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SHORTER CONTRIBUTIONS TO GENERAL GEOLOGY

ALGEBRAIC AND GRAPHIC METHODS FOR EVALUATING DISCORDANT LEAD-ISOTOPE AGES

By L. R. Stierr, T. W. SterN, and R. N. Eicaer

ABSTRACT

The calculated lead-isotope ages of many uranium-bearing
minerals yield the following discordant age sequence: Pb208/
U< Ph207/UBS< < Ph27/Ph2%, In the literature these and the
reverse discordant lead-isotope age sequences are usually at-
tributed to loss or gain of lead or uranium or an intermediate
uranium daughter product. An alternative interpretation,
generally not stressed, is that this failure of the lead-uranium
and lead-lead ages to agree may also be a consequence of the
deposition of an older generation of radiogenic Pb27 and Phb206
at the time of formation of the uranium-bearing mineral. Also,
the calculated lead-isotope ages of many uranium- and thorium-
bearing minerals yield Pb2%/Th®2 ages which are less than the
lead-uranium and lead-lead ages obtained on the same sample.
The usefulness of the Pb2%®/Th®2 age has been reduced be-
cause of the difficulties encountered in evaluating these age
discrepancies.

Graphie solutions for the discordant lead-uranium age problem
that are available in the literature have been amplified and ex-
tended to cover corrections for common lead without using
either Pb2® or Pb28 as the common-lead index. Where isotope
studies have been made on two or three samples of the same
age and from the same deposit or formation, a new graphical
procedure using the index isotope is presented that will yield
concordant ages corrected for both lead loss and original radio-
genic lead. These concordant ages may be obtained without
knowledge of either the amounts or the isotopic compositions
of the contaminating common lead, the Pb207/Pb2% ratio of
original radiogenic lead, or the extent of past or recent altera-
tion if original radiogenic lead is not present.

A new set of age equations has also been developed which
permit algebraic solutions of the problems of original radio-
genic lead and lead loss that are equivalent to the solutions
obtained graphically. The derivation of these equations may
also be considered as proof of the graphical constructions. A
table of factors is provided in order that either exact lead-loss
or original radiogenic lead solutions may be obtained from the
age equations expanded only to the second degree. The general
form of these new age equations is also given for programing
on computing machines. The latter equations give both the
concordant ages corrected for original radiogenic lead and for
loss of lead. Both the graphic and algebraic solutions are
applicable to the discordant thorium-uranium age problem.

The algebraic and graphic treatments of discordant lead-
isotope ages define both the type and minimum number of
samples necessary for adequate mathematical analysis of the
problem. This mathematical treatment also makes it clear that
discordant lead-isotope age data alone cannot provide the basis
for the choice of an age corrected for loss of lead or old radio-

genic lead. The most reasonable age can be selected only after
careful consideration of independent geochronologic data as well
as field, stratigraphic, and paleontologic evidence, and the
petrographic and paragenetic relations.

INTRODUCTION

Uranium-bearing minerals that give lead-uranium
and lead-lead ages that are essentially in agreement,
that is, concordant, generally are considered to have
had a relatively simple geologic history and to have
been unaltered since their deposition. The concordant
ages obtained on such materials are, therefore, assumed
to approach closely the actual age of the minerals.
Many uranium-bearing samples, particularly uranium
ores, give the following discordant age sequences:
Pb2os/Us< Ph27 /U< < Pb*[Pb® or, less frequently,
Pb27/Ph2% < < Pb?7 /U< Pb*/U%8. In an effort to
evaluate a discordant age sequence, therefore, the data
are adjusted in one of several ways, either numerically
or graphically, until the lead-uranium and lead-lead
ages are in agreement. This is done in the belief that
one of the recalculated concordant ages will more
nearly approach the true age of the mineral. Thus, the
criterion of concordance underlies the mathematical
analysis of the observed age discrepancy and requires
assumptions concerning the different processes which
could have produced the age discordancies.

Unfortunately, the first discordant age sequence may
be explained equally well by the continuous selective
loss of one or more radioactive daughter products, by
loss of radiogenic lead or additions of uranium at one
time in the history of the minerals, or by initial con-
tamination by relatively small amounts of an older
generation of radiogenic lead. The reverse age sequence
can be interpreted as evidence for loss of uranium,
addition of lead, or initial contamination by relatively
large amounts of an older radiogenic lead. Accidental
concordance may occur either as a result of contam-
ination by large amounts of an older generation of radio-
genic lead, or as a result of processes of leaching and
alteration in which compensating amounts of lead and
uranium have been added or removed.
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The evaluation of discordant lead-isotope age data
may be separated into two operations. The first
operation, with which this report is concerned, is
mechanical in nature and involves the calculation of the
different possible concordant ages corresponding to the
various processes assumed to have produced the
discordant ages. Present methods for making con-
cordant numerical solutions of discordant lead-isotope
age data are both tedious and difficult. Existing
graphic solutions also have their limitations. This
report includes a brief review of the literature on the
graphical procedures used in the analysis of discordant
age data and presents a new and more generalized
graphical treatment of this problem. In addition,a new
set of algebraic equations equivalent to these new
graphic solutions is included. These equations permit
relatively simple numerical calculation of the different
and equally probable concordant ages. The letter
symbols used throughout the report in presenting and
analyzing the discordant age data are listed in table 1.

TaBLE 1.— Letter symbols used in evaluating discordant
lead-isotope ages

Explanation

Number of atoms of Pb2%, U238 and so on
Ratio of the number of atoms of radiogenic
Pb27 to radiogenic Pb208

Re o oo - Ratio of the number of atoms of Pb2¥7 to Ph20¢
in common lead

R . Present-day ratio of the number of atoms of
Uzs o U8, 0.007262

|7 Corrected concordant age of mineral. See

equation 3

Decay constant

Age

Number of atoms of daughter products

Number of atoms of parent

Difference between two-term expansion of
et and the actual value of ¢** for a partic-
ular value of #;, used for the U8 series

Fomom e Difference between two-term expansion of
¢ % and the actual value of e* % for a partic-
ular value of t, used for the U235 geries

Nooooooeeee o Number proportional to the total number of
radiogenic Ph?% atoms

Ne*_ __________ Number proportional to the number of original
radiogenic Pb?% atoms

P Ntk power

30/ T Number proportional to the total number of
Pb% atoms present

ng ........... Ratio of t]V,, to Nﬁ

Rse ........... Ratio of ‘Ns to Ns

MY oo o ceeee Million years

Rogoooooe Ratio of the number of radiogenic Pb?” atoms,

N4, to the number of U5 atoms, N, now
present in sample 4

It is evident, however, that in the first operation no
amount of mathematical manipulation of the discordant
age data will, in itself, provide the basis for the choice
of the most probable age. The choice of one of the
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equally possible recalculated concordant ages can be
made only on the basis of additional evidence. The
second operation, therefore, consists of testing the
validity of these recalculated concordant ages in terms
of the geologic history of the area; the geologic age
relation of the enclosing rock; the petrographic, para-
genetic, and mineralogic data on the uranium-bearing
minerals being studied; the probable sources of the
uranium and contaminating lead; the isotopic com-
position of lead in the associated nonradioactive
minerals; and other independent age measurements
which are considered to be reliable. In the event that
available geologic evidence is equivocal, either the
alternative concordant age solutions should be pre-
sented as equally possible or, following a clear statement
of the investigator’s own prejudice, a preference stated
for one of the concordant ages.

General papers on the interpretation of discordant
lead-isotope ages have been published by Kulp and
others (1954), Ahrens (1955a, b), Wetherill (1956),
Stieff and Stern (1956), Kulp and Eckelmann (1957),
Aldrich and Wetherill (1958), and Stieff and Stern
(1961). Explanations of discordant isotopic age data
using the radon-loss hypothesis have been published by
Wickman (1942), Robinson (1955), Louw and Strelow
(1955), Giletti and Kulp (1955), and Greenhalgh and
Jeffery (1959). Interpretations of discordant age
sequences using the lead-loss hypothesis have been
published by Collins and others (1954), Eckelmann and
Kulp (1956), and Gerling (1958). Horne and Davidson
(1955) have suggested a hypothesis based on multiple
periods of uranium deposition to explain the age
anomalies found for a single specimen of uraninite
concentrate from the Witwatersrand. Tilton (1960)
has proposed continuous diffusion of lead as an ex-
planation for discordant lead-isotope ages. Attempts
to interpret the discrepancies between the lead-uranium
and lead-lead ages on the basis of contamination by an
older generation of radiogenic lead have been made by
Stieff and others (1953), Tugarinov (1954), and more
recently by Horne (1957 a, b).

This work was part of a program conducted by the
U.S. Geological Survey on behalf of the Division of
Research, U.S. Atomic Energy Commission.

PREVIOUS WORK
GRAPHIC METHODS

Perhaps the simplest graphical treatment of the
regularity in lead-isotope data was suggested by
Houtermans (1946, 1947). In an analysis of the
natural variation in isotopic composition of common
iead he plotted the atom or mole ratios of Pb¥7/Ph**
(Nao7/Naos) against similar ratios of Pb¥%/Pb¥*
(Naos/Nzoa).  (See fig. 1A.) In graphs of this type or
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F1aURE 1.—Ratios of the number of atoms of Pb2? to Pb2, Nywr/Naw, plotted against the ratios of the number of atoms of Pb6 to Pb®, Njw/Nau. A, Two and three
component lead mixtures. B, Two component lead mixtures and their difference plots.

in graphs of Pb*/Pb¥*® versus Pb¥**/Pb*® (where
thorium has not contributed radiogenic Pb®%), the
mixture of a single common lead, A, having uniform
Nogr/Nas and Np/Nzs ratios, with varying amounts
(points B, C, and D) of a single radiogenic lead of
uniform Pb%7/Pb?® ratio, R*, will lie on a straight line.
These straight lines were called isochrones by Houter-
mans and the slope of the isochrones passing through
these points is the Pb¥*/Pb%® ratio of the added
radiogenic lead.

It is apparent from figure 1 that, if isotopic data
are available for at least two radiogenically enriched
samples, such as B and O, resulting from the mixture
of only two components, R° and R* the Pb?7/Ph¥¢
ratio of the added radiogenic lead, B*, may be obtained
from the slope of the line passing through B and C.
Knowledge of the isotopic composition of the con-
taminating common lead, 4, is not necessary. If the
two components consist of the radiogenic lead produced
by uranium-bearing minerals and its contaminating
common lead, it follows that the slope of the line passing
through the plotted points of the two samples will
give the Pb?/Pb? age of the samples. The quantita-
tive amounts of lead and uranium do not appear

in these graphs; therefore, this age is independent
of either recent loss or gain of lead or uranium. It is
assumed, however, that isotopic fractionation of Pb%®
and Pb? does not occur as a result of the chemical
processes of alteration.

Figure 1A shows that the addition of varying
amounts of a third radiogenic component whose
Pb27/Pb® ratio, R, will give points E, F, and G, for
which no simple linear relation can be derived. The
graphical presentation of the three component mixtures
(R°, R*, and R) is typical of all discordant age sequences
not produced by recent gain or loss of lead or uranium.
The absence of any systematic relations between three
or more samples, each of which contains a mixture of
three different leads, suggests that additional data,
perhaps the quantitative amounts of lead and uranium
in the sample, may be required before a unique solution
can be obtained.

In figure 1B, the differences between the coordinates
for samples (C minus B) and (D minus B) are plotted.
These difference points for the two component mixtures,
R° and R*, must also lie on a straight line passing
through the origin. The slope of this line, R*, is
equal to the slope of the line passing through the original
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points B, C, and D. This analytical relation is
mentioned here to simplify the presentation of some
of the graphical procedures which follow.

Ahrens (1955b) noted the linear relations that are
obtained in plots of the ratios of radiogenic Nay/Nass
against radiogenic Nys/Nyxs among related samples
giving discordant age sequences. Wetherill (1956)
developed Ahrens’ suggestion into a rigorous graphical
analysis of discordant lead-uranium ages resulting from
multiple episodes of lead-uranium fractionation. The
mathematical proofs of the properties of these ratio
plots presented by Wetherill are not easy to follow,
whereas the discussion of the concordia plots by
Russell and Ahrens (1957) is quite brief. A relatively
simple proof has been presented by Stieff and Stern
(1961).

Finally, to Ahrens’ plot of the mole ratios of Ny;/Nass
versus Nyps/Nos Wetherill added a curve which he
called concordia. (See fig. 24.) Within this graph
the coordinates of all points may be given by a Pb?7/
U%s and a Pb*/U*# age equivalent to the two ratios,
Nogr/Nogs and Nyg/Nas. The curve, concordia, is the
locus of all points having equal Pb?7/U%5 and Ph6/U8
ages. Thus, a plot of the Nuy;/Nsss and NNy ratios
of any sample falling on this curve is, by definition,
concordant, that is, the Pb?%/U*® age=Pb?7/U*5 age=
the Pb®"/Pb*® age. Conversely, any point not lying
on this curve must represent a discordant age sequence.
It should be stressed that before it is possible to use a
graph of this type, it is first necessary to make a correc-
tion for the contaminating common lead because the
values Ny; and Ny represent only the radiogenic
remainders. In those age calculations in which the
common lead corrections are significant but have been
incorrectly made, a discordant age sequence will result
that is indistinguishable from those produced by the
other causes already mentioned.

ALGEBRAIC METHODS

To the author’s knowledge, only omne published
algebraic solution has been proposed for the original-
radiogenic-lead problem. The lead-uranium isotope
age equations originally derived by Keevil (1939),

= 206
torn=1.515X10" log tHLS Lo %‘21335) 1> 1)
and
= 207
tyrey=2.37X10° log @% l 1> @

were modified by Tugarinov (1954) to include correc-
tions for original radiogenic lead. The suggested
modifications took the form of the following system of
equations:

SHORTER CONTRIBUTIONS TO GENERAL GEOLOGY

15.15X10° lo

206__ 206+
. [1.158 (PbU x Pb )+1]

207 __ 207*
=2.37X10° log [159'6 (PbU 2 Fb )+1]=t,,,
@

where Pb?®* and Pb*"* are the percent abundances of
the original radiogenic lead, z is the percentage of the
occluded original radiogenic lead in the wuranium-
bearing material, and £, is the corrected concordant
age of the mineral.

