(x1, T2, 23, T4) where

of 1 1 1
g(x1, 22,23, 24) def 5(1 — %)xl ~3 [1 — (l‘l)Q]xQ ~3 [3(3:1)2 — 1] (1- 23:2)(332)2
1 (7.80)
+ % [1 = (@1)?] (1 = 6z2)as + £ [1 - (21)%] 24
Eq. (7.80) implies that
_ 1—3(x)? 2
g_g s — 201 (1 = 220)(22)? + wu — 6wa)rs — —L 1 — ()] (7.81)
I 2 3 3
) 1—(z1)?] 2
8—3:92 - _# -3 [3(21)% — 1] 22(1 — 3a2) — 22123 [1 — (21)?] (7.82)
dg _ @1 [1—(:1)*]
Be = 3 —2zy22 [1 — (xl)z] (7.83)
and )
dg  [1- (1)’
7 = /4 .84
Note that Eq. (7.69) implies that
|za| < Jas| <] 22| < 21] <1 (7.85)
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As such, by excluding the case
11— (z1)% < 1 (7.86)

one concludes that the expression on the right side of each of Egs. (7.81)—(7.83) is dominated by the first
term which involves only the variable z1. Moreover, because Eq. (7.76) implies that

|0z4| & [0z3] & [6x2| ~ |021 | (7.87)

With the aid of Egs. (7.78) and (7.79), one concludes that

2
1-— xl)&nl B [1 - ;xl)Q}&EQ Lo [1— (21)?] S 4 [1— (21)?]

6g(x17x27x3;x4) = ( 9 5$4
1 1 2 (1 2) (1 2)2 n—1/2 (788)
—v -V v(l—v —v
j+1/2
Next, by combining Egs. (7.75) and (7.88), one arrives at the conclusion
L=\ 12 1—%\n n—1/2
59(3?1,552,553;554) = (T)g 5Vj+1/2 - (T>] 5(V§7)j+1/2
, . (7.89)
(1 =) n—1/2 (L—%)m n—1/2
UL (L
Note that, according to Egs. (7.75) and (7.79), Eq. (7.86) <
(7 =1 (7.90)

As such the validity of Eq. (7.89) has been established except the case Eq. (7.90).

By excluding the case Eq. (7.90) and using similar arguments, one can also derive the counterpart of
Eq. (7.89) for the expression on the right side of Eq. (7.61) associated with the mesh point (j —1/2,n—1/2).
After combining Eq. (7.89) and its counterpart, one concludes that, excluding the case Eq. (7.90),

oy = (S0 e (S0 sz - (52 oyt - s ]

O ot ) B L IS/ SO 4

(7.91)

The proof of Eq. (7.91) is completed if one can show that it is valid even for the case Eq. (7.90). Note
that Eq. (7.90) < either
=1 (7.92)

or

v =—1 (7.93)
but not both. On the other hand, it can be shown easily that (i)

. n—1/2
vy = 5”;’—11//2 (7.94)
for the case Eq. (7.92), and (ii)
- ¢ on—1/2
oV =0V s (7.95)
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for the case Eq. (7.93). By comparing Eq. (7.91) with Eqgs. (7.94) and (7.95), it is clear that Eq. (7.91) is
also valid for the case Eq. (7.90). QED.

Except for a possible complication to be discussed later, in a similar manner one can derive from
Egs. (7.62)—(7.64) the following results:

n e 1 Mlem—1/2 < on—1/2\ [T 42070 1o
5(V:c)j = {72(1—#@)}]’ (5Vj+1/2 5”;‘-1/2) [ 2(1+72) L(S(Vx)jﬂ/z

Ll—m =209 o [A=m+20)? (A+7m)*1" a1

{ 2(1+ 1) L (va)j_v/ +[ A(1+72) 12(1+71)L (vaz)j i1/

'(]. — To — 217)2 (1 + ’7'2)2 n n—1/2
- - O(vzz); .

41+ 72) 12(1+7’1)L’ Vez)jm1/2 (7.96)

i '(1+’7’2)2(1—’7'1+217) B (1—’7’2-1—217)3]" (l/---)n_l/Q

_ 12(1+7) 12(1+4m) 1w

'(1+’7’2)2(1—’7'1—217) (1—’7’2—217)3 n n—1/2

_ Svan)

A T ) 12(1 1 ) L- (vozz)j_1)2

n o _ ]‘ ~\T n— ~\N n— ~2\n n— n—
O(vzs)} = 5{(1 = D)3 8(vas )} a s+ (L 2)30(vea)) )3 = (1= %)} [0(vaaa)} i s — O(vaaa) )5 | } (7.97)

and
n = 71 " —1/2 —1/2
(S(V_a_:i’)j = |:2(1+7-1):|j |:(S(Va_:a§)‘?+1/2 _5(1/9393)‘?_1/2}
(7.98)
L-n+20ne, -1z [lom=20ng  yn-1y2
[ 2(1+m) L‘ (asa)jn)z [ 2(1+m) L (vezz)j1/2

In deriving Egs. (7.96) and (7.98) from Egs. (7.62) and (7.64), the reader should bear in mind the
simplifying convention established earlier for the parameters 7, and 72. As an example, we have

n—1/2 yn1/2
[ v ] def j+1/2 (7.99)
204+ 72) | ja1e  2[1+ (12)7]

Thus, by using Egs. (7.75) and (7.78), Eq. (7.99) implies that

n

n—1/2 ~ n
5[L] " [#] ST [#] (7)™ (7.100)
2(147) j1/2 2(1+72) j JEL/2 2(1 4 7)? j !

In turn, Eq. (7.100) implies that

v

’ [m]m

v n—1/2 1 n 12 "
-0 {7} = {7} Vi =0V (7.101)
Jj+1/2 2(1+72) i—1/2 214 72) f ( i+1/2 J 1/2)

The expression on the right side of Eq. (7.101) is the first term on the right side of Eq. (7.96).
Egs. (7.91) and (7.96)—(7.98) can be cast into the matrix form

50, m) = [@—(ri. 70, 2)] 7 6307 + 1/2.n — 1/2) + [Q (71,72.9)] 64 — 1/2,m— 1/2) (jun) €Q (7.102)
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where

(SV;-L
def 5(%@)?
6q(j,n) = (j,n) € Q (7.103)
5(%22)?
and P
A A A A n
411 d12 i3 Qs
N P ST
~ nder | 221 922 Q23 924
[Qu (71,72, 0)] 7 = L. (j,n) € Q (7.104)
0 0 433 G5
0 0 G5 dn/;
with
4 def 1 £V 4 def 1— 2 L odef (1 =12 4 def 1—2)2
gh e 1P et (10 g et (DA et (1= 7) (7.105)
2 2 3 6
4 def Fl podef (1=7F20) L der, (1+m)? _ (1-mF20)2
431 = 27a g = ——————, (a3 = % F
(1+m) 2(1 + 1) 12(147) 4(1 + 1) ( |
7.106
4ot (1471’ A-—7F20) (1-7F20)°
a1 12(1 4 71) 12(1+72)
and
Lodef 1ED 4 oder  (1—-7%) L der Fl o+ def (1 —71 F20)
5 = =+ = e 7.107
d33 5 434 5 » a3 21+ 1) dy4 2(1 +71) ( )

A comparison of Egs. (7.102)—(7.107) with Egs. (6.7), (5.54), and (6.8)—(6.11) reveals a striking similarity
in the structures of these two sets of equations. On the other hand, it was explained in Sec. 5.4 that: (i)
computational instability would occur if round-off errors are amplified without bound as they propagate down
the subsequent time levels; and (ii) for linear schemes like the a-¢-4 and ¢-7-4 schemes, the time evolution of
the mesh variables and that of the associated round-off errors are governed by the same system of equations.
As a result of the facts stated above, one now arrives at the conclusion that the stability conditions of
the nonlinear inviscid Burgers c-7-4 scheme can be obtained from those of the linear c-7 scheme
by replacing the constant coefficients v, 71, and 7 with the mesh-point dependent coefficients
v, (1)}, and (72)7, respectively.
7.3. The inviscid Burgers c-7"-4 schemes

Let hi(s) and ha(s) be any two functions that meet the same requirements imposed on the function
h(s) introduced in Sec. 3.2. Then, because of the close relations among the ¢-7, ¢-7-4 and current schemes
established above, here an “ideal” inviscid Burgers ¢-7*-4 scheme is defined by an extension of Eq. (6.21),
ie.,

(r)} =ha((77)?) and (1)} = ha((7])?) (|77 < 1) (7.108)

According to Eq. (3.22), one can assume hi(s) = ha(s) = y/s. As such a special inviscid Burgers ¢-7*-4
scheme can be defined by the relation

(n)j = (n2)j = |7}’ (7] < 1) (7.109)
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For robust real-world applications, we may also introduce a special inviscid Burgers c-7-4 scheme which
is defined by an extension of Eq. (6.23), i.e.,

()} =pAu|p}] and (12)} = B2 |77 (B1>1; B> 1; |77 < 1) (7.110)

where 81 > 1 and (B2 > 1 are two adjustable parameters. In the rest of this section, we consider only the
special schemes which satisfy at least one of Eqs. (7.59), (7.60), and (7.108)—(7.110). As a result of Eq. (7.43),
for these schemes,

()7 =0 and (72)7 -0 as at—0 (7.111)

7.4. Shock capturing schemes

As explained in Sec. 2.3, the current Burgers solver needed to be modified so that it is capable of
resolving shocks. Specifically, we need to turn the expression on the right side of Eq. (7.52) and/or that of
Eq. (7.58) into proper weighted averages discussed in Sec. 2.3 and Sec. 4.

First we consider Eq. (7.52). Let

AT

P (3 (%

)Qum(P*) and  uzg(P7) T)QMQE(P*) (7.112)

where u,,(P") and wug,(P~) are defined by Eqs. (7.47), (7.48), (7.50), and (7.51). Then it can be shown

that
n—1/2

Ugj»j(P+) = [(1 — 61/5)’&9393 - (1 — 71+ 2V)ujja_3:|j+1/2 (7113)
and o
— n—
uzz(P™) = [(1 — 6vg)uzz + (1 — 71 — 21/)%@;2;2}]-71/2 (7.114)
Thus Eq. (7.52) implies that
n Uzz(PT) —uge(P7) 1 n
53%); — = — (Uzzz— TET+) 7.115
where (s () (PH) — (uza)?
n def (Uzz); — Uzz (L p, def Uzz — (Uzz);
zzT—); — d z3T+)] — 7.116
(U )j 1 T (Tl)? an (U +)j 1 ¥ (7_1)? ( )

with the understanding that (uzz)j is that defined in Eq. (7.44). Egs. (7.115) and (7.116) can be considered
as the substitution forms of Eqgs. (3.10) and (4.1)—(4.3).