Tugarinov’s age equations, because of their log form,
cannot be solved for z, the amount of original radio-
genic lead present. In addition, it is necessary to know
independently the Pb¥*’/Pb*® ratio of the original
radiogenic lead. Given Pb?®* and Pb%* repeated
substitutions of different values for # must be made
until a value of z is found which will make the Pb 206/(J%3%
age equal to the Pb*7/U%5 age. The Pb*/Pb* age
corrected for the same amounts of original radiogenic
lead will then be in agreement with the two lead-
uranium ages.

METHOD BASED ON EXPANSION OF ¢*

Although it is not difficult to obtain an approxi-
mately concordant age from discordant isotopic lead-
uranium data by the graphical methods discussed
above, there are geologic problems for which the exact
algebraic solutions may be preferred. Furthermore, as
Aldrich and Wetherill (1958) have noted, “‘* * * the
algebraic expressions involved are frequently so com-
plex that it is difficult to visualize the physical processes
[Wetherill (1956) and Wickman (1955)].”” Finally,
practical algebraic solutions provide an incentive to
improve the measurement of the physical decay con-
stants used in age calculations, the analytical
techniques, and sampling methods in order that we
may derive all of the useful geologic information that
is available in a comprehensive lead-isotope age study.
For these reasons, a set of algebraic expressions have
been derived which are exact equivalents of the graphical
procedures described by Stieff and Stern (1961). In
these equations the role of the possible geologic proc-
esses can be visualized and it is possible to obtain as
exact a concordant age solution as is required by the
specific geologic problem.

An alternative approach to Tugarinov’s algebraic
solution of the problem of original radiogenic lead may
be developed by using a series expansion of the expo-

nential term in the general age equation where:
M=N,/N,+1 (4)

and where N, and N, represent the number of atoms of
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daughter product, D, and radioactive parent, P,
respectively; A represents the decay constant in re-
ciprocal years times 107", and ¢, the age, in 10" years
equivalent to the atom ratio Ny/N,. The value e
may be approximated as closely as desired by the
following series

O O

M=14N-+ ol + TR o

Substituting this series for ¢, the age equation 4 may
be written in the form

LO0T 000w
a8 o =Na/N,  (©)

PEEE N 1

For values of ¢ that are less than 250 million years,
equation 5 may be carried only to the second term
without introducing serious errors. As ¢ increases,
however, it is necessary either to include a larger
number of terms in the expansion of ¢* and to work
with equations of higher degree than two or to include
an additional factor, f; or f,, which may be obtained
from table 2.

NN =Lt 4 (®)

This factor f; 4 represents, for a number of values of
t;, the difference between the two-term expansion of
e for the U2 series, fi, and for the U?’ series, f,,
and the actual value of ¢* for the particular value of ¢,
The decision to use equation 5 or 6 will be determined
by the requirements of the specific geologic age prob-
lem, and by the section of the geologic time scale in-
volved in the age calculations.

In the use of the second order equations, the selec-
tion of the initial age, #, can be guided by the extent
and type of discordant age sequences obtained in the
trial age calculations. To calculate the age corrected
for old radiogenic lead, the initial age t, and the cor-
responding values of f; and f; from the table of factors
are chosen so that ¢, is less than or equal to the trial
Pb?/U%8 age. A selection of f, equal to or greater
than the Pb®7/Pb?® trial age will yield calculated ages
corrected for loss or gain of lead or uranium. Should
the nature of the geologic problem require a further
refinement in the first calculated age, a second choice
of ¢, based on the first calculated age, ¢, can be made.
With experience in the initial choice of ¢, it has been
found that two age calculations will usually suffice
for most geologic problems.

649977-—63——2
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TABLE 2.—Factors for use with equations of the second degree

i U6 series | U3 series [ U8 series | U2 series
(millions of f fa (millions of h fa
years) years)

0 0. 00000 0. 00000 900 0. 00044 0. 14102
20 . 00000 . 00000 910 . 00047 . 14619
40 . 00000 - 0000; 920 . 0004s . 15145
60 . 00000 . 00005 930 . 00050 «1569;
80 . 00009 . 00008 940 0005; . 16245

100 . 00000 . 0001 950 . 00054 . 1681y
120 . 00000 . 00027 960 . 00054 17404
140 . 00000 . 00043 970 . 00057 18004
160 . 0000y . 00065 980 . 00059 1861
180 . 0000y . 00093 990 . 0006, L1924
200 . 00000 . 00123 1000 . 00063 .1989;
210 . 0000, . 00149 1010 . 00065 20554
220 . 0000; . 00172 1020 . 00067 2123,
230 . 0000y . 00197 1030 . 00069 2192;
240 . 0000, . 0022 1040 . 0007, + 22632
250 . 00001 . 00254 1050 . 00073 . 23357
260 . 0000, . 00287 1060 . 00075 . 2409
270 . 0000; . 00323 1070 . 00077 . 24858
280 . 0000; . 00360 1080 . 0008y . 25634
290 . 0000y . 0040, 1090 . 0008z « 2642
300 . 00445 1100 0008, .27238
310 . 0000z . 00493 1110 0008 - 28069
320 . 0000z . 00543 1120 . 0008y . 28915
330 . 00002 . 00597 1130 . 0009, . 20784
340 . 0000z . 0065 1140 . 00093 . 30670
350 00003 . 00716 1150 0009s . 3157,
360 00003 . 0078 1160 00099 . 3249
370 00003 00859 1170 0010z . 3344
380 . 00003 00924 1180 00104 . 3440,
390 00004 0100, 1190 . 00107 . 3539
400 . 0000 01083 1200 . 00110 . 3639
410 . 00004 0116 1210 . 00112 . 3742,
420 . 00005 01260 1220 . 00115 . 38469
430 . 00005 01354 1230 .0011g . 39533
440 - 00005 01455 1240 . 0012; . 4062
450 . 00000 01562 1250 . 0012 L4174
460 . 00005 01673 1260 . 00127 . 4287
470 . 0000y 0178y 1270 . 00130 . 44033
480 . 00007 0191, 1280 . 0013 . 45214
490 . 00007 02035 1290 . 00137 . 4641
500 . 00003 L0217, 1300 00149 . 47645
510 . 00008 . 02319 1320 0014, .5017s
520 0000y . 02455 1340 . 00154 . 5279
530 . 00009 . 02605 1360 00169 . 5552
540 . 00010 02764 1380 00163 . 58353
550 . 00010 02923 1400 00175 6129
560 . 00014 03099 1420 00183 64344
570 . 00014 03275 1440 . 0019, 67504
580 . 00012 0346, 1460 . 00200 7078;
590 . 00013 03653 1480 . 00208 74175
600 . 00013 03852 1500 . 00217 77690
610 . 00014 04053 1520 00225 81332
620 . 00015 04273 1540 . 00235 85100
630 . 0001 04495 1560 . 00244 89000
640 . 00014 04725 1580 . 00254 93034
650 . 00017 04965 1600 00264 . 97208
660 . 0001 05219 1620 00274 1.015¢
670 . 0001y . 05464 1640 00285 1.059s
680 . 00029 . 05723 1660 . 00295 1. 1058
690 . 00020 001 1680 . 00307 1.1534
700 . 0002; . 0628 17 . 00315 1.2024
710 . 00022 . 06573 1720 . 0033y 1.2533
720 . 00025 06874 1740 . 0034, 1. 3057
730 . 00024 07183 1760 . 00354 1.3597
740 . 00025 07503 1780 . 00365 1. 4155
750 . 00025 0783, 1800 . 0037 1.4730
760 . 00027 08172 1820 . 00392 1.532;
770 . 00025 0852, 1840 . 00405 1.5935
780 . 00030 08883 1860 . 00415 1. 6565
790 . 0003, 09254 1880 . 00433 1.7215
800 . 00032 . 09635 1900 . 00447 1.7884
810 . 00033 . 10029 1920 . 0046, 1.8574
820 . 0003 . 10434 1940 . 00477 1.9284
830 . 00035 . 10850 1960 . 0049 2.0015
840 . 00037 . 11278 1980 00503 2. 0763
850 . 00039 11717 2000 00524 2.1544
860 . 12169 2020 00540 2.234;
870 . 0004, 12634 2040 00557 2.3163
880 . 00043 L1311 2060 00574 2. 4007
890 . 00044 . 13600 2080 . 00591 2.487s
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TABLE 2.—Factors for use with equations of the second degree—Con.

h U238 series | U series 3] Ut series | U2 series
(millions of h e (millions of hi 1)
years) years)

2100 0. 00605 2. 5765 2900 0. 01656 8.971;
2120 . 00627 2. 6683 2920 01692 9. 2253
2140 . 00645 2.7633 2940 01729 9,486
2160 . 00664 2. 8605 2960 . 01764 9.753s
2180 . 0068; 2. 9603 2980 .0180s 10. 027
2200 . 00703 3. 0629 3000 .0184; 10. 307
2220 .0072; 3.1684 3020 . 0188y 10. 593
2240 . 00743 3.2767 3040 0191 10. 885
2260 . 00764 3. 3880 3060 . 01959 11.18s
2280 . 00785 3. 502 3080 . 01999 11. 493
2300 . 0080 3. 619s 3100 . 02040 11.80s
2320 . 0082 3. 7403 3120 . 0208; 12.12
2340 . 0085, 3. 8641 3140 L0212 12. 458
2360 . 00873 3.991: 3160 . 02164 12.795
2380 . 0089 4.1217 3180 . 02205 13.13y
2400 . 00929 4. 2555 3200 . 02253 13.49:
2420 . 00944 4.303; 3220 . 02293 13.85
2440 . 00065 4.534; 3240 . 02343 14. 221
2460 . 00993 4,678 3260 .0238s 14. 59
2480 . 01013 4.8273 3280 . 02434 14,984
2500 0104, 4,979 3300 . 0248, 15.37s
2520 0107 5.13bg 3320 . 02529 15.782
2540 01097 5. 2960 3340 02577 16.195
2560 0112 5.4603 3360 02625 16. 617
2580 01151 5. 6285 3380 02675 17.045
2600 0117, 5.801s 3400 . 02725 17.4%
2620 01208 5.978s 3420 L0277 17,94,
2640 01235 6.1602 3440 . 02827 18. 403
2660 01264 6. 3463 3460 . 0287y 18,874
2680 01296 6.5371 3480 . 02931 19. 356
2700 01325 6.7325 3500 . 02985 19. 84y
2720 01357 6.9328 3520 . 0303y 20. 35¢
2740 01383 7.13% 3540 . 03093 20. 869
2760 01429 7.3484 3560 . 03149 21,39
2780 0145, 7. 5630 3580 03205 21.934
2800 01485 7.784s 3600 . 03263 22,484
2820 0151g 8. 0107 3620 . 0331 23. 04
2840 01552 8. 2423 3640 . 03377 23. 62,
2860 0158 8.479s 3660 . 03434 24, 204
2880 0162 8.7224 3680 . 0349 24, 80y

CALCULATION OF CONCORDANT AGES

ONE SAMPLE
RADIOGENIC Pb?/Pb2t RATIO GIVEN

If the Pb27/Ph® ratio, R* of the radiogenic lead
lost at a time, ¢, or the contaminating original radiogenic
lead is assumed or is inferred from independent evidence,
such as the isotopic study of the lead in associated
nonradioactive sulfides, it is possible to obtain an
algebraic concordant age solution for a single sample
without knowledge of either the amount of con-
taminating radiogenic Pb® and Pb®*? present in the
sample or the extent of a single past period of alteration.
However, this concordant age will be valid only if the
following conditions are met.

1. The initial correction for common lead has been
correctly made so that the remaining Pb2*® and
Pb27 represent only the total radiogenic lead in
the sample.

2. The sample has not selectively lost or gained radio-
active daughter products since the time of mineral
formation.

3. The sample has not been altered recently.

It is easiest to consider first the correction for
original radiogenic lead. The solution for this problem
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will also yield the concordant alteration age. Writing
equation 5 for the Pb®6/U%¢ and Pb¥7/U?* ratios,
respectively, one obtains the following:

O, Oty ) NNt
and
(a)” (k t)2 N;—N;*
,'2,&1 * I " +)‘2t"" d N5 d (8)
where

M =the decay constant for U8 X1071%™L,
\=the decay constant for U2%, X 107%™
Ns=a number proportional to the total number
of radiogenic Pb#® atoms in sample A.
Ng*=a number proportional to the number of
original radiogenic Pb®® atoms in sample
A.
N,;=a number proportional to the total number
of radiogenic Pb?” atoms in sample A.

a number proportional to the number of
original radiogenic Pb®7 atoms in sample
A.

N;=a number proportional to the number of

U5 atoms present now in sample A.

Ng=a number proportional to the number of

U2 atoms present now in sample A.
t=age in years X10%

Nyp¥=

Equations 7 and 8 may be written in the form,

NNy (B SN @
and
N.—N; O\zt)” +(>\2t) +>\2t) NE. (10)
Dividing equation 10 by equation 9 one gets:
A RS
Ns| N (55t | g
Ns| No__((MO)" ()\1?5)2 ) ~NE
Ng ( n! +>\It
and substituting the ratios one obtains:
R n! 2! (11)
By— ()\715) e (m) T t)

where

R*=N,*/Ng*, the ratio of the original radiogenic lead,
and where

R=N,/Ng=the present ratio of U%5 to U?*%, a constant,
=1/137.7=0.007262,;

R3=N0/Ns and Rs=N7/N5.
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Expanding equation (11) and collecting terms one
obtains:

E_BYY .
> t 31

(BN R)@) "

Har— )t2+(R*)\1—R)\2)t-I—(RRs—R*Rs)=O-

(12)

If computing facilities are available, equation 12
may be easily programed to solve directly for £. The
degree of the equation used is determined in each case
by the approximate age range of the sample being
dated but generally will not exceed 10. For values of
R*, R;, and Ry that are of geologic interest, equation 12
has two positive real roots. As the degree of this equa-
tion increases, the smaller positive root rapidly ap-
proaches the concordant age, ¢ corrected for original
radiogenic lead as shown in figure 2B. The larger
positive root approaches more slowly the value ¢ as
shown in figure 24 and is the concordant age obtained
by correcting for loss or gain of lead or uranium at
some time, #;, in the past. In the latter case, B* is the
Pb*/Pb*® ratio of the radiogenic lead produced in
the time interval ¢ to #; and lost at the time, #.