According to Eq. (7.115), (uzzz)] evaluated using Eq. (7.52) is the simple average of (uzzz-)} and
(uzzz+)}. Moreover, by using Egs. (7.111), (7.113)~(7.116) and
vi—0, (vz)] =0, ,(vzz)] —0, and (vzzz); —0 as at—0 (7.117)
(which follows from Eq. (7.43)), one can show that
. n . n . n_ 1 ~1/2 ~1/2
AI%IBO(UEOZ’E*)j = AI%YBO(UEMJJ]' = Alyilo(uii’i’)j =3 (uzz — Uiff)?+1//2 — (uzz +U97:M);L_1//2 (7.118)

Because (uzzz-)} and (uzzz+)j satisfy Eq. (7.118), the simple average in Eq. (7.115) can be turned into
an weighted average using any of the techniques described in Sec. 4. As an example, consider the technique

presented in Sec. 4.4. The current counterparts of Eqs. (4.22)—(4.24) are

aq

()]} ¥ e

|
. -1 0 and zzi— )|+ ) I 0 7.119
J min{|(ui’ji*)?|ala |(ui’i’i’+)?|al} (oq Zoan Kumx )j | |(uxm+)] | ~ ) ( )
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~\ qn def L+o1(m)- " n
[(wl)JrL' - {2+Ul[(771)+ ¥+ (,'71)_] }j (Vj 7é 0) (7'120)

and ) .
- n def 1+o01(m)+ n
-l; = £ 0 7.121
(6], {2 Toul(m)+ + ()] }j 770 (7.121)
respectively. Here (i) aq > 0 is a preset parameter in the order of 1, and (ii)
€ g o ~n
(01);} def (|171n)| ((61)o > 0 and v; #0) (7.122)

with (1), being a preset parameter in the order of 1. With the above definitions, the current counterpart
of Eq. (4.30) can be expressed as

Next consider Eq. (7.58). Note that, with the aid of Eq. (7.52) and (7.57), it can be shown that Eq. (7.58)
=
’U,4*(P+) _u4*(P—) [1—}—(7’2)?}2

(uz)} = 21 + (Tz)ﬂ - 6 (uzzz)} (7.124)

In the following, with the aid of Eq. (7.124), (uz+) will be defined so that

1

and

1 1 n—1/2 1 n—1/2
li )5 =1 z+); = li ) =5 — Uz T FUzz - z T S Uzz 7.126
A%rgo(u )i A%Illo(u +)i A%rﬁo(u )i 2 <u et 3" >j+1/2 (u Tt 3" )j_1/2 ( )

Note that the validity of the last equality sign follows directly from Egs. (7.58), (7.111), and (7.117).
To facilitate the development, note that here (i) P* and P~ are the points depicted in Fig. 3, except

that the parameter T shown in the figure be replaced by the mesh-point dependent parameter (Tg)?; and
(i) u**(PT) and u?*(P~) defined in Eq. (7.56) are 4th-order Taylor’s approximations of the values of u at

points PT and P~, respectively. Alternatively, these two values can also be approximated by
a** (PY) ey (z(P*),t™; j,n) (7.127)
respectively. With the aid of Eqgs. (7.35), (7.42), (7.53), and (7.54), Eq. (7.127) implies that

[+ (n)p]

In turn, Eq. (7.128) implies that
a*(PY) —u? 1+ (m2)? u? — @ (P7) 1+ (1)
( ) J ( 2)] (ujj)? _ ( ) ( 2)] (ujf);z (7.129)

_|_
L+ (r)" 2 1+ (r2)7 2

Moreover, by using Eqs. (7.44), (7.46), (7.52), (7.57), (7.58), (7.111), (7.117) and (7.128), one concludes that

1 1 n—1/2
. ~4x + . 4 +
=1 P = Fuz + —Uzz F =—Uzzz 1
I%mou (P¥) %mou (P¥) (u Uz 2um 6uxm)j e (7.130)
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An immediate result of Eqgs. (7.129) and (7.130) is

i 05.0] = Jim ) 131
where . (P+) ()
1 \n def ¥ i B u;l L+ (72 ;l n
Loy = — Y 7.132
(Uer)] 1+ (7_2)? D) (ux;c)j ( )
and

L (uzz)? (7.133)
As a result of Egs. (7.132) and (7.133), one has

! n / n_u4*(P+)_u4*(P_)
(uzy) + (uz)} = T+ ()] (7.134)

Combining Eqgs. (7.124), (7.131) and (7.134), one concludes that the requirements Eqgs. (7.125) and (7.126)
are met by the definition

(ufci)? & (U%i)? - %(Umm)? (7.135)

Because (uz+)} and (uz—)j meet the condition that they have the same value in the limit of at — 0,
the simple average on the right side of Eq. (7.125) can also be converted into an weighted average using
any of the techniques described in Sec. 4. As an example, consider the technique presented in Sec. 4.4. The
current counterparts of Egs. (7.119)—(7.121) are

|(uz=)7 ]2

()]} e ey (027 e ) s )f > 0) (7136)
=y qn def L4032 (n2)- " n
O e (Ar=om }j 7570 (7137
and . m) .
_ n def +o02(n2)+ on
()5 = {2 T oalm)+ + ()] }j 7 #0) (7.138)
respectively. Here (i) ag > 0 is a preset parameter in the order of 1, and (ii)
(02)} & (ﬁ?r ((02)0 > 0 and 7 # 0) (7.139)

with (02), being a preset parameter in the order of 1. With the above definitions, the current counterpart
of Eq. (7.123) can be expressed as

(ug)} = [(@2)-]] (uz—)} + [(@2)+]] (uzt)} (7.140)

Note that a result of Egs. (7.125) and (7.135) is

2
1 1+ (72)7]
(uz)} = 5 (upy + U’éff): T L (uzzz) (7.141)
Thus an alternative shock-capturing form of Eq. (7.125) can be obtained by replacing the simple-average
term on the right side of Eq. (7.141) with an weighted average of (uz )7 and (uj_)j.
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8. A sketch of multidimensional extensions

Consider the 2D advection equation

ou ou ou
— tay oz + ay

ot ) dy

where az, and a, are constants. Let x; = x, 2 =y, and x3 = t be the coordinates of a three-dimensional
Euclidean space E3. By using Gauss’ divergence theorem in the space-time Ej3, it can be shown that Eq. (8.1)
is the differential form of the integral conservation law

f fidi=0 (8.2)
S(V)

Here (i) S(V) is the boundary of an arbitrary space-time region V in Ej, (ii)

0 (8.1)

B (azu, ayu, w) (8.3)
is a current density vector in E3, and (iii) d§ = do 7 with do and 7, respectively, being the area and the
outward unit normal of a surface element on S(V).