If computing facilities are not available, equation 12
may be taken only to the second power of ¢&. As in
equation 6, when ¢ is greater than 250 million years
factors f; and f, should be added for the U%® and U5
series, respectively. These factors obtained from
table 2 for different values of #,, compensate for the
failure of this second degree equation to approximate
closely enough the actual value of ¢ for a specific
value of ¢.

Equation 12 then takes the form

B*N RM
9

) £ (R*\— R\t

+(BE;—R*Re+R*1—Rf:)=0. (13)

Solving for ¢,

—b+vb*—4ac
2a

$=
where 2a=(R*\— RB\})
b= (R*XI_RXQ)
Cc= (RR5—R*R3~ sz—}-Rﬁffl)
and where
fi=the factor for the U®® series depending on #;
fa=the factor for the U%* series depending on ¢,.

For values of R* R; and R; that are of geologic
interest, equation 13 also has two positive real roots.
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In using equation 13, the smaller root can be made to
approach the concordant age corrected for original
radiogenic lead by selecting values of f; and f; from
table 2 for ¢; that are less than the trial Pb2®/U%? age.
With even approximately correct values for f; and f,,
the smaller root will fall close to the actual age of the
sample corrected for original radiogenic lead. The
larger root, however, depending on the extent of the
lead-uranium age discordancy, may depart substan-
tially from the concordant ‘lead-loss age.”

If it desired to calculate exactly the alteration or
“lead-loss age” using equation 13, values of f; and f,
must be chosen from the table for ¢, equal to or greater
than the Pb?/Pb®® age. Because the terms f; and f,
become increasingly important as ¢ increases, it may be
desirable to make a rough graphical lead-loss solution
to guide the initial choice of ¢.

The departure of the first calculated age, ¢, from the
exact lead-loss solution may be tested by comparing
the calculated value of RB* with the given value of
R* (using equation 11). The first calculated value of
t from equation 13 along with the appropriate values
of fi and f. for this calculated value of ¢ from table 2
may be substituted in equation 11. Wickman, 1939,
Kulp and others (1954), Greenhalgh and Jeffery (1959),
and Stieff and others (1959) have prepared tables for
the calculation of lead isotope ages. If the tables by
Stieff and others (1959), (hereinafter referred to as the
age tables) are used, the terms [fi+ (N\#)%/2+\;¢f] and
[fa+(Ast)¥/2+2,8] may be replaced by values for the
Ngs/Nass and Nggr/Nogs ratios for the appropriate value
of t. If for the particular geologic problem the agree-
ment between the calculated B* and the given R* is
not satisfactory, a new #; is chosen and the lead-loss
age is recalculated. This age calculation may be
repeated until the desired degree of agreement between
the calculated R* and the given R* is obtained.

EXAMPLE OF CALCULATION

An example of the use of equations 12 and 13 for
the calculation of a concordant age corrected for
original radiogenic lead is given below. The following
isotopic data are available for a hypothetical unaltered
sample of uraninite, the true age of which is 200
million years and which contains (chemical scale) 1.14,
percent Pb and 27.92; percent U:

Pbité Pb20s Pha? Pb2s
Isotopic composition of lead
from uraninite (in atom
pereent) . ______________
Assumed isotopic composi-
tion of associated com-
mon lead (in atom per-

ecent) . 1.35, 25.04; 21.24, 52, 35

Ratio of original radiogenic lead present=N,*/Ng*= RB*=0.0718s
as found in associated nonradioactive mineral.

0.212; 83.93; 7.64 8. 20;
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Using Pb®* as the ‘“index’’ of the amount of common
lead present and correcting for the proportionate
amounts of nonradiogenic Pb®¢ Pb*?, and Pb¥$, the
remaining atom percent of radiogenic Pb?® and Pb*’
may be obtained as follows:

Ph2ot Ph2s Ph2or Ppas
Isotopic analysis of urani-
nitelead_.____________ 0.212, 83.93; 7.64; 8. 20;
Isotopic analysis of com-
monlead______________ 0. 2125 3. 92, 3. 32 8. 203
Radiogenic lead produced
by uranium_._._________ 0.000 80.01; 4.31; 0. 000

In order to use equations 12 or 13, it is necessary to
express the chemical lead and uranium data as quanti-
ties directly proportional to the number of atoms of the
particular radioactive parent or radiogenic daughter
isotope in the sample at the present time. For exact
solutions, the quantitative lead analyses, usually re-
ported in the chemical scale, must be corrected for the
actual difference in the physical atomic weight of the
radiogenic lead in the sample. In this example it is
206.27, compared to the assumed average physical
atomic weight, 207.28, used in the chemical analysis.
The correction factor for this particular case is 207.28/
206.27. Failure to correct the quantitative chemical-
lead data for the actual atomic weight of the radiogenic
lead in the sample will introduce additional errors of
0.2 to 0.5 percent in the final calculated lead-uranium
ages.

This corrected weight must now be multiplied by the
atom-percent abundance of the radiogenic Pb%® or Ph?’
in the sample after correction for common lead and di-
vided by the atomic weight of the radiogenically en-
riched lead in the sample to get a quantity exactly
proportional to the number of atoms present. Although
it is necessary to include both Avogadro’s number and
the conversion factor from the chemical to the physical
scales to obtain numbers of atoms, both of these terms
cancel out in the ratio of the number of atoms of lead to
uranium.

N _1.14,X207.28X80.01,
T 206.27X206.27

=0.4459,

| 1.14,X207.28%4.31,_
Ne=——506a7206.27 —-0240s

N; may be more easily obtained by multiplying N; by the

ratio of the radiogenic Pb*7 to Pb?® remaining after cor-

rection for common lead, that is, 0.4459,%X 8——-%?6118 =0.0240,.
-Ulg

Similarly, N; and Ns may be obtained by multiplying

the percent uranium (chemical scale) by the atom-per-
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cent abundance of the U®® or U8, and dividing by the
physical atomic weight of U, 238.103.

27.92,99.27,

Ns 238.103 11.64;
_27.92,X0.720,
Nﬁ“““’“—zgs.mg =0.08454,

N, may also be obtained by dividing N; by 137.7,
the atom ratio of U%® to U®5; that is, 11.64,-137.7
=0.08454,.

Expressing these analytical data as ratios of the num-
ber of atoms of radiogenic lead and uranium and using
the age tables, we obtain the following ratios and dis-
cordant trial ages:

Ratio Trial age (millions of years)
Ne/Ns=Rg=_. . .______ 0. 03830, 244 (Ph20s/[J2%8)
Ne/Ns=Rs=___._.___._ . 28454 258 (Pb207/UJ235)
NNg= oo~ . 0539 380 (Pb207/Pb20¢)

If, in the course of the evaluation of this discordant age
sequence, it is now desired to test the assumption,
among others, that an additional correction for original
radiogenic lead should have been made; equation 12 can
be used to obtain a single corrected concordant age, t.

As has been mentioned, equation 12 has been pro-
gramed for the Geological Survey’s digital computer.
The values for R;, Bs, B* and R given for this example,
when substituted in equation 12, yield two positive real
roots of ¢ (in millions of years) as the degree of the
equation increases from 2 to 10 (table 3). In this ex-
ample, even the second degree equation yields a value
for the smaller positive real root that closely approxi-
mates the hypothetical age of 200 million years. For
such young ages, an equation of the third degree would
give an age corrected for original radiogenic lead with
less uncertainty than the uncertainty introduced by the
experimental errors. The larger positive root converges
more slowly on the ‘lead loss” age. An equation of the
fifth degree, however, gives a geologically useful answer.

TaBLE 3.—Computed concordant ages obtained from equation 12

Age (millions of years)
Degree of equation

Corrected for original | Corrected for loss or

radiogenic lead gain of lead or uranium

2 e 197 44 1344 4
2 J I 200 24 908 39
4. 200,39 86077
5 S 20049 853 g,
6o 200 49 853 .00
N 20049 852 59
8 20049 852 g5
O 200 49 852 g4
100 . 200,40 852,33
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The decision to include the terms R*f; and Rf, in
equation 13 is determined both by the nature of the
problem and by the approximate range in age of the
sample being dated. An examination of table 2 for
values of ¢; in the range of 250 million years suggests
that both f, and f. can be initially neglected. This
decision is further supported by the fact that for this
hypothetical problem, a calculated age within five
percent of the actual age, and an agreement between
the Pb?*/U%® and Pb?7/U%5 ages of within one percent
would be more than adequate. The ratio of the original
radiogenic lead, R* wused in equation 13 may be
assumed, or, as in this example, it may be obtained from
the isotopic study of the lead extracted from associated
nonradioactive minerals. Substituting in 13 the values
R=1/137.7=0.007262,, R;=—0.2845s, R;=0.03830,, and
R*=:0.0718;, where

2a=(R*N—R\)X 1072 y1
= (0.07185X2.362,—0.007262, X 94.51) X 10201
=—0.5166,X10"2 41
b= (R*Al—sz) >< 10_10 'y_l
=(0.07185X1.536,—0.007262,X9.7215) X 10710 yy~1
=0.03982,X 10710 41

c¢=(RR;— R*Ry)
=(0.007262,<0.2845;—0.0718;><0.03830,)
=—0.000685;
t becomes
f —b:l:\/b2 4ac

—0.03982;++/.001586,—. 00070849_| 10
[ —0.5166, X 10%y

=|:—0.039826j;\/.00087764:|>< 1000

—0.5166,

_ [—0.03982,.02962; ]+ o
—[ —0.5166, ]XIO y
t=0.0197,X10"*=197 m.y. (age corrected for old

radiogenic lead)
or
t==0.1344,X10°=1344.; m.y. (age corrected for loss
or gain of lead or
uranium).

These two concordant ages are in close agreement with
the solutions for equation 12 expanded to the second
degree (table 3).

For most geologic problems falling in this age
range, the value of =197 m.y. would be acceptable;
the age would be rounded to the nearest 5 million years,
that is, 195 million years. If, however, a closer approxi-

E9

mation of the true age is required, a test of the con-
vergence of the lead-uranium and lead-lead ages
may be made by first calculating N* using equation 7
and $=0.0197X10% y. If the age tables are used, the

A +O“t)2+)\,t can be re-

sum of the terms o

placed with the appropriate value of Nygs/Nygs for t=
0.0197X10" years. If the age tables are not used, the
term f; for the closest value of ¢ from table 2 must be
added to the two-term expansion of ¢, that is,

[fl (Alt) +>\1]

Given the ratio Nj/Ng=R*=.0718;, when N}=
0.0880,, N* is found to be 0.00632;. The Pbs/UJ?s,
Pb?7/U%5 and Pb¥/Pb%® ages corrected for original
radiogenic Pb?® and Pb*’ can be obtained now by
subtracting N and N from the total number of atoms
of Ngand Ny, respectively. The recalculated ages are:

P28/ U8
197 my.

P27/ U5
196 m.y.

szm/szoa
184 m.y.

As the Pb2%/U%® and Pb*7/U?* ages are nearly in agree-
ment and because the Pb?"/Pb®® age is less than the
two lead-uranium ages, a slightly larger value is chosen
for ¢, that is, =198 m.y. In table 2, it is noted that
for t,=198 m.y., f, is negligible and f,=0.00125.

The value of the coefficient ¢ in equation 13 now be-
comes—0.000693,, where Rf;=0.0000091, while the
coefficients ¢ and b in equation 13 remain unchanged.
Using these coefficients in equation 13 the new age is
found to be, t=200, m.y. For this value of ¢, it can
be shown that the lead-uranium and lead-lead ages
converge exactly:

Ph20s/ U2 PhyUs
200 m.y. 200 m.y.

Phut/Phs
200 m.y.

It is thus possible, as part of the evaluation of a
discordant age sequence, to calculate the single con-
cordant age that would result from an additional
correction for original radiogenic lead of known ratio.
It is not necessary that the amounts of original radio-
genic Pb¥® and Pb®7 be known. In this case, however,
it is necessary that the proper common-lead correction
be made, and that the sample be unaltered. This
corrected age may now be compared with similar
calculations on other samples from the same area or
deposit. Finally, the ages obtained assuming cor-
rection for original radiogenic lead as well as losses or
gains of lead and uranium must be combined with
both field and other laboratory data to establish the
most consistent interpretation of all the evidence,
isotopic as well as geologic.
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FiGURE 2.—Ratios of the number of atoms of radiogenic Pb207 to U235, Naor/ Nass, plotted against the ratios of the number of atoms of radiogenic Pb208 to U288, Naog/Nags. Left,
Uranium-bearing samples which lost or gained lead or uranium at a time, &, in the past. Right, Uranium-bearing samples contaminated with an original radiogenic

lead having a Pb207/Pb20s ratio, R*

GRAPHIC SOLUTION

Figure 24 is the graphic equivalent of the algebraic
concordant age solution assuming a single period of
past loss or gain of lead or uranium. The graphic
equivalent of the correction for original radiogenic lead
isfshown in figure 2B. A detailed discussion of the
concordant graphical solutions for this case as well as
for the other cases in this paper have been presented by
Stieff and Stern (1961).

Samples 4, B, and C (fig. 2A4) are assumed to have
been formed at the same time, t. Sample A has not
been altered during its history, while B lost lead or
gained uranium, and C lost uranium or gained lead at
a time, £, in the past. The Pb®/Pb® ratio of the radi-
ogenic lead present in 4, B, and C at the time, ¢, is
given by the slope of the line, £*, passing through the
points ¢ and #; on the concordant age curve, times
1/137.7, the ratio of the present day relative abundance
of U%5/U%, Thus, given R* and the discordant age
data for one sample, B, it is possible to find the con-
cordant unaltered age, £, and the time of alteration, #,,

by passing a line through the point B whose slope is
R*X137.7, and noting the two intersections with the
concordant age curve.

Samples A, B, C and D (fig. 2B) are also assumed to
have been formed at the same time, ¢. At the time of
their formation, however, B, C, and D were contami-
nated with different amounts of an older radiogenic
lead having a Pb?"/Pb* ratio, £* These samples
would therefore, at the time of their formation, have
the N207/N235 and NZOG/N238 ratios shown by the pOints
b, ¢, and d lying on the line of slope R*X137.7, passing
through the origin. If the samples have been unaltered
since their formation, the Ny /Nas; and N/ Nyss ratios
will move from b, ¢, and d to B, C, and D. Given, for
example, B* and the discordant Ny;/Nag and Nag/
N age ratios for B, the concordant age, ¢, corrected
for original radiogenic lead can be obtained by passing
a line with a slope B*X137.7 through the point B. In
this instance, ¢, would represent the maximum age of
the uraniferous source material which provides the
older, contaminating radiogenic lead.
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COMMON Pb2’/Pb2 RATIO GIVEN

The correction of lead-isotope-age data for con-
taminating common lead is an important problem
closely related to the problem of correcting for original
radiogenic lead. In some age calculations, the correc-
tions for common lead are so large that it is necessary
to know exactly the isotopic composition of the con-
taminating common lead. If the exact common-lead
correction is not made, it is difficult to determine
whether the lead-uranium and lead-lead discrepancies
are a consequence of the assumed isotopic composition
of the contaminating lead, experimental errors in the
determination of the index isotope Pb* or Pb*%, or
other factors.

One method of correcting for common lead, as
indicated on page E8 is the use of the Pb** abundance
(and in certain special instances, the Pb®*® abundance)
as an “‘index” of the amount of common lead present.
The isotopic composition of the contaminating common
lead in the radioactive mineral may be assumed to be
identical with the analyzed isotopic composition of
the lead in associated nonradioactive minerals, such
as galena. Alternately, if such data are not available,
an isotopic composition may be chosen that is presum-
ably representative of the lead available at the time
of mineral formation. In either case, it is necessary
to have very precise isotopic data on the abundance
of the “index’ isotope (Pb?® or Pb®%) used in the
correction calculations. The role of Pb** as the
“index” is further complicated by the fact that Pb2*
is the least abundant of the four isotopes and is conse-
quently the most difficult to measure precisely in
highly radiogenic samples. It would be desirable,
therefore, if the common lead correction could be made
without reference to either Pb** or Pb*:. For a
calculation of this type to be valid, it is necessary that:
(a) the sample be unaltered in any way since its forma-
tion, and (b) the sample be uncontaminated by original
radiogenic lead.

An examination of equation 12 suggests an alterna-
tive solution. For ages in excess of current estimates
of the age of the earth (4.5 billion years), R*, the ratio
of the radiogenic Pb*” to Pb?®, rapidly approaches the
value of the Pb?7/Pb?® ratio found in common leads.
If the notation used in equation 13 is now modified
so that *N; and ‘N; are proportional to the total number
of atoms of Pb*® and Pb* in a sample, then the number
of atoms of common Pb¥ and Pb®’, N and N¢ will
be given by the following equations:

LN _1\78 ()‘lt)n +()\lt) -I—)\J)——Nc (14)
and
.._.N (()‘Qt) l ()\;t') j; )\2t>=N§ (15)
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Dividing equation 15 by equation 14 one gets,

Re— S +(>\2t) Lt c
' R““C%!)n (M) H‘tﬂ g eD)

-where R, a constant, =N5/Ns=0.007262

R°=N¢/Ng, the ratio of the number of atoms of
Pb¥* to Pb*® in the common lead.

Rys,=*'Ny/Nj, the ratio of the total number of atoms
of Pb®* to the number of atoms
of U%s,

Rs,=*Ny/Ns, the ratio of the total number of atoms
of Pb*® to the number of atoms
of U=E,

Expanding and collecting terms, equation 16 takes
the form

R‘N‘ R)\") o chg_@_g) 2
2! 2!

(Rc)\l—‘R)\z)t"{"RRm—RcRs;:O. (17)

For geologically possible values of R°, B;, and Ry,
equation 17 expanded to the third degree or higher has
two positive real roots. The equations of odd degree
also have one negative real root. The smaller positive
root is the concordant age corrected for a common
lead having a Pb®*7/Pb®® ratio, R°. 'The larger positive
root generally has values in excess of current estimates
of the age of the earth; these values are geologically
impossible and consequently can be neglected. The
negative real root does not have any geologic signi-
ficance.

If computing facilities are not available, equation
17 can be taken to the second power of ¢ and the terms
f1 and f; added. One then obtains

Ro— (ot 22ty
R =R". (18)
(fx"l‘()\lt) +Nd)
Expanding equation 18 and solving for ¢,
_ —bt+/b*—4ac
=y (19)

where

2a=(R°A\}—R\})
b= (R°M—R\,)
= (RRst—RcRSt'{‘Rffl_sz)-
Equation 19 has one positive and one negative root
for geologically possible values of R°, Rj, and Ry,
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With approximately correct values for f; and f; from
table 2, the calculated age, f, from equation 19 will
closely approach the exact concordant age, ¢, for the
specific value of R°, which is the Pb¥"/Pb2® ratio of
the common lead contaminant.

EXAMPIE OF CALCULATION

In the frequent cases where chemical and isotopic data
are available for only one uranium-bearing mineral from
a given area, and where the Pb27/Pb®® ratio of the
contaminating common lead has been accurately de-
termined, equations 17 and 19 can be used to calculate
a concordant age that is corrected for common lead
without using either Pb?* or Pb?® a5 the common-lead
“index.” In addition, the isotopic composition of the
common lead required to give a concordant age may
be calculated. This calculated isotopic composition
may then be compared with the measured isotopic
composition of lead extracted from associated non-
radioactive minerals. The ages obtained by the use of
equations 17 and 19 and the conventional “‘index”
method may also be compared. This comparison re-
quires that the quantitative data on the lead and
uranium have small limits of error, the uranium-bearing
mineral be fresh and unaltered, and that the Pb27/Ph2e¢
ratio of the contaminating lead be known within rela-
tively narrow limits. Failure of the two methods to
agree probably indicates small errors in the isotopic
analysis of the less abundant “index’ isotope from
either the lead extracted from the uranium-bearing
material, the associated nonradioactive mineral, or
both.

The following isotopic data are given for a hypo-
thetical unaltered sample of uraninite, the true age of
which is 950 million years, and which contains (chemical
scale) 6.12; percent Pb and 17.54 percent U.

Ph2ns Pha2os Phatv Ph20s
Isotopic composition of
lead from uraninite (in
atom perecent)_._______ 0.866, 52 542 15.98; 30. 60
Isotopic composition of
associated common lead
(in atom percent)_._..__ 1. 50, 23. 565  22. 655 52. 26,

The Pb207/Ph2% ratio of the common lead is 0.9612.

Using Pb™ as the “‘index” of the amount of common
lead present, the isotopic composition of the associated
nonradiogenic lead, and correcting for the proportionate
amounts of nonradiogenic Pb2%, Pb® and Pb2%, the
remaining atom percent of radiogenic Pb*® and Pb*’
may be obtained as follows:

Ph2od Ph3e Phaor Ph2s
Isotopic analysis of urani-
nite lead______________ 0.866, 52 54, 15.98; 30.60;
Isotopic analysis of com-
monlead_ . ___________ 0.866, 13.53; 13.00, 30.01,
Radiogenic lead produced
by uranium and thorium_ 0. 000 39.01; 2.97 0. 59
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The ratios and the discordant trial ages obtained
from the age tables after correction for common lead

are as follows:

Ratio Trial age (Millions of years)

No/Ng=Rg= - —_.____ 0.1583;, 956 (Pb20s/U28 age)
No/Ns=Rs= -~ ___ 1.662, 1008 (Pb27/U2s5 age)
No/Ng= oo 0. 07625 1122 (Pb27/Phs age)

In this example, R°, the Pb®7/Pb®® ratio of the con-
taminating common lead, was chosen to equal the
Pb27/Pb?® ratio of the common lead used in the trial
age calculation. Substituting also the ratios Rjs, Rg,,
and R in equation 17 and solving the equations of the
second to the tenth degree, we obtain the computed
concordant ages given in table 4,

TaBLE 4.—Compulted concordant ages obtained from equation 17

Second real root
(miltions of years)

Age corrected for com-
mon lead (millions of
years)

Degree of equation

945 53 — 1875,

948 49 + 2505,

949 7 85177
950 g6 6345.4
950 19 562; 3
950 19 53165
950 .10 5177 6
950 10 51144
950.10 508;.7

The smaller, positive real root of equation 17 rapidly
converges on the hypothetical age, 950 m.y., corrected
for common lead. In the calculation of the trial ages,
an initial error of 2 percent was deliberately introduced
into the Pb* abundance of the hypothetical common
lead used in the correction. This small error in the
Pb* abundance produced in turn errors of approxi-
mately 0.6, 6.0 and 18 percent in the trial Pb¢/U=8,
Pb27/U%5 and Pb¥*7/Pb*® ages, respectively. The age
calculated using equation 17 did not include the index
isotope and was not affected.

For equations of the third degree or higher, the larger
real root is positive and converges more slowly on an
age that is greater than the current estimates of the
age of the earth. It should be noted that even for
ages as much as 5,000 million years, equations of the
tenth degree converge rapidly on the exact concordant
age. This older age has no geological significance
other than that a radiogenic lead with a Pb*7/Pbh*%®
ratio equal to 0.9612 would have been produced in the
time interval between 950 and 5,110 million years ago.

In order to use equation 19 it is necessary to express
the analytical data as quantities proportional to the
number of atoms present. Following the procedures
given on page ES8, the analytical data take the form

N;=0.053115
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N3= 7.3143
th= 1 .5595
‘N7= 0.47441

Rs= 'N7/N5=8.9313
. Rs;='Ns/N3=0.2132,
R=0.007262

and the Pb*/Pb?® ratio of the contaminating common
lead, R¢ is given as 0.9612.

For this approximate age range, it is also necessary
to include the terms f; and f,. The choice of an age
t; from table 2 may be guided by the following general-
izations on discordant ages related to uncertainties
introduced by common lead corrections:

1. The Pb®*%/U%® age will be affected least by a poor
choice of the isotopic composition for the common-
lead correction.

2. The Pb®7/U%% and Pb¥/Pb®® ages may lie above or
below the Ph%/U?*® age, depending on the isotopic
composition of the common lead used in the
correction.

3. The Pb¥/Pb?® age will give the least satisfactory
value for the actual age of the sample if the major
source of error is confined to the common lead
corrections.

On the basis of the trial age calculations, and using
the generalizations mentioned above, values of f; and
f: are chosen from table 2 for ¢,=950 m.y. Substi-
tuting the values for Ry, s, R° and R in equation 19
one obtains:

2a=(RM—R)\)
=1.584,X10~2y~2
b= (R°M—R)\;)
=1.4065 X100y
¢= (RRs;—R°Rs,+ R, —Rf)

=—0.1407,

; —b++/b?—4ac
2a

(—1.4063+:+/1.9790,--0.4461,)

t 1.584;

>< 1 Owy

t=950 m.y.

The agreement between the age, ¢;, taken from table
2, and the calculated age, ¢, obtained from equation 19,
indicates that an additional age calculation with a new
value for ¢, is not necessary.

649977—63—38
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For certain geologic problems it may be useful to
compare the calculated isotopic composition of the
contaminating common lead yielding a concordant age
with the measured composition of the common lead
used in the trial age calculation. Quantities propor-
tional to the number of atoms of common Pb%*¢ and
Pb¥7, N¢ and N¢, can be obtained from equation 14
and 15, respectively. If the age tables are used, and
t=950 m.y., V¢ is found to be 0.4096, and N¢ is found
to be 0.3937,, From the Pb¥¥/Pb®*® and Pb?*/Pb>®
ratios of the radiogenic lead, the quantities proportional
to the number of atoms of Pb® and Pb** are found
to be 0.90843 and 0.02571,. The calculated and the
meagsured isotopic compositions (in atom percent)
used in the trial age calculation are as follows:

Isotopic composition

Caleulated Measured
Pb¥4_ .- 1. 480 1. 5079
Pb®8 _ - 23. 57, 23. 564
Pb27 . 22, 66; 22. 655
Pb28 L. 52, 28; 52. 26,

It does not follow from the differences in the Pb**
abundances given above that all the error must neces-
sarily be restricted to the common lead. For the
purpose of this example, the Pb?/Pb?® ratio of the
radiogenic lead was assumed to be correct. In actual
practice, however, this measurement might be more
suspect than the Pb**/Pb® ratio of the common-lead
analysis. Under these conditions, differences in the
calculated and “measured’”’ index isotope may be used
as evidence that the discordant age sequence reflects
small errors in the determination of the index isotope
in either the radiogenic lead, the common lead, or both.

GRAPHIC SOLUTION

The graphic equivalent of the algebraic solution of
this case is shown in figure 3, where total *Nyy/Nass
versus total ‘Nyes/Nass is plotted instead of radiogenic
N/ Nags versus radiogenic Nag/Nass, as was done by
Ahrens (1955a, b) and Wetherill (1956). Both the
concordant and the discordant ages of a sample cor-
rected for different amounts of a common lead with a
specific Pb?7/Pb?® ratio can now be determined from
this new graph. The concordant age curve still rep-~
resents the locus of those points whose Nyy/Nys and
Nags/Nass ratios give the same age, ¢, In this graph, the
concordant age of an unaltered sample, A, corrected for
a commmon lead with a specific Pb27/Pb*® ratio, R*, is
obtained by passing a line whose slope is equal to R°X137.7
through the point 4, and noting the intersection of this
line with the concordant age curve at the point ¢, Itis
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obvious that the age, ¢, is obtained without use of
either Pb?* or Pb*® as the index of the common lead
present.