In addition, by using an argument similar to that was used to obtain the conservation condition Eq. (5.9),
it can be shown that, for a smooth solution u(z,y,t) of Eq. (8.1), we have

74 Ry - d5 =0, 7{ Rey-d5=0, and Ryy - d5 =0 (8.4)
(V) S(V) (V)

where

w0 0w o) - e O (0 o o
T ox2 T N\ T 022 Y ox2’ 022 ) Y 0x0y — \ T0x0y’ Y oxdy’ 0x0y
o (8.5)
o P (P o

yy — ayg - xay27 yay27 3y2

In a 2D CESE scheme [13], a spatial domain can be divided into triangles of arbitrary shape with the
understanding that any two neighboring triangles share a common side. Each triangle and the associated
spatial solution point is assigned with an integer cell number j. The z- and y- coordinates of a spatial solution

point j are denoted by z; and y;, respectively. In addition, a space-time solution point (j,n) is defined to
€

be the point with z = z;, y = y;, and t = t" 4f At. As in the 1D case, each (j,n) is associated with a
solution element SE(j,n). However, corresponding to the three sides of a triangle, each (j,n) is associated
with three basic space-time conservation elements CE,.(j,n), r = 1,2,3. Again these BCEs are constructed
so that the boundary of each BCE can be divided into component parts with each of them belonging to a
unique SE. The details are described in [13].

To construct a 4th-order scheme, for any (z,y,t) € SE(j,n), the dependent variable u is approximated

by a numerical analogue of the third-order Taylor’s expansion, i.e.,

(o, 59,m) 4 ()@ — ) 4 () — )+ (1) 5 () — 5)?

5 )= ) 4 5 ) (6= ) )] & = 25)( = 95) + ()] (& = 23) (6~ £7)

()} = 3) (= ) ot — ) 5 )} — ) + )0 — 17 56
5 ) (& = 232 = 1) 5 ()} (@ = 23) = 1)+ 5 () 2 = )76 = 27)

5 () = 3520 = 1) 5 () o ) (0 £ 5 () — )0 — 1)

+ ()} & = 23)y — )t — 1)
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Let u = u*(x,y,t;j,n) satisty Eq. (8.1) uniformly in SE(j, n), i.e.,

8u*(x,g;t;j,n) al 8u*(m,gf;t;j, n) 0 8u*(m,gz;t;j, n _y (2,9,1) € SE(j,n) (8.7)

Then it can be shown that
(ut)? = —(azuy, + ayuy)? (8.8)
(uze)] = —(QpUzz + aytisy)] (8.9)
(Uyt);l = —(azUay + ayuyy);} (8.10)
(utt)? = —(agUgt + ayuye) = [(ax)Qum + 2050y Ugy + (ay)Quyy}; (8.11)
(Uaat)] = =(AaUare + Qylary)] (8.12)
(ua:yt);l = —(agUzay + ayuwyy);} (8.13)
(uyyt)] = —(Golayy + aytyyy)} (8.14)
(woee)} = —(azttzar + aytaye)} = [(a2)*tzze + 2000y Uaey + (ay) tayy]; (8.15)
(uytt);'l = —(agUzyt + ayuyyt);'l = [(az)Qumy + 20,0y Ugyy + (ay)Quyyy];L (8.16)

and

(weee)] = —(agtiaee + ayuy)} = = [(00) toar + 3(00) aytisey + 3az(ay) uzyy + (ay)’uyy, ], (8.17)

Substituting Egs. (8.8)—(8.17) into Eq. (8.6), one has

u*(x,y,t;j,n) = uj + (ux);b[(x —z;) —ag(t — t”)} + (uy);b[(y —y;) —ay(t — t”)]

* %(um)? (2 — ;) — aa(t —t")]" + %(uyy)? [(y — ) — ay(t —t")]?
+ (uay)j [(z = 2) — aa(t —=t")][(y — y;) — ay(t —")] + é(umz)? (@ — ;) — aq(t — )] (8.18)
i T = 1) = gt = )]+ S [ ) = aalt = )] [0 ) — a0~ )]

1
5 (o)} [ = @5) = aa(t = )] [y = ) = ay (6 = )]
Thus u*(z,y,t;j,n) is a 3rd-order polynomial function of [(z — x;) — a(t —t")] and [(y — y;) — ay(t — t")]
specified by the coefficients u}, (uz)7, (uy)}, (Uzz)]y (Uyy)T, (Uay)]s (Uaza)T, (Uyyy)T, (Uzzy)], and (Uayy)]
For a reason to be given later, in the current extension, only eight of these ten coefficients are considered
as the independent mesh variables at (j,n) while two of them (i.e., (uzzy)} and (ugzyy)}) are considered as
functions of another four independent mesh variables at (j,n). In other words, there are twelve independent
mesh variables at each solution point (j,n).
To construct the a-4 scheme for Eq. (8.1), we will impose the following three conservation conditions:

7( h* - ds =0, r=1,2,3 (8.19)
S(CE,(.n))

where . et
h*(m7yat;j?n) é [a$U*(‘x?yat;j7n)7 ayU*(m7yat;jan)a U*(m7yat;jan)j| (820)

Egs. (8.19) and (8.20) are the numerical analogues of Eqs. (8.2) and (8.3), respectively.
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Note that Eq. (8.18) implies that

02

= (umx)? + (umcx);l [(x - xj) —ag(t— tn)} + (um&y)? [(y - yj) - ay(t - tn)] (8.21)

d u*(gzcyé;;j, n _ () + ()P [(@ = 25) = @t — )] + (ayy) 2 [(y — y5) — ay(t —t)]  (8.22)

and

oy?