This concordant age solution now may be compared
graphically with the ages obtained by the more con-
ventional “‘index” methods of correcting for contami-
nating common lead, which use either Pb** or Pbh8
as the index isotope (fig. 3). First, the age is obtained
from the ratio of the radiogenic Pb*"/Pb**® using the
appropriate index isotope, Pb® or Pb*8, and a common
lead baving the same Pb*7/Pb®*® ratio, R°. Then,
with the aid of either the nomographs or the age tables
that are available, a point, ¢, is obtained on the con-
cordant age curve whose Nyy/Nas Or Nygy/Nass ratio is
equivalent in age to the radiogenic Pb*?/Pb?® ratio age
just calculated. A line is now drawn from the origin
to this equivalent point, ¢, on the concordant age curve.
The coordinate of the intersection, a, of the chord, Oc,
and the line passing through A with the slope B¢ 137.7,
will give the corresponding Nyy/Nass and Nag/Nos
ratios that would be obtained by using the conventional
index isotope method of common-lead correction. A
comparison of the age equivalents of the coordinates of
the intersections ¢ and ¢ may also help in a partial
evaluation of the experimental errors encountered in the
isotopic analysis of the generally far less abundant
index isotopes.

TWO SAMPLES

AMOUNT OF CONTAMINATING RADIOGENIC LEAD AND ITS
Pb27[/Pb2t RATIO UNKNOWN

From the preceding algebraic equations and from
the graphic treatment (fig. 2B) it can be seen that
given analytical data for two different samples, an
expression for ¢ could be obtained without a knowledge
of either the time and amount of alteration or amount
of original radiogenic Pb®*® and Pb*’ present. This
calculation can be made provided the two samples
give different discordant ages and meet the following
conditions:

1. The samples were deposited at the same time.

2. The samples were contaminated by an original
radiogenic lead having the same Pb?7/Pb*® ratio, or

The samples were altered at one time in the past.

The initial corrections for common lead have been
correctly made, so that the remaining Pb*® and
Pb*" represent only the total radiogenic lead in
the samples.

The samples have not selectively lost or gained
radioactive daughter products since the time of
mineral formation.

6. The samples have not been recently altered.

These assumptions require, as a general rule, that
if the discordant trial Pb®*®/U%8 age of sample A is
greater than the discordant trial Pb®8/U%® age of

Ll

=
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sample B, then the trial Pb*"/Pb*® age of sample A
must be equal to or greater than the trial Pb®?/Pb%e
age of sample B. If this condition is not met, that is,
the trial Pb??/Pb?® age of A is less than B while the
trial Pb#%/U%® age of A is greater than B, then the
equations presented in this and in the following cases
will probably yield one negative value of . Such a
pair of discordant ages may be interpreted as a failure
of the two samples to fulfill one or more of the assump-
tions listed above.

Following the notation used in developing equation
11, expressions may be written for samples A and B:

For sample A4, e
Ra—(B88 .+ 0 ) m oo
R L —R* (20

Ry—( Q07 Oal) +Nt)

and for sample B

Rab—(M ..

n!

.R k3
Ra— “;f!) .

. +O‘2t) +)\2t)

— %
(xlt) { Rb
oo o1 1 At

@1)

where E;,=the ratio of the number of radiogenic Pb2"”
atoms, N, to the number of U** atoms,
N;;, now present in sample A.

Rg,=the ratio of the number of radiogenic
Pb*® atoms, Ng, to the number of U8
atoms, Ng,, now present in sample A.

R;,=the ratio of the number of radiogenic Pb?”
atoms, Ny, to the number of U%® atoms,
Ny, now present in sample B.

Rg;=the ratio of the number of radiogenic Pb2%
atoms, Ny, to the number of U? atoms,
Ng», now present in sample B.

M=the decay constant for U2,
\.=the decay constant for U5,

R}, R;=the unknown ratio of the number of atoms
of original radiogenic Pb*7 to Pb?™, that is,
N7o/N3a=N7:/NG,.

R=N,,/Ngs=N;»/Ng,=0.007262
Accepting assumptions (1) to (6) above, equation
20 is equated to equation 21. Expanding and collecting
terms, the equation takes the form

1‘.2_ (RSa_'RSb)"l"ll“ (R5b“‘R5a):I 2 ..

+ 3 Rum R+ (Rev—Ra) |2

F[Ae (Reg— Rgp) +M(Bsn— R It

+R5aR8b—‘R5bRsa=0- (22)
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If computing facilities are not available, equation 22
may be taken to the second degree and the terms f
and f, added.

bt A\
(3 (Ru— R+ (Ru—R) |

4[N (Bga— Rsp) + M (Bsp— Rso) ] ¢
-+ R5aR8b'_ R5 bRsa+f 2 (Rsa"— Rsz;) +f 1 (R5b_ Rsa) =0

Solving for ¢,

t (23)

__—bt+b*—4ac

B 2q

where 2a=[\}(Rs— Rso) +Na(Rsa— Rso)]
b=\ (Rsp— Rsa) +No(Bsa— Fs»)]
c= [R5aR8b_R5bR8a+f2 (RSa— Rgy) +f1 (Rsn—Raa)]-

For geologically possible values of Ry, Rsa, Rs3, and
Rsy; and with assumptions ‘‘1” through “4”’, given
above, fulfilled; equations 22 and 23 have two positive
real roots. Analogous to equations 12 and 13, the
two positive roots of these equations approach the
concordant ages corrected for original radiogenic lead,
loss of lead, or gain of uranium.

EXAMPLE OF CALCULATION

Equations 22 and 23 may be applied to two hypo-
thetical, unaltered 500-million-year-old uraninite sam-
ples from the same deposit. Following the procedure
used on page ES8, the chemical and isotopic data for
these two samples, A and B, are expressed after cor-
rection for common lead as follows:

Sample A Sample B
Nga: 17.755 Ns = 14.433
N;,==0.1289, N;»=0.1048;
Nea= 17364 Nu,_—‘ 16545
N;,=0.1133; N7p=0.1171,

A =1.53g x 10710 y—!

A=9.72 x 10-10 y~1
The lead-uranium and lead-lead ratios and trial lead-
uranium and lead-lead ages of samples A and B using
the age tables corrected only for original common
lead are:

Trial age
Sample A Ratio (million years)
Neo/Nso=Rga= - .~ 0.09779, 608 (Pb206/U28 age)
Nio/Nsa=Rsa= - ___ 0.8792; 648 (Pb27/U2% age)
el Nga™ oo & 0.06529;, 798 (Pb27/Pb¥ age)
Sample B
Nio/Nsp=Rsp=__ . ___ 0.1146, 706 (Pb206/U28 age)
Nep/Nspo=Rsp=--o___ 1.1164 772 (Pb27/U2% gage)
NoofNev= e 0.07077. 968 (Pb2?/Pb¥® age)

Substituting the values for Rs,, R, Es» and Es, in
equation 22 and solving the equations of the second
to the tenth degree, the ages given in table 5 are
obtained. It can be seen that in the age range of
500_million years, ages corrected for original radiogenic
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lead will fall within 0.1 percent of the exact concordant
age when an equation of the fourth degree is used.
The ‘“lead-loss” age for the fourth-degree equation
will, in contrast, be within 3.7 percent of the exact
concordant ‘“lead-loss” age. An equation of the sixth
degree would be required to reduce the difference
between the computed and exact ‘“lead-loss’” age to
less than 0.1 percent. For most geologic problems
falling within this age range, the two concordant ages
obtained from a fifth- or sixth-degree equation would
be more than adequate.

TaBLE 5.—Computed concordant ages obtained from equation 22

Age (millions of years)

Degree of equation
Corrected for original | Corrected for loss or

radiogenic lead gain of lead or uranium

47700 3455

496.79 16455

499,54 144, ,

499,43 140

499.5 1397

499.9¢ 139,

499,45 139,

1 I 499.55 139 4
10 499.06 1395

In order to use equation 23, it is first necessary to
examine the values of f; and f; in table 2 for a time, %,
of around 600 million years. This examination sug-
gests that the terms including both f; and f, should be
used in the calculation. As an age including an addi-
tional correction for original radiogenic lead must neces-
sarily be less than the lowest Pb?%/U%# age in the group
of samples corrected only for common lead, initial val-
ues for f; and f, equivalent to an age of ;=550 m.y. are
chosen for the calculation. Substituting the following
in equation 23,

R;,=0.8792;
Rg,=0.09779,

R5b= 11163
Rsb=0.114;60

f1= 0.00010
F2=0.0292,

where

20=N(Bs5p— Bs0) + )\g (Rsa'— Rsz;)

=[2.364,(0.2375;) +-94.51,(—0.0168,)] X 10~2y1
=—1.0275X 10722

b=\ (Rsp— Rsa) + Mo (Rsa— Bsp)
=[1.536(0.2375;+9.72,,(0.0168,)] X 1071% !
=0.2016;107 11

c=[Rs.Rsp— BspRsa-+11(Bsp— Esa) +fo(Rsa— Bsp)]
={0.1007 g+ —0.1092,5+ 0.00002,— 0.0004,,]
=—0.008922



E16

t becomes,

_ —b++b*—4ac
o 2a

t

—0.2016,4-+/(2016;)2—2X —1.027 55X —0.008% | 110
= 10%%
—1.0275 .

=[—0.20167:t\/0.022335 <101

—1.0275,

_ —0.2016-0.1494;
=TT 1027,

=0.0508,X 101%

=508 m.y.

From the fact that the calculated age, {=>508 m.y.,
included values from table 2 of £; and f; for =550 m.y.,
it is obvious that a recalculation of ¢ using values of
f1 and f; for ¢ slightly less than 508 m.y. would be better.
There is, however, an exceedingly sensitive test of the
departure of the age, £=508 m.y., from the exact solu-
tion of equation 23. This test consists of comparing
the calculated ratios of the original radiogenic leads
in samples 4 and B (Rg and R},) using equations 20
and 21 and ¢=0.0508<10"%. As a first approximation,
the values of f; and f; in equations 20 and 21 may be
chosen from table 2 for {,=510 m.y. A simpler pro-
cedure is to substitute the ratios Ng/Ns; and N,/N;
obtained from the age table for ¢=508 m.y. for the

terms [j,+ O\gi)z-i—)\lt:l and [ fat ()‘22’5)24-7\215] in equation

20 and 21. Using the age tables, R} and R} are,
respectively, 0.1051, and 0.1040.

If the geologic requirements of the age problem are
not stringent, and the disagreement between R and R}
is acceptable, the calculated age may be rounded down
to the nearest five million years and reported as t=>505
m.y. If, however, further refinements are required by
the nature of the geologic problem, ¢ may be recalcu-
lated using equation 23. The values of f; and f,
0.00007 and 0.0224;, for ;=505 m.y., are obtained from
table 2 by linear extrapolation. The recalculated age
of samples A and B using equation 23 then becomes,
£=500.0 ..

A test of this calculated age at =501 m.y., using
equations 20 and 21 gives for R} and R} respectively,
0.1029; and 0.1028,. The condition Rj=R3=0.1026,
occurs at t==500 m.y. For almost any conceivable
problem, this very close agreement between Rj and Ej
would be more than adequate. As the second re-
calculated age is still less than the age ¢, used in choosing
f1 and f,, the final age for samples A and B would now
be rounded down to the nearest 5 m.y. and reported as,
t=500 m.y.

SHORTER CONTRIBUTIONS TO GENERAL GEOLOGY

In areas where detailed age studies are being made on
a suite of uranium ores, isotopic data may also have been
obtained for the lead in the associated nonradioactive
minerals. If the lead in these associated minerals is
abnormally enriched in Pb*® and Pb?7 relative to
Pb* the Pb%7/Pb*® ratio of this radiogenically en-
riched lead may now be compared with the calculated
ratio of the original radiogenic lead, R*, required to
produce concordant lead-uranium and lead-lead ages in
any particular pair of ore samples. Agreement be-
tween the calculated ratio of the required original
radiogenic lead and the measured Pb*7/Pb*® ratio of
the radiogenic lead in the associated nonradioactive
minerals, could be used as convincing evidence in the
evaluation of a discordant age pattern in terms of the
presence of original radiogenic lead. Evidence of
alteration, conversely, could be used to support a
“lead-loss’” type of evaluation.

The complexity of most geologic age problems as well
as an awareness of the experimental uncertainties
usually suggest the desirability of studying, where
possible, more than two samples from the same area.
Similarities in the calculated concordant ages and the
R* obtained from two or more pairs would not only
support the interpretation of the discordant age data in
terms of a specific process, but also further limit
alternative interpretations.

GRAPHIC SOLUTION

The graphic equivalent of the algebraic concordant
age solution for two samples is shown in figure 2B.
The concordant age corrected for the presence of an
older generation of radiogenic lead can be obtained by
passing a line through the two points, B and C, and
noting the intersection, #, with the concordant age
curve having the smallest Neos/INpss and Nagr/Nass ratios.
The slope of this straight line divided by 137.7 will
equal R*, the Pb®’/Pb*® ratio of the older radiogenic
lead. The Intersection giving the higher age value,
t,, corresponds to the age obtained after correcting for
the gain or losses of lead or uranium as previously
described. This graph makes it clear, as do the
equations, that the two concordant age solutions ¢ and
{, are mathematically equally acceptable. The choice
of either £ or ¢ as the most probable concordant age
for both B and C must be based on other evidence.
AMOUNT OF CONTAMINATING COMMON LEAD AND ITS

Pbu/Pbis RATIO UNKNOWN

Following the arguments used in the previous
example and the notation used in the correction for
common lead, a concordant age, based on the following
assumptions, can be found for a pair of samples giving
different discordant trial ages.

1. The samples were deposited at the same time.
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2. The samples were contaminated only by a common
lead having the same Pb*7/Pb*® ratio.
3. The samples have not been altered since deposition.

Sample A4, equation 16, takes the form,

n 2
T
R : : =N, /N&=R:
)\ n 2 7a 6a ar
RSla_ (7;It!) . +()\21§) +)\1t>

(24)
and sample B.

At)™ Aot)?
R5tb-(< ,;“) e } (2—1) JI_)\2t>

n 2
Rs,b—((’;}j) L) +w)

R

=N§/N§=R;,.

(25)

where N;,/N;,=R,, the ratio of the number of atoms of
Pb* to Pb* in the contaminating
common lead (sample A).
o/ Ns»=R;, the ratio of the number of atoms of
Pb?” to Pb¥ in the contaminating
common lead (sample B).
R;.,=the ratio of the total number of atoms
of Pb¥ Ny, to the number of U3
atoms, Nj,, now present in sample A.
Rgsi,=the ratio of the total number of atoms
of Pb¥, !N, to the number of U3
atoms, Ny, now present in sample A.
R;,,=the ratio of the total number of atoms
of Pb¥, Ny, to the number of U5
atoms, N;, now present in sample B.
Rgsi="the ratio of the total number of atoms
of Pb¥?, ‘N, to the number of U3
atoms, Ny, now present in sample B.
Equating equations 24 and 25, (assumption 2)
clearing and collecting terms,

n xn
(2 Bur—Bud 123 R R 17 .

A A2 .
+[§T (Rspn—L50) +§ (Rsio—Rsp) |t

+[)‘1 (R-Stb—'Rsm) +)\2 (RSM—RSM)H

+Rs1eRsip— B Ry1,=0. (26)

If computing facilities are not available, equation
26 may be expanded to the second degree and the
terms f; and f, added. Solving this equation for ¢ one
obtains:

—bt /bP—dac

t= 2a

27)
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where
20=X\(Bs— Bs1a) + N (Rsa— Rsv)
b=NBs00—Bs1a) + Mo (Bs1a— Bsnr)
¢=Rsulyn— By B+ /1(Bsw— Bsia) +/2(Beta— Bawn).

For geologically possible values of Ry, Rsuw, Rsu,
and Rgg fulfilling assumption 1, 2, and 3 equations of
degree 3 or greater, equation 26 has two positive, real
roots. The smaller root, as was the case for equation
17, approaches the concordant age corrected for a
common lead whose Pb?’/Pb® ratio, R°, is given by
equation 24 or 25. KEquation 27 has one positive and
one negative root. The positive root for approxi-
mately correct values of f; and f, approaches the
smaller root of equation 26.

EXAMPLE OF CALCULATION

An example of the use of equation 26 in the correction
for common lead is given below. The following iso-
topic and chemical data are given for two hypothetical,
unaltered 950-million-year-old uraninite samples, 4 and
B from a single deposit.

Uranium and lead
Isotopic composition (in atom percent) content (i:h)emica,l
scale
Sample o
Pbae Pb20s Phaor Ph2ox Percent | Percent
U Pb

Ao 0. 866, | 52. 545 | 15. 985 | 30. 605 | 17. 544 6. 125,
B 0. 652; | 62. 647 | 13. 654 | 23. 04; | 30. 75 7. 944

Assuming an isotopic composition for the common
lead contamination in samples 4 and B to be in atom
percent,

Phzot
1. 485,

Pb2os
52. 47,

P
23. 764

Phar
22, 273

the following discordant trial age sequences are obtained
using the age tables and Pb®* as the index isotope:

Ph2os/ 238 Ph2or/U2s Pbh20'/Pb2s
Sample A .. __..__ 948 m.y. 1,010 m.y. 1,148 m.y.
Sample B.__________ 950 m.y. 984 m.y. 1,064 m.y.

These discordant trial ages may be compared with the
concordant ages obtained from equation 26 given in
table 6. The smaller root of equation 26 converges
on the concordant age corrected for common lead even
though the isotopic composition of the contaminating
common lead does not appear in the calculation. The
similarity of the trial Pb®%/U%® age to the concordant
age corrected for common lead might be used as one
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argument that the discordant trial age sequence was
the result of an incorrect assumption as to the isotopic
composition of the contaminating common lead.

TaBLE 6.—Computed concordant ages obtained from equation 26

Concordant age cor- Second real root
Degree of equation rected for common lead (millions of years)
(millions of years)

2 945,42 oo
B e 948, 33 25043,

4 o ___ 949, 3 85154

L S 949, g9 634;.1

0 949. 4 56204

T e e e 949. ¢4 53154

2 J 949, 94 5175,9
e 949, g4 51134
10 ___ 049, g4 508s.1

Using the generalizations given on page E8 as a guide
in the evaluation of the discordant trial ages of samples
A and B, an initial choice of {,=950 m.y., corresponding
to the Pb?%/U%% age, is made in selecting the constants
Ji and f, from table 2. Following the procedure given
on page E8, the chemical and isotopic data for samples
A and B are expressed below as quantities proportional
to the total number of atoms of lead and uranium in the
sample at the time of analysis, and as ratios of the total
number of atoms of Pb?® and Pb?7 to U2# and U,

SHORTER CONTRIBUTIONS TO

Sample A
N5a= 0.053113
]Vga-: 73143
tNoa=1.559
tN7e=0.4744,

_ 0.4744, __

Bsu=g o312, 3931
Rshz%ﬁ—i=0.21322

for t;=950 m.y.
A =1.534X 101041
Ae=0.72,5X 1010y

Sample B
N51,= 0.093 103

N3p=12.82,
‘N6b= 2.4164
tN73,=0.5266;

0.52665
0.09310;

2.416,
12.82,

Rin= =5.656,

RS!6= =0.18847

f1=0.0005,
f2=0. 16819

Substituting the values given above in equation 27:

t_—bﬂ:\/b2—4ac
2a

where

2a= )‘f (Rs tVb_RE w+ >\§ (Rsto— Bss»)

=—5.396,X 10720y

b= A (R5tb_'R5ta) + Ay (Rs za—st)
=—4.792,%10"10y~1
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c=Ry B — RStbR81a+f1 (Rszb'—Rsza) +f2(Rsza

"“Rstb)
=0.4796,
f— 4.7922:&1/(4.7922)2—2><—5.3967><0.47960)

—5.396,
Xloloy
—_— 4.7922:1:'\/28.1411 ><1010y
—5.396,

_[4.792,—5.304, "
=" 5306, )0

=0.0950,X 10¥ years=950 m.y.

The agreement between the calculated value of ¢,
950 m.y., (table 6) and the value of ¢ used in the
choice of f; and f, from table 2 indicate that a recalcu-
lation of ¢ using slightly different values of f, and f,
is unnecessary. The calculated values of the Pb*7/
Pb*® ratios for the common lead (B¢ and R$ in samples
A and B) using =950 m.y., the age tables, and equa-~
tions 24 and 25, are respectively, 0.9613, and 0.9611,;
the average calculated value is 0.9612;. The Pb*7/Pb¢
ratio used in setting up this hypothetical example was
0.9612,.

The quantity proportional to the number of atoms
of common Pb¥® in sample 4 is equal to 0.4096, and
can be derived from equation 14 by substituting for
t,0.950X10° . The proportional number of atoms of
common Pb?»’ is obtained using the ratio Ng,/Ni,=
0.9612;, and is equal to 0.3937,. Using the Pb*¢/Pb¥*
and the Pb?%/Pb®® ratios obtained from the isotopic
analysis of sample A, quantities proportional to the
total number of atoms of Pb?** and Pb*® are calculated
to be 0.0257, and 0.9085;. 'The actual isotopic compo-
sition used in setting up this example, the atom-percent
abundances of the original common lead calculated from
the number of atoms of Pb**, Pb*%, Pb¥* and Pb**%,
and the isotopic composition assumed to be present in
the trial age calculations are given below:

Isotopic composition in atom percent

Isotope ‘ Actual \ Calculated Assumed
Po2os .. 1. 48, 1. 48, 1. 48;
Pb2%s_ _ . 23. 57, 23. 575 23. 76,4
Po%7__ o ____ 22. 66, 22. 66, 22, 27;
Pos__ 52, 28, 52. 28, 52. 47,

Thus, the ages obtained from equations 26 or 27
permit the calculation of a concordant age, ¢, without
the use of either Pb?* or Pb®® as the index isotope, and
without a knowledge of the isotopic composition of the
contaminating common lead. Alternatively, a compar-
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ison of the ages obtained from these equations with the
age obtained by using the conventional methods of
common lead correction and age calculation permits an
evaluation of the errors that may be introduced in the
correction for common lead. If the calculated isotopic
composition of the common lead necessary to bring the
lead-uranium ages of samples A and B into agreement
seems unreasonable, additional field and laboratory
evidence may then be sought to determine if the dis-
discordant trial age calculations were produced by
experimental errors, processes of alteration, or by the
presence of original radiogenic lead.

GRAPHIC SOLUTION

The graphic equivalent of the algebraic solution for
the above example is shown in figure 3, a plot of the

R°*x137.7
sl R°x137.7
B
15f
Waor Rx137.7
HNass
A
10}
¢
sk a
t
0 o o3 o3 o4 o5 06 07
Naoe
W23

FIGURE 3.—Ratios of the total number of atoms of Pb%7 to Us, ¢ Nye;/ N 235, plotted
against the ratio of the total number of atoms of Ph8 to U, ¢tNi/Nus. Unal,
tered uranium-bearing samples contaminated with a common lead having a
Pb/Pbs ratio, Re.

ratio of the total number of atoms of Pb?7 to U%s,

*Nogr/Nos versus the total number of atoms of Pb?® to

U8, *Np/Uss. The concordant age is obtained by

passing a line through the coordinates of the points A

and B (fig. 3) and observing the intersection of this line

with the concordant age curve. The slope of this line
divided by 137.7 will be the Pb®"/Pb®® ratio, R*, of the
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contaminating common lead which will give the same
concordant age for both samples, A and B. This ratio
may now be directly compared with the experimentally
determined Pb*7/Pb*¢ ratio in related nonradioactive
minerals, such as galena, pyrite, or feldspar. Failure
of the experimentally and graphically determined Pb?7/
Pb*® ratios to agree, or an abnormal graphic value for
R¢, will indicate a more complex geologic history than
was initially assumed. As has been mentioned, the
same age can be obtained graphically from plots of
Nogr/Nas versus Nys/Nys (fig. 1A4) even though the
samples have been recently altered.

AMOUNT OF CONTAMINATINGJRADIOGENIC AND COMMON
LEAD AND THE Pb/Pb2 RATIO UNKNOWN

In the discussion of figure 14 it was noted that in
plots of the Pb"/Pb?** versus Pb?/Pb** ratios (and
in the case where thorium is absent, Pb?/Pb*® versus
Pb?5/Pb?8), two or more different mixtures of a single
common lead and a single radiogenic lead would lie
on the same straight line. The slope, R*, of this
line is the Pb?"/Pb®® ratio of the radiogenic lead, and
on this line will lie the Pb®¢/Pb** and Pb¥*?/Pb® (or
the Pb?/Pb®® and Pb?7/Pb*®) ratios of the contam-
inating common lead. This graphical treatment and
the difference plots in figure 1B suggest that a useful
modification may be obtained if the chemical and
isotopic data for two or more samples were expressed
as ratios of the total numbers of atoms of Pb®®, Pb?”,
U%5, and U®® to the total number of Pb®* (or Pb2®)
atoms. Using this change in the notation of equations
11, 12, and 17, it is possible to calculate a concordant
geologic age from the discordant age data without
knowledge of the amount or Pb¥"/Pb*® ratio of the
contaminating common lead. In this case, however,
the ratio of the contaminating radiogenic lead must
be known.

For the above calculation to be valid, it would be
necessary (as in the previous cases), for the two or
more samples in question to yield different discordant
ages and to meet conditions (1) through (4), and
either (5) or (6) given below.

(1) The samples were formed at essentially the same
time.

(2) The samples have not been recently altered.

(3) The samples at the time of their formation con-
tained a common lead with the same Pb%7/Ph2%
ratio.

(4) The samples could not contain thorium if Pb*® is
used as the index isotope.

(5) The samples at the time of their formation con-
tained an original radiogenic lead with the same
Pb?"/Pb®® ratio, or
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(6) The samples were altered only once and at the
same time in the history of the material.

This calculation does involve the precise determina-
tion of the abundance of the index isotope, Pb* (or
Pb*®). The relative simplicity of this modification,
however, and the many instances where it can be used
to advantage compensate, in part, for this obvious
shortcoming.

Following the notation used in equations 9 and 10,
one can write for sample A

['N&,—N&, (O‘;;)"... O"t) N ):I—N (28)
and

[N — N, (B Qe +)wt):|—N 29)
where

Nii=a quantity proportional to the sum of the
number of atoms of common and original
radiogenic Pb?® in sample A.

N7:=a quantity proportional to the sum of the
number of atoms of common and original
radiogenic Pb®7 in sample A.

If both sides of equations 28 and 29 are now divided
by the index isotope, ‘Ny, a quantity proportional to
the total number of either Pb*or Pb**® atoms in
sample A, depending on the choice of the index isotope,
one obtains the following:

’IN IN ((x!t) . ()\lt) +x1 t)_l ga}: (30)
and
;zN /N (O‘2t) . ()Wt) —[—>\7t>—' (31)
where
! lNﬁa z]\7’611/ NIa ! tN’la N7a/ NIa
! 6a — /NIa Nsa_Nsa/ NIa

! c* —'N;):/tNIa ,N8a=N8a/tNIa

Similarly, equations for sample B,
ratios of the index isotope, N%,, are:

expressed as

'tNBD_INSb <()\71)’t')” N Mt) +)\] >_I c* (32)
and
'tN-n; IN b ();2;) .. _l_(}“’t) +)\2t>—" c* (33)
where
”Nﬁb'— Nbb/ Nm 'tN7b=tN7b/lNIb
51:— /NID 'Nsb‘-:Nsb/'Nn
/NIb ’NsszSD/tNIb

SHORTER CONTRIBUTIONS T0 GENERAL GEOLOGY

In the graphic treatment of the isotopic data for a
mixture of a common and a radiogenic lead expressed
as ratios of Pb?™ or Pb *® (fig. 1B), it has been mentioned
that the slope of the line passing through the origin
and the points C—B is equal to the ratio of the added
radiogenic lead, R*. The point C—B in figure 1B is
equivalent to a point having the coordinates(’ N5s—’N33)
and ('Nia—'Ng;). Therefore, subtracting equation 33
from equatlon 31 and dividing by equation 32 subtracted
from equation 30 one obtains:

(Naa— Vo) —(Ne— N (255 + 8 )
i

('tNM INBD) (IN&1 /N ) (()\lt)n .