= (uyy)? + (umyy)? [(x —zj) —ag(t — tn)} + (uyyy)? [(y —y;) — ay(t — tn)} (8.23)

Thus, at each (j, n), imposition of conservation conditions Eq. (8.19) and the numerical analogue of Eq. (8.4),
ie.,

f{ ht,-ds =0, r=1,2,3 (8.24)
S(CE,(j.n)
f{ h, - dg =0, r=1,2,3 (8.25)
S(CE,(j.n)
and
7{ hy, - d5=0, r=1,2,3 (8.26)
S(CE,(j,n))

would result in twelve conditions for the ten coefficients that appear on the right side of Eq. (8.18) if one
assumes that (i)

Rra(@,y,t:5:m) < Jaculy(2,y,65.m), ayul, (@,y, 64,n), uh (2, 6:5,m)] (8:27)
o o def . . » ) . .
Woy(@,y,t5,n) = [agul, (z,y,t;4,n), ayul, (x,y,t 4, n), b, (z,y, 8 j,n)] (8.28)
and B ot
th(x, Y, 4 jv n) = [azu;;y(xv Y, t;j, TL), ayuZy(x7 Y, t; jv n)a u;;y(xv Y, t;j, TL)} (829)
and (ii)
* . aQU*(xvy,t;j7n)
Uy (T, Y, 8 5,m) = a2 (8.30)
) , u(2,y,t;j,n)
Upy (2, Y, 8 §,n) = 920y (8.31)
and o )
* . u* x? y? t ;j? n
Uy, (T, Y, 1, m) = 52 (8.32)
Y
To overcome the above problem of over determinacy, we replace Eqs. (8.30)—(8.32) with
Uy (2,9, 85 5,1) = (Uea)] + (Ugwa)] (€ — 25) — ap(t — 7)) + (taay) ] [(y — y5) — ay(t —t")] (8.33)
wy, (2, y,t;5,m) = (Ugy)] + (u%)? [(x — ) —ag(t — t”)] + (uﬂ)? [(y —yj) — ay(t — t")} (8.34)
and
u;y(x7 y,t;4,n) = (uyy)? + (uw)? [(x —xj) — ag(t — tn)] + (Uyyy);l [(y —y5) —ay(t— tn)] (8.35)
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respectively. Note that: (i) the expression on the right sides of Eq. (8.33) is identical to that of Eq. (8.21)

except that the symbol (uzszy)} in Eq. (8.21) is replaced by (usay)7 in Eq. (8.33); (ii) the expression on
the right side of Eq. (8.34) is identical to that of Eq. (8.22) except that the symbols (uzzy)} and (uayy)}

j
in Eq. (8.22) are replaced by (ugys)} and (ugzyy)}, respectively; and (iii) the expression on the right side

of Eq. (8.35) is identical to that of Eq. (8.23) except that the symbol (usyy)} in Eq. (8.23) is replaced by
(uyyz)}- In spite of the facts that (i) (uwwy)}, (Uaay)], and (uzys)} are the “numerical analogues” of the

value of the same mixed spatial derivative 9°u/02z*dy at (j,n); and (i) (tayy)}, (Uayy)]> and (uyy.)? are the

“numerical analogues” of the value of the same mixed spatial derivative 9%u/dxdy* at (j,n), here (i) (uzay)?,
(umy);b, and (uxyx);b are treated as different numerical parameters and thus can assume different

m are also treated as different numerical parameters

values; and (ii) (uayy)} s (uw)j, and (uw);’

and thus can assume different values. In fact, (uzay)7s (Vayz)]s (Uayy)T, and (uyy.)? are considered

as independent mesh variables at (j,n) while (i) (uss,)} is considered as a function of (uzay)}
and (ugy:)}; and (ii) (usy,)] is considered as a function of (usy,)7 and (uyy.)}. In fact, one may
assume that - -
1 1
(Uzay)] = 5(uﬂ + UM)? and  (Uayy)] = 5(1‘% + UM);L (8.36)

As such, at each (j,n), there are twelve independent mesh variables, i.e., u}, (uz)7, (uy)}, (vzz)7},
(Uzza)]s (Uaay)]s (Uay)T (Uaya)]s (Uayy)Ts (Uyy)T, (Uyye)]s and (uyyy)}. They can be determined in terms
of the known mesh variables by imposing the twelve conservations conditions given in Egs. (8.19) and (8.24)—

(8.26). In fact, with the aid of Eqgs. (8.27) and (8.33), the three mesh variables (uzz)}, (Uss2)}, and (Uzay)?

can be determined in terms of the known mesh variables by imposing the three conditions given in Eq. (8.24).
Similarly, (uzy)7}, (Uzyz)], (Uayy)] can be solved by using Eq. (8.25) while (uyy)7, (uyyz)}, (Uyyy)] can be
solved by using Eq.(_8.26). After the nine 2nd-order and 3rd-order independent mesh variables at (j, n)
are determined, the last three independent mesh variables, i.e., u?, (u;)}, and (uy)? can be solved using
Eq. (8.19). Thus the a-4 scheme for Eq. (8.1) can be constructed easily. Moreover, with the aid of Eqgs. (8.33)—
(8.36), the dissipative extensions of the 2D a-4 scheme can also be constructed easily using well-established
CESE techniques.

We conclude this section with the following remarks:
(a) The identities
2 2 2
ox2 \ Oy Oxdy \ Ox Oydx \ Ox

2 2 2
0 (@) _ 9 (@) _ 0 <@> (8.38)

oy? \ Oz Oxdy \ Oy Oydx \ Oy
are derived from a limiting process in which Az, Ay — 0. Because Az and Ay are finite in a numerical
simulation, logically the numerical analogues of the third-order mixed spatial derivatives are not required

to satisfy the numerical analogues of Egs. (8.37) and (8.38).