INc* N
W
or
NE)® Aot
"Bsa-n— ( :L') +( it)” St )
: =RB* (34)
'Rga— NP )\ t
By b)___(( 7111!) o +( 1 ) Nt >
where the normalized difference ratios are
/R =,lN7a_'tN7b
5(a-b) IN5a_ ,Nsb
P o
N&z— NSb
and
__’Nﬁa_,NSD_
Ry =0.007262
oo NE—NE_NY,_ N3,
'N&—'Ng N, N&

and where the same index isotope (Pb®** or Pb*®) is used
in both samples 4 and B.

Clearing and collecting terms

R)\n)t” +(R*)\2 R)‘2> + (B*\—R\,)¢t

+RB'RBsqn—B*' Rg-n=0.

R*\?
n!

(35)

If computing facilities are not available, equation 35
may be carried only to the second power of ¢ and the
terms f; and f, added. Solving this equation for ¢ one
obtains,

—b+ Vb —4ac

t= 2a

(36)
where

2a=(R*N,— R\)
b= (R*\—R\)
c= (R’Rs(a_o)—' R*’Rs(a—b) +R*f1_ sz) .



METHODS FOR EVALUATING DISCORDANT LEAD-ISOTOPE AGES

For geologically possible values of R*, 'Rs—p, and
’Rs(a-vy, and fulfilling the assumptions (1) through (6),
equations 35 and 36 have two positive roots. If
original radiogenic lead is assumed to be responsible
for the discordant trial ages obtained on sample A and
B, the smaller root will approach, as the degree of the
equation increases, a concordant age corrected both for
the presence of an original radiogenic lead having a
Pb27/Pb* ratio, B*, and a single common lead. The
isotopic composition of the common lead need not be
known. If past alteration is assumed to be responsible
for the discordant trial ages, the larger root will ap-
proach the concordant “lead-loss’” age as the degree
of the equation increases. For the latter assumption,
the smaller root will approach the time in the past when
the alteration took place, and E* will become the Pb27/
Pb® ratio of the radiogenic lead produced by the ura-
nium in the time interval, ({—%), given by the two roots.

EXAMPLE OF CALCULATION

An example of the use of both equations 35 and 36
in the calculation of a concordant age, t, corrected for
unknown amounts and ratios of both a common and
an original radiogenic lead are given below. In this
example, the absence of Th®? in the chemical analyses
suggests the use of the much more abundant isotope,
Pb®%, rather than Pb®* as the index of the common lead
present. The isotopic and chemical data for two
hypothetical unaltered 1,400-million-year-old uranin-
ites, A and B, from the same deposit are:

Uranium and lead
Isotopic composition (in atom percent) content Sg]c‘ge):nio:al
S
Sample ¢
Pbao Pbe Pb2o7 Ph2os Percent Percent
U Pb
Ao 0.210; | 80.69; 11.80; | 7.28s| 31.55 9, 743,
B_o_..__. 0. 0764, | 87. 68, 9. 5945 | 2 6445| 53.17;| 13. 41,

Assuming a common lead whose isotopic composi-
tion is Pb?*=1.52;, Pb?%=22.86,, Pb®"=22.86,, and
Pb#8=52.75;, trial age calculations yield the {ollowing
discordant results:

Phis/Uns Pbai[ U Pb201/Pbs
Sample A___________ 1,605 my. 1,715 m.y. 1,850 m.y.
Sample B ... ....._. 1,480 m.y. 1,530 m.y. 1,650 m.y.

Using the data given above for samples 4 and B in
equation 35, the concordant ages were obtained for
equations of the second to the tenth degree (table 7).
The smaller positive roots yield concordant ages
corrected for original radiogenic lead given a Pb®7/PH %8
ratio, R* of 0.2500,. The larger root of the tenth-

649977—63——4
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degree equation is very close to the concordant age of
samples A and B corrected for loss or gain of lead or
uranium during a single period of alteration 1,400
million years ago.

TABLE 7.—Computed concordant ages obtained from equation 36

Age (millions of years)
Degree of equation
Corrected for original Corrected for loss or
radiogenic lead gain of lead or uranium
2 1264 7 642,
U 13442 4645 5
4 13835 3124
S e 139¢.3 276 0
6 o o 1394 2653 7
T e 14000 261, ,
8 140o., 260,
O e 1400.2 26053
100 . . 1400.2 26056

Following the procedure and notation used on page
ES8, the chemical and isotopic data for samples A and B
are expressed in terms proportional to the total number
of atoms present.

Sample A Sample B
Ni5,=0.09552 N;=0.16099
N3a=13,154 Nsb=22.169
tNg,=3.829 tNgp=5.734
tN7,=0.56004 N =.6274,

tNoga=0.3459, tNogp=.17295

In the above tabulation, ‘Ny, and Ny, are propor-
tional to the total number of Pb*® index atoms in
samples A and B at the present time.

Expressing these data as multiples of the index

isotope, Pb%, that is, ' Ny,=;%+> and so on, one obtains:

lNOSa
Sample A Sample B
" N35qa=0.2761; ! N5 =0.9308;
! Nsa=38.027 4 Ngb= 12818

"tNga=11.07;
"tN7a=1.619%

"N gy =33.15
"Ny =3.627;

and for £,=1,350 m.y.
fi=0.0015; F2=0.5415,

where

g _"Nu—""Nn
5(a—b— N "’Nsb
va

'R __”Nﬁa_”Nﬁb
8(a—-b)— ,N&z_ lNSb

=3.068;, (R*=0.25004, given)

=0.2449,, (R=0.007262)

Substituting in equation 36
2a0=(R*N— R\)=—0.0957,X10~%® y~!
b= (R*N— R\y)=0.3136¢X 10710 y~1
c—_—(R'Rs(a_b)—R*’Rs(a_b)—l-R*fl—Rf2)=—0.042504
and solving for £,
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—b++/b*—4ac
=
2a
fe —0.31369:|:\/0.098401——2><—0.09571><—0.042504>
- —0.0957,
><10‘°y
__{—0.3136,-4-0.3004, 0, "
t—( —0.0957, 101%9=0.1384,X100
=1,384 m.y.

The calculated value for ¢, 1,384, lies above the initial
choice of #;, 1,350, used to obtain f; and f, from table 2.
This fact indicates that in using table 2, a choice for ¢
greater than 1,384 and less than 1,480 should be made
for the second age calculation if, for geologic reasons,
the first age calculated is not acceptable.

A very sensitive test of the departure of the value
t=1,384 m.y. from the concordant age for samples A
and B may be made by comparing the calculated value
of R*,_» using equation 34 and ¢=0.1384X10'%
with the observed or assumed value for RB* used in
equation 36. The value of R* calculated in this way
and the given R* are, respectively, 0.2083 and 0.2500,.
For the value t=1,400 m.y., the calculated and given
values of R* are, respectively, 0.2498; and 2,500, As
can be seen, relatively small changes in ¢ will result in
substantial changes in the calculated B*.

GRAPHIC SOLUTION

The graphic equivalent of the algebraic solution for
the above example is shown in figure 4.

If two unaltered samples, A and B, containing dif-
ferent amounts of lead and uranium were formed at the
same time and were contaminated only with a common
lead of uniform Pb®7/Pb*® ratio, R¢, the point (A— B)
whose coordinates are given by the normalized dif-
ference ratios

(Noo/Nood A— (Ne/ N B__
(N235/N204)A— (N235/N204) B ‘

(Nuo/ Nan) A— (N Nuod B
(NVazs/ Nogg) A— (Nazs/ Nao) B

would lie on the concordant age curve.

The problem of the three component lead mixtures,
Re¢, B* and R can now be considered (fig. 4). Assume
that in addition to a common lead having the same
Pb?7/Pb* ratio R¢, samples A and B have received
different amounts of an older generation of radiogenic
lead with a Pb®7/Pb®® ratio, R*. Then the normalized
difference ratios of these two component mixtures, R°
and R* (see figure 1B) would lie on aline passing through
the origin whose slope is equal to R*X137.7; for
example, the point (¢c—d). The amounts of radiogenic
Pb and Pb*” produced in the time interval 0-¢ may
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( Naoo/ Naot) 2— (Naoa/ Naoa) y A
(Nons/ No0) 27— Nass/ Noo) 7 for three pairs of uranium-bearing samples which were

contaminated by the same common lead and] which, in addition, were altered at a
time, ¢, in the past or contaminated by an older radiogenic lead, R*.

now be added graphically to the point (c—d) by
passing a line through the point (¢—d) with the slope, R,
and of a length equal to that of the line segment from
the origin to the point (A—B). The coordinates of the
point (C—D) thus represent the discordant ages that
are obtained when the normalized difference ratios are
plotted for a pair of samples each containing three
component lead mixtures.

THREE SAMPLES
AMOUNT AND Pb2/Pb2s RATIOS OF CONTAMINATING
COMMON AND RADIOGENIC LEAD UNKNOWN

From the argument presented above it is clear that
if isotopic and chemical data are available for three
samples fulfilling the conditions set forth, for the two
sample cases it would be possible to calculate a concord-
ant age without knowledge of either the amounts or
isotopic ratios of the contaminating common and
original radiogenic lead. Using equation 34, the
following equations can be written for the two pairs
of samples (4 and B, and A and C) where the isotopic
and quantitative lead and uranium data are expressed
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as normalized difference ratios of the number of atoms
of lead and uranium to the number of atoms of the in-
dex isotope, Pb** or Pb*®;

Sample pair A-B,

n 2
"B 5a-0— ()‘2? ’ )\Zt) J‘Mt)
R 37
MDD 7\ t
Baar—( 2. +( 17 +xlt>
where the normalized difference ratios
b/ Nu—""Ng
5(a-b) ,N5a'_ 'Nsb
IR ~—’ tNﬁa____ 'tNﬁb
8(a—b)— ,NSa—— INSD
and sample pair A-C,
n 2
Ruaeo—( 2. .00 Lx2t>
R (38)
MDD )\ )2
'Byg-o— (711,1) Tt +( S ) +Mt )
where
IR ___”N7u_,tN7c
MO TN W N
PN TN
,R = Ba Gc.
$@=9"" 7 Nga— "N

Placing equation 37 equal to equation 38 and collect-
ing terms, one obtains:

AT 'R ’ AZ ’ ’
,,'ﬁ( sla—e) R5(a—b))+ﬁ ( RS(a—b)_ RS(a—c)) tn

)\% ’ ’ >‘§ ’ ’ 2
o1 (Bs@o-0—"Rsa-v) —I—g ("Bya-vy—"Bsa-o) |1

+[AI(IR5(a—c)_IR5(a-b)+x2(/R8(a-—b)—,RB(G-C))]t

+ ,Rs(a—b)’RB(a—c) - ,R5(a—c)'R8(a—b) =0. (39)
If computing facilities are not available, equation

39 may be taken only to the second degree and the

terms f; and f; added. Solving for ¢, one obtains:

—b++/b*—4ac

t= 2a

(40)

where

2a=[N("Bs@-0—"Bs@-n) TN (" Bsa-n—"Fsa-0)]
b=[M("Rsa-or—"Rsa-n) T 2" Bya—y—"Rs(-0))]
c= ['st— » Fs@-o— Rs@a—o ,RS(a-—b) + (B (a—0)
- ,Rs(a— b)) +f2('R8(a— [ ,RS(a—c))]-

Equation 39 taken to the third degree or higher has

two positive roots for values of the ratios, 'Rsq-p),
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'Rsa—1y, "Bsa—cyy and 'Rge-ey, that are geologically sig-
nificant. As in the previous case, with an increase in
the degree of the equations, these roots approach the
exact concordant age corrected for original radiogenic
lead or loss of lead. For most geologically significant
values for the ratios, equation 40 will also have two
positive roots. For values of ¢, less than the lowest
trial lead-uranium age, the smaller root will approach
rapidly the exact concordant age corrected for original
radiogenic lead. With the same value for ¢;, the larger
root has no geologic meaning. To obtain the ‘lead-
loss” age, different values of #; equal to or greater
than the largest trial lead-lead age must be substituted.
The initial choice of ¢; may be guided by a rough
graphical solution of

(Naor/ Naow) 2— (Naor/ Naos)y
(Nass/ Nags) 2— (Nass/Noos)y

(Nz06/ N2os) 2— (N2os/ N2os) y
(Nass/ N2os) 2— (Nass/ Naoa) y

versus

EXAMPLE OF CALCULATION

If the data for the third sample, C, are added to the
age data given on page E21, it is possible to use equations
39 and 40 to calculate a concordant age, ¢, without
having any knowledge of the amounts or ratios of the
contaminating original radiogenic and common lead.

Isotopic composition (in atom percent) Uranium and lead con-
tent (chemical scale)
Sample
Ph2o4 Ph20s Ph2o Ph2os Percent U Pelr)egnt
Coo . 0. 2265/ 80.65; 11.28y 7.82; 46.84;] 13.61;

Assuming a common lead whose isotopic composition
is Pb™=152, Pb®=22.86, Pb*=22.86, and
Pb*%=52.75,, trial age calculations yield the following
discordant results:

Ph20s/T2e8
1,515 m.y.

Pheer/Us
1,590 m.y.

Pbﬁo?/szM
1,690 m.y.