(b) Because (uzzy)} and (ugyy)j appear as 3rd-order terms on the right side of Eq. (8.18), the 4th-order
accuracy requirement of u*(x,t;j,n) demands only that (ussy)7 and (usy,)} be lst-order in accuracy,
i.e., the same orders of accuracy achieved by (u)? and (u,)} in a 2nd-order 2D CESE scheme. This

j
rather low requirement for accuracy further justifies the above introduction of (umy)?7 (uxyx)?, (ugcyy)?7

and

and (uyyz)7-
(¢) For the 3D CESE method, tetrahedrons are the most natural building blocks for structured or unstruc-
tured spatial meshes. As it turns out, the high order CESE framework described here can be naturally

extended in a 3D space using spatial meshes built from tetrahedrons.

9. Numerical results
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To assess the stability and accuracy of the a-e-4 and ¢-7-4 schemes, consider the model problem defined
by the PDE Eq. (2.1) and the exact solution

u = ue(x,t) 4 sin 27 (z — 1)) (9.1)

We have
a=X=T=1 (9.2)

where A = wavelength and T' = period. Let (i)

def Oue(m,1) det 0%ue(,1) det OPue(,t)

Uge (2, 1) = Ugge(T,t) = and  Uggge(r,t) =

oz’ ox? 7 3
and (ii) the spatial domain of unit length be divided into K uniform intervals. Thus
ar=1/K, at=vax and t=mnat (9.4)

where n = number of marching cycles (each cycle is formed by two consecutive marching steps), and ¢ =
total marching time.

In Tables 1-14, the numerical errors of several computations using the a-e-4 and c-7-4 schemes are
presented in terms of the Ly error norms

K
E(K,n,v) < Z NEORDIE (95)
dof | 1 &
Ey(K.nv) = | | & Z[(um)? — Uge (5, 1)) (9.6)
def 1 X
Epo(K,n,v) < FZ[(um)] Ugze (T, 7)) (9.7)
7j=1
and
1 K
Epan(K,n,v) % Z [(Uoza) — Unase(;, t7)]2 (9.8)

Note that (uz)7, (uzz)}, and (uze,)} which appear in Egs. (9.5)-(9.8) are not the normalized mesh variables
defined in Eq. (7.42).

The numerical errors of the a-e-4 and ¢-7-4 schemes with periodic boundary conditions are shown in
Tables 1-7. In all simulations, the values of n are adjusted so that t = 5.4 for all the results presented.

The results with v = 1 generated using the a-e-4 scheme are given in Table 1 (1 = €2 = 0) and Table 2
(e1 = e2 = 0.5). For these cases where the value of v is right at the stability boundary, the errors for uj and
(um)? are machine zero. On the other hand, the values of E, and FE,,, are reduced by factors of about 16
and 4, respectively, as both K and n double their values. Thus, for both the cases (a) ¥ = 1 and €1 = €2 = 0;
and (b) ¥ = 1 and €1 = e2 = 0.5, the a-e-4 scheme is 4th-order and 2nd-order in accuracy for (ux)? and
(uxm)?, respectively.

The results with v = ¢; = ez = 0.5 generated using the a-e-4 scheme are shown in Table 3. It is seen
that, for this case, the a-e-4 scheme is 4th-order in accuracy for both u} and (um)? while it is 2nd-order in
accuracy for both (um);’ and (umm);’

The results with v = 0.05 and €; = €5 = 0.5 generated using the a-e-4 scheme are shown in Table 4.
It is seen that, for this case with a very small value of v, the a-e-4 scheme has an accuracy higher than
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4th-order for both u} and (u;)} when the meshes used are relatively coarse. For the coarse mesh cases, it

also has an accuracy higher than 2nd-order for both (um)? and (umm);’ According to the discussions given
in Sec. 2 and 5, the special scheme with ¢; = €3 = 0.5 (referred to as the ¢ scheme) has a huge advantage
in computational efficiency over other a-e-4 schemes. As such the ¢ scheme is emphasized in our numerical
study of the a-e-4 scheme.

The numerical results of the three cases with (a) v =7 =7 =1, (b) v =7 = 72 = 0.5, and (c)
v =1 = 1o = 0.05, are presented in Tables 5-7, respectively. According to a discussion given in Sec. 6,
all these cases are the so-called c-7*-4 schemes which form a special class of the ¢-7-4 schemes and are
computational efficient and also Courant number insensitive. For case (a), the errors for u} and (ug.)] are
again machine zero while it is 4th-order and 2nd-order in accuracy for (us)} and (uz..)7, respectively. For
case (b), again the scheme is 4th-order in accuracy for u?. Also it is 3rd-order, 2nd-order and 1st-order in
accuracy for (ux)?, (um)?, and (uxm)? when the meshes used become finer and finer. In fact, for this case
we have (i) E = 2.45x 1078, B, =2.14 x 10%, E,, = 7.31 x 1073, and E,,, = 0.299 when K = 200 and
n = 2160; and (ii) £ = 1.53x 1079, B, =2.76 x 1077, E,, = 1.83 x 1073, and E,;, = 0.161 when K = 400
and n = 4320. For case (c), as the meshes used become finer and finer, the scheme converges to 4th-order,
3rd-order, 2nd-order, and Ist-order in accuracy for u}, (us)?, (uzz)}, and (uze.)7, respectively.

According to discussions presented in Sec. 2, 3, 5, and 6, in the case where |v| < 1, the ¢-7*-4 schemes
should be much more accurate than the 4th-order ¢ scheme. This conclusion is indeed consistent with the
numerical results presented in Tables 4 and 7.

The results presented in Tables 8-14 are for the cases which are identical to those associated with the
results presented in Tables 1-7 except that the periodic boundary conditions used in the latter cases are
replaced in the former cases by the boundary conditions in which (i) the exact solution Eq. (9.1) is specified
at the left spatial boundary = = 0, and (ii) the 4th-order non-reflecting boundary conditions Egs. (5.83),
(5.86), (5.88), and (5.89) are imposed on the right spatial boundary = 1. As shown by the results presented
in Tables 8-14, this changes of boundary conditions has no impact on the orders of accuracy for the a-e-4 and
c-7*-4 schemes. In fact, this is true even for the numerical results associated with the right spatial boundary
r=1.

The last numerical results to be presented is a shock solution for the problem defined by Eq. (7.1) and

the initial condition
1 ifx<O
u= { (t=0) (9.9)

0 ifx>0

The exact solution of this problem is

1 ifz<t/2
Ue(z,t) = (9.10)
0 ifx>t/2

The numerical solution is generated using a scheme described in Sec. 7. Specifically, we assume
Egs. (7.44), (7.46), (7.110), (7.119)—(7.123) and the alternative shock-capturing form of Eq. (7.125) described
following Eqs. (7.141) (the same procedure Eqgs. (7.136)—(7.140) is used to obtain the weighted average of

(ufy )7 and (uj_)7). We also assume that

Si=0=a1=a2=2 and (01)o=(02)0o=1 (9.11)

The spatial computational domain is defined by —0.505 < x < 0.505 and divided into 101 uniform
interval, i.e aAx = 0.01. We also assume that at = 0.009 and n = 50, i.e., t = nat = 0.45. According to
Eq. (9.10),

1 ifx <0.225
ue(x,0.45) = { (9.12)
0 ifz>0.225
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The numerical solution is shown against the exact solution in Fig. 4. Note that even though the maximal
CFL number = 0.9 for the exact solution, numerically, the maximal C'F'L number reached during the
simulation is 0.967.

10. Conclusions and discussions

A thorough and rigorous discussion of a new approach for constructing highly stable high-order CESE
schemes has been presented. Each of the linear and nonlinear 4th-order schemes described in Sec. 5-7 has
the same stencil and same stability conditions of its 2nd-order version and still retains all other advantages of
the latter scheme. In particular, the c¢-7-4 scheme and its extensions for solving the inviscid Burgers equation
Eq. (7.1) are completely explicit, i.e., implementation of these schemes does not require inverting systems
of linear/nonlinear algebraic equations locally or globally. As such the new approach can overcome several
common shortcomings of traditional high order schemes that were listed in the abstract.

Because the new 4th-order schemes are built from their 2nd-order versions, in addition to providing a
review of the CESE core ideas and advantages in Sec. 1, a rather extensive review of several key 2nd-order
CESE schemes were provided in Sec. 2-4. The special CESE techniques (e.g., the advanced weighted-average
techniques described in Sec. 4) and the stability conditions presented in this review form a foundation for
the 4th-order schemes discussed in Sec. 5-7.

To explain clearly how a 4th-order scheme can have the same stencil and same stability conditions of
the 2nd-order scheme from which it is built, the conceptual leap that underlines the current development
is clearly explained early in Sec. 5. This key idea is then thoroughly validated in the rest of the paper.
The validation includes rigorous discussions of the stability conditions of the new 4th-order schemes. In
particular, in Sec. 7.2, we present a stability study of a nonlinear scheme based on a rather exhaustive
analysis of the propagation of round-off errors. As a result of this study, the reader can understand why the
underlying idea is applicable even in a nonlinear case.

To complement the new 4th-order schemes, a set of simple 4th-order non-reflecting boundary conditions
for linear schemes is presented in Sec. 5.5. Its potency is validated in Sec. 9. The extensions of these
boundary conditions for nonlinear schemes are under development.

By introducing new independent mesh variables (e.g., those appear in Egs. (8.33)—(8.35)) and the
concept of dependent mesh variables (e.g., those defined in Eq. (8.36)), it is shown in Sec. 8 that the
framework described in Sec. 5-7 can be extended to construct multidimensional high order schemes.

Accuracy and stability of the new 4th-order CESE schemes are rigorously assessed using the numerical
results presented in Sec. 9. It is shown that the theoretical predictions made in Sec. 5—7 are consistent with
the numerical results.

Even though they are not presented in the paper, from the details provided here, in a straightforward
manner, the reader can build from a given 2nd-order CESE scheme its 6th-, 8th-,... order versions which
have the same stencil and same stability conditions of the 2nd-order scheme.

Finally note that the current approach can also be used to construct high-order schemes from classical
2nd-order schemes. In fact, by using a “regular” space-time mesh in which (i) the set of mesh points used
include all (j,n) with j,n = 0,£1,£2,..., and (ii) ; = jaz and t" = nat, a 3rd-order hybrid scheme has
been built from the Lax-Wendroff and the second-order a scheme. To construct this scheme, Eq. (5.4) is
replaced by

X ) 1 2
u*(z,t55,n) = uj + (ug)} [(x—zj) —a(t—t")] + E(um)? [(z —zj) —a(t—1t")] (10.1)
Also, to account for the new mesh structure, we have

At A AT\ 2
v o, () )], and (use)] ®(5) (uw)f,  jm=0+1LE2..  (102)

Then the new hybrid scheme is formed by

(uzz)? = w(“’”)ﬁ +(1- VQ)(uﬁ);kl +

v(v—1)

— (a3 (10.3)
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(a)) = 5 [(s)30 — (5034] = 5 ()] (10.4)
and ) )

uj =5 [(L=w)(s)fpd + (L4 w)(s-)j5 ] = 5 (ua)] (10.5)

where n
(1)) < [u — (L4 v)uz + wum} Gon=0,41,42 ... (10.6)

J

and .
(s_) < {u + (1= v)ug + 201 = ; +v7) m] jon=0,+1,42, ... (10.7)