Sample C._________._

If the data for samples A and B given in the preceding
example (p. £21) are combined with the data for sample
C, equation 39 can now be used for concordant age
calculations provided that the assumptions given on
page 20 can be fulfilled. Table 8 shows the results of
these calculations for equations of the second to the
tenth degree. These calculated ages are in close
agreement with the ages given for samples A and B
in table 7.
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TaBLe 8—Compuied concordant ages obtained from equation 39

Age (millions of years)
Degree of equation
Corrected for original | Corrected for loss or
radiogenic lead gain of lead or

uranium
2 e 12679 6470s.
. U 1334.4 4653.5
4 . 138s.5 31257
D e 1396.4 2763.0
6 o ______ 1395 26545
T e, 1400.1 2620.9
8 .. 1402 261¢.8
O 140,.» 260s.1
10 Lo 1400.2 2607.4

If the analytical data for the three samples are
expressed as multiples of the number of Pb?® atoms in
samples A, B, and C, respectively, one obtains,

Sample A Sample B Sample C
'N54=0.27615 'N55=0.93085 'N5c=0.27335
! Ng.=38.02; ' Ngp=128.13 ' Nge=37.640

"t Ngo=11.07y "¢ Ngp=233.154 't Ng,=10.305
"N7a=1.6190 “N7b=3.6277 ”N7c:1.4423

then,
' Rsae 5y =3.068;
'R5(a_c)=62.883
and for t;,=1,350,
£:=0.0015

’Rg(a__ b) =O.24495
IRg(a_c) = 1.9793

F,=0.5415,

Solving equation 40 for ¢,

_—btyBdac

t 2a

where
2a'=[>\%(IR5(a—c) - ’Rﬁ(a—w) +>‘§(,R8(a—b)_ lRS(a—c))]
=—22.62,X1072y!

b=[N("Rsu-0—"Rsu-n) F+M (' Bsu—y—"Rsu-0)]
—75.0655 10191

¢=["Rsq-n'Bsa-o—"Rsa-0) Rsa-n»-+
Ji('Bsq—oy—"Bs@-v) T 2(' Rsa—vy — ' Rsa—o))]

t=[—75.068i4(75.068)2—2x—22.623>< —10.18, |
—922.62,
X loloy

[—75.06, V51746 | . w0
_[ —92.69, IXIO y

_—75.065+71.93,
—22.62,

=1,385 m.y.

X10"0y=0.1385X 10"y

SHORTER CONTRIBUTIONS TO GENERAL GEOLOGY

The small discrepancy in the calculated age obtained
from equations 36 and 40 is due to the fact that samples
A and C are quite similar in isotopic composition. As
a result, the difference between ’‘Ny—’'Nj;, is very
small, —0.0027;. This small number appears as the
denominator of the term R;,_ , and consequently
affects the final age calculation.

The extent of the departure of equation 40 from the
concordant age resulting from the use of values f; and
fo for $,=1,350 m.y. (from table 2) can be determined
by comparing R*, , and RB*,_,. Using equations
37 and 38 and t=.1385X10° y, R*,_, and R*,_, are
respectively 0.2159; and 0.2333. At ¢=1,400 m.y.,
R* .y and R*,_., are 0.2498; and 0.2500, as compared
with the value BR*=0.2500, given on page E21.

For many geological problems the age, £=1,385 m.y.,
would be acceptable. This age could then be reported
for the assumption that the trial age discordancies
were a result of an incorrect common lead correction
and a failure to include a correction for original radio-
genic lead. If, however, an additional refinement in
the age is required, new values must be chosen for
f1 and f; from table 2 where ¢, now lies between the age
limits, 1,385 <t; <1,480. Selecting from table 2
values of f; and f; for £,=1,410, the recalculated age
using equation 40 is t=1,408 m.y. As this recalculated
age now lies close to but below #,=1,410, the con-
cordant age must fall between 1,408 and 1,385 m.y.
The relatively close agreement between the recalculated
t and the second choice for # would suggest that for
most- geological problems an additional age calculation
would be unnecessary. The final age would be rounded
down from 1,408 m.y. to the nearest 5 m.y. and re-
ported as t=1,405 m.y. As has been mentioned, the
lead-uranium ratios used in the example on page K21
were chosen for t=1,400 m.y.

For certain geologic problems however, it may be
desirable or necessary to evaluate further the assump-
tion that the discordant trial ages are a consequence of
errors in the correction made for the lead originally
present in a group of related-age samples. If sufficient
isotopic data are available from the area, it may be
possible to compare the measured Pb*’/Pb** ratio of
the lead extracted from associated radiogenically en-
riched nonradioactive minerals with the calculated E*.
In addition, the measured Pb%%/Pb2** and Pb¥"/Pb**
(or Pb¥%/Pb*® and Pb27/Pb?®) ratios of the lead ex-
tracted from the associated nonradioactive minerals
and the calculated 'Ng:, 'Ni: ratios (eq. 30, 31) can
be plotted on the same graph. If the calculated R*
and measured Pb27/Pb*¢ ratios are in reasonable
agreement, and if the calculated 'N¢* and ‘N;" lie on
the same line as the measured Pb2%/Pb* and Pb27/
Pb® ratios, these facts may be used as additional
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evidence for the evaluation of the discordant trial
ages in terms of original radiogenic lead.

To calculate ‘N¢* and ‘N it is first necessary to
find the value of ¢ such that ¢ approximates very closely
4, or R*,_p=R*,_,. If computing facilities are not
available, additional recalculations using equation 40
must be made.

Accepting the exact solution of equation 39 or 40
as t=1,400 m.y., equation 37 may be used to obtain B*
and equation 30 to calculate ‘N J*. For sample A, the value
of 'Ni¥is 1.9415. Equation 31 is used to calculate N5,
and the value obtained is 0.8180,. Similarly, for sam-
ples B and C, 'N¢;, '‘N%;, ‘N, and N’y are respec-
tively, 2.3815, 0.9280;, 1.268;, and 0.6495;. These values
may be used to calculate the isotopic composition of
the lead originally present in the samples and may now
be plotted on the same graph with the measured Pb?%/
Pb?* and Pb¥"/Pb® ratios of the lead extracted from
the associated nonradioactive minerals.

If the Pb®*7/Pb® ratio, R°, of the common lead is
known from independent sources or is assumed, the
amounts of common lead in the radioactive sample can
be calculated fron the relation,

rave  Na—R* 'Ng
6a™ Re—R*

Knowing 'Ny, and R¢, it is now possible to obtain ’N,,,
as well as “N,, and ’N,.. Finally, using Pb%$=1.0000
and the Pb?*/Pb®® ratio from the original isotopic
analyses, the isotopic composition of the common lead
may be calculated.

Thus, from the chemical and isotopic data on three
closely related but unaltered radioactive samples that
yield discordant trial ages, it is possible to calculate a
single concordant age, f, without knowledge of either
the amounts or the ratio of the common and original
radiogenic lead assumed to be present in the sample.
In addition, the ratio of the original radiogenic lead
required to produce such a concordant age may be
calculated as well as the isotopic composition of the
lead originally present in the samples. These results
combined with calculated ages obtained using other
assumptions, additional isotopic data, and the field
mineralogic relations, can then be used in the final
evaluation of the age data.

GRAPHIC SOLUTION

The graphical concordant ages obtained by using
normalized difference plots for not less than three
samples, C, D, and E, formed at the same time, are
shown in figure 4. Assuming, in addition, that the
samples contain different amounts of lead and uranium
and were contaminated by a common lead having a
uniform Pb#7/Pb*® ratio, a line passing through the
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coordinates of the points (C—D) and (C—E) cuts the
concordant age curveat ¢ and £;,. The slope of the line
passing through (C—D) and (C—E), divided by 137.7,
is equal to R* the Pb%"/Pb®™® ratio of the radiogenic
lead lost or added at the time, ¢. The concordant age, ¢,
is the age that would be obtained after correcting for
the addition of an older generation of radiogenic lead
formed, perhaps, in the time interval #—¢,. The con-
cordant age, t;, would correspond to the correction of
samples C, D, and £ for loss or gain of lead or uranium
at one time in the past, £ 'Thus it is possible to obtain
graphically concordant ages for a suite of at least three
cogenetic uranium-bearing minerals without knowledge
of either the amount or isotopic composition of the
contaminating common lead, and either the effects of a
single period of alteration or the presence of a yet
older generation of radiogenic lead.

GENERAL EQUATIONS

The preceding discussion has been specifically
directed at the problem of evaluating discordant lead-
uranium ages. Several of the equations that have
been developed can be generalized, however, to aid
in the evaluation of other types of discordant age pairs
su Ch as Pb206 /U 238_Pb208 /Th232 an d Pb207 /U 235_Pb208 /
Th?2  Under certain limited conditions there is the
possibility that the general form of the equations can
be applied to such discordant age pairs as Pb/U%%-
Sr¥/Rb%¥, Pb#%/Th®*-Sr¥/Rb%, and perhaps others.
It is not necessary for these pairs of radioactive parents
and their stable daughter products to have been
derived from the same radioactive mineral, although it
is necessary for the minerals and their geochronologic
elements to meet the general conditions enumerated
for the lead-uranium systems considered above.

An examination of the equations derived for the
lead-uranium system suggests that the most useful
general equations are those concerned with the cor-
rection for contamination by a common stable isotope
which is indistinguishable from the stable daughter
product produced by radioactive decay deposited at
the time of mineral formation. The assumption for
either the Pb-U%5 Th#*? or Pb-US, Th*? gystems
that the same ratio of common daughters, R;=Rj,
is present originally in two or more cogenetic mineral
samples is geologically acceptable. The assumption,
however, for other discordant age pairs that two or
more cogenetic minerals would necessarily be originally
contaminated by two radiogenically enriched com-
ponents whose ratios were the same, that is, Ri=Rj,
does not appear to be geologically justified. In the
Pb-U system the ratio of the parents of Pb?*® and
Pb27, U and U%, are known to be essentially con-
stant. The obvious possibility of local variations in
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the ratios of the concentrations of other radioactive
parents such as U and Th, or even U and Rb could
easily result in small local variations in the ratios of
the radiogenic daughter products available to the
solutions from which the new minerals were formed.

Equations 11, 12, 16, and 17 can be easily converted
to the general form by making, where appropriate, the
following changes in notation: R;=R,, RBy=R,, Rj;=
R, and Ry,=R;,

where R,=Nd,/Np,, the ratio of the total number of
atoms of stable radiogenic daughter product
D, after correction (if necessary) for con-
tamination of common Dj originally present
to the total number of atoms of radioactive
parent, P;, now present in the mineral
sample, A4;;

R;=Nd;/Np,, the ratio of the total number of
atoms of a different stable radiogenic
daughter product, D,, after correction (if
necessary) for contamination of common
D; originally present to the total number of
atoms of radioactive parent, P;, now present
in the same mineral sample 4; or in a
cogenetic mineral sample 4,;

R,,='Nd,/Np,, the ratio of the total number of
atoms of stable daughter product, D,, to
the total number of atoms of radioactive
parent, P;, now present in the mineral
sample 4,;

R;,='Nd,/Np,, the ratio of the total number of
atoms of stable daughter product, D,, to the
total number of atoms of radioactive
parent, P;, now present in the same mineral
sample A; or in a cogenetic mineral sample;

and where R, R* R° N, \;, and ¢ are defined as

R=Np,/Np,, the ratio of the total number of
atoms of the chemically different radioactive
parents, P; and P,, now present in the same
mineral, 4;, or in a cogenetic pair of minerals,
A1 and Az;

=N*d,/N*d,, the ratio of the number of atoms
of original radiogenic daughter product,
D7, present at the time of mineral formation
in mineral 4; to the number of atoms of
original radiogenic daughter product, D¥,
present at the time of mineral formation in
the same mineral 4, or a cogenetic mineral,
Ay;

Re=Nr¢d,/N*d,, the ratio of the number of atoms of
contaminating common daughter product,
D}, present at the time of its formation in
mineral A, to the number of atoms of con-
taminating daughter product, D, present

SHORTER CONTRIBUTIONS TO GENERAL GEOLOGY

at the time of mineral formation in mineral
A, or & cogenetic mineral 4,;
M =the decay constant of P;X107% y~1;
\.=the decay constant of P, 10~ y~1;
N ?é)\g,'
t=the age of mineral A and (or) cogenetic
mineral A4;X 10 years (tA=tA4,).

The general form of equation 26 cannot be as easily
derived because, as has been mentioned, the term E is
no longer the same constant for two or more samples,
although it is known for each sample. Equation 26
takes the form

(Ra— RB)[O“)“") B (o) fﬁ?—%‘!ﬁ
ot e Q) e
R A (1) L o8

+(>\17\2)( ! +2)\ll()\1: - 12))'T (2(—”—1;)!}\22!

(n—1)
+)\;7,11! )t(n+1)]+[(RBR2b—RAR2a))\’1’/n!

+(BeR1— RaRyp)MNy/n! 4 (Ra— B ) (M) { 1(n— 1)!

(2_8))\2
(n/2 D(n/2+1)!

)\1)‘20: -3)
+ai—y1 T

| )\l(g"‘))\z(g‘l) | )\12 A2 7-%)
e TR D=1 T

+ (xnl(—";;)?;' T (711)2')1 ' }] At
H(BoRa—RaRaNJ3!+ (B s Br— R Rip)NJ3!
/21 0f2D) (Ba— B2 M) 1 £

H(BoRar— RaRad N2+ (B Riu— RABi)N2!
+(Ba— RN £ [(B s Bar— R aRed

+ (BB e—RaR )N -+ RaRywRoy— R Ry Ry =0.

where B,s=Np;./Np,, the ratio of the total number of
the chemically different radioactive parents,
P, and P,;,, now present in the same
mineral A or in a cogenetic pair of minerals
A] and Az;
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Rs=Np;s/Npsp, the ratio of the total number of
atoms of the chemically different radioactive
parents, Py, and P,, now present in the same
mineral B or in a cogenetic pair of minerals
B, and B;;

Ryo=Nd,,/Np., the ratio of the total number of
atoms of stable daughter product, Dy, to
the total number of atoms of radioactive
parent, P;,, now present in mineral sample
Ay;

R;.=Nd,,/Np,,, the ratio of the total number of
atoms of stable daughter product, D, to
the total number of atoms of radioactive
parent, P, now present in mineral sample
A; or in a cogenetic mineral sample A;;

R1b=Nd1b/N_p1b) the ratio of the total number of
atoms of stable daughter product,D;;, to
the total number of atoms of radioactive
parent, P;;, now present in mineral sample
By;

Roy=Ndy,/ Ny, the ratio of the total number of
atoms of stable daughter product, D,,;, to
the total number of atoms of radioactive
parent, P;,, now present in mineral sample
B, or in a cogenetic mineral sample B;;

A=decay constant of P, and P;,X10"° y~1;
A=decay constant of P,, and Py X 1071 y~1;
t=the age of the mineral pair 4, and B, or the
pairs of cogenetic minerals A;, A4,, and By,
Bg (tA1=tBl).
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