J

As expected, the hybrid scheme is third order in accuracy and is stable if 12 < 1.
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Table 1. Numerical results of the a - -4 scheme with periodic boundary conditions

v=10€;=€,=0,t=54
K=25,n=135 | K=50, n=270 K=100, n=540
E 1.07E-15 1.38E-15 1.43E-15
Ey 2.91E-05 1.81E-06 1.13E-07
E 4.21E-14 5.49E-14 5.66E-14
E 1.09 0.272 6.79E-02

Table 2. Numerical results of the a - -4 scheme with periodic boundary conditions

v=10,e; =€,=051t=54
K=25,n=135 | K=50, n=270 K=100, n=540
E 1.07E-15 1.38E-15 1.43E-15
Ey 2.48E-05 1.54E-06 9.62E-08
E 4.21E-14 5.49E-14 5.66E-14
E 0.929 0.231 5.77E-02

Table 3. Numerical results of the a - -4 scheme with periodic boundary conditions

v=05¢;=¢,=051t=54

=25, n=270 =50, n=540 | K=100, n=1080
E 1.59E-03 9.95E-05 6.21E-06
Eyx 1.00E-02 6.27E-04 3.91E-05
E 1.86 0.467 0.117
E yx 11.7 2.94 0.735

Table 4. Numerical results of the a - -4 scheme with periodic boundary conditions

v =0.05¢€;=€,=051t=54

K=25, n=2700 | K=50, n=5400 | K=100, n=10800
E 1.14E-02 3.30E-04 1.35E-05
Eyx 7.30E-02 2.14E-03 8.69E-05
E 4.83 0.842 0.171
E yx 30.6 5.37 1.09

Table 5. Numerical results of the ¢ -t -4 scheme with periodic boundary conditions

vV=r,=7,=10,t=54

K=25,n=135 | K=50, n=270 K=100, n=540

E 1.07E-15 1.38E-15 1.43E-15
Eyx 2.48E-05 1.54E-06 9.62E-08
E 4.21E-14 5.49E-14 5.66E-14

E yx 0.929 0.231 5.77E-02




Table 6. Numerical results of the c -t -4 scheme with periodic boundary conditions

Vv=r,=T7,=051t=54
K=25,n=270 | K=50, n=540 | K=100, n=1080
E 1.05E-04 6.37E-06 3.94E-07
Ey 5.58E-04 1.08E-04 1.59E-05
E 4.76E-01 1.18E-01 2.93E-02
E 0.366 0.64 0.505

Table 7. Numerical results of the c-t-4 scheme with periodic boundary conditions

v=r,=T,=005t=54
K=25, n=2700 | K=50, n=5400 | K=100, n=10800
E 5.10E-04 3.17E-05 1.98E-06
Ey 3.67E-03 2.61E-04 2.02E-05
E 1.06 0.265 6.61E-02
E 7.16 1.92 0.546

Table 8. Numerical results of the a - -4 scheme with non-reflecting boundary conditions

v=10€;=€,=0,t=54

=25,n=135 | K=50,n=270 | K=100, n=540
E 2.18E-15 2.34E-15 2.48E-15
Ey 4.21E-05 2.67E-06 1.67E-07

E 8.57E-14 9.21E-14 9.79E-14

E o 1.58 0.4 0.1

Table 9. Numerical results of the a - -4 scheme with non-reflecting boundary conditions

v=10,e; =€,=051t=54

K=25,n=135 | K=50, n=270 K=100, n=540
E 2.18E-15 2.34E-15 2.48E-15
Eyx 2.46E-05 1.54E-06 9.60E-08
E 8.57E-14 9.21E-14 9.79E-14
E yx 0.923 0.23 5.76E-02

Table 10. Numerical results of the a - -4 scheme with non-reflecting boundary conditions

v=€g; =€,=051t=54

K=25,n=270 | K=50, n=540 | K=100, n=1080

E 2.34E-05 1.30E-06 7.76E-08
Eyx 5.30E-04 4.98E-05 4.58E-06
E 0.227 5.63E-02 1.40E-02

E yx 1.44 0.507 0.18




Table 11. Numerical results of the a - -4 scheme with non-reflecting boundary conditions

v =0.05¢€;=€,=051t=54

K=25, n=2700 | K=50, n=5400 | K=100, n=10800
E 2.99E-04 8.25E-06 2.76E-07
Eyx 3.21E-03 1.06E-04 7.88E-06
E 0.522 9.20E-02 1.98E-02
E yx 5.28 1.59 0.586

Table 12. Numerical results of the ¢ -t -4 scheme with non-reflecting boundary conditions

vV=r,=7,=10,t=54

K=25,n=135 | K=50, n=270 K=100, n=540
E 2.18E-15 2.34E-15 2.48E-15
Eyx 2.46E-05 1.56E-06 9.60E-08
E 8.57E-14 9.21E-14 9.80E-14
E yx 0.923 0.23 5.76E-02

Table 13. Numerical results of the c-t-4 scheme with non-reflecting boundary conditions

vV=r,=T,=051t=54

=25,n=270 | K=50,n=540 | K=100, n=1080
E 2.64E-06 1.49E-07 8.84E-09
Ey 2.35E-04 2.66E-05 3.09E-06
E. 6.53E-02 1.57E-02 3.84E-03

E v 2.94 1.45 0.709

Table 14. Numerical results of the c-t-4 scheme with non-reflecting boundary conditions

v=r,=T,=005t=54

K=25, n=2700 | K=50, n=5400 | K=100, n=10800
E 9.11E-06 5.46E-07 3.27E-08
Eyx 8.25E-04 6.75E-05 5.69E-06
E 0.125 3.12E-02 7.83E-03
E yx 2.86 1.07 0.393
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Figure 1.—A surface element on the boundary
S(V) of an arbitrary space-time volume V.
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