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SUMMARY

A method for computing the aerodynamic induction of wings with

elliptic plan form if arbitrarily twisted.
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The chief numerical results referring to the aerodyﬁamic indue-
tion of single wings are derived from %he investigation of wings
with elliptic plan views with the angle of attack constant all over
the span. It was found from wind %tunnel tests {reference (1) ) and
iaier confirmed by means of a very laborious computation by A. Betz
(reference (3) ) thet a wing with rectangular plan form has practical- -

ly the same averags induction as the elliptic wing. The plan form

of actual wings is in general neither rectangular nor elliptic but
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something betweén %hésq two, and ‘it is often better described by com-
paring it with an ellipse than by‘comparing it with a rectangle.

The results obtained for the elliptic wing are thus even more useful
fo? actual wings than for rectangular wings. It seems therefore in--
structive and interesting to explore the elliptic wing farther and e
investigate morse geperél elliptic wings, no longer subjected to the
condition of constant angle of attack. I will assume in this paper
the plan view to be elliptic but the angle of attack to be variable
and to be different at different distances from the center. I con-
sider first cases where the angle of attack is some special funofion
of the span b and proceed afterwards to the most general case where
any twist or any distribution of the 1ift is given. The results can
be applied beyond the original conception of a twisted elliptic wing.
Some other problems can be treated by the consideration of wings with
equivalent twist. These applications however are still under study
and will be presentéd later separgtely.

The elliptic wing with the twist zero, that is, with constant
geometric angle of attack is distinguished by an extremely simple re-
1atioh between the effective angle of attack and the induced angle of
attack. Under the usual assumptions (reference (3) ) these two can
be desoribed by the same function of the span; the ratio of the itwo
angles is constant all over the span. Hgnce this is also true for
their sum, the geometric angle of attack, and all three angles are
constant. The relation between the three angles is linear and inde-
pendent of the distance from the center and this characteristic ratb-

er than the fact that the three angles themselves are constant makes



v esults so simple and uvseful. Therefo:e the Question sugges®s
itself whether there cannot be found other variations of the angle
of avlack for wnich the same relation holds %true, viz., that the ef=
fective angle of attack end the induced angle of attack are éxpress—
6d by the same function.with a2 different constant factor, which func-
tion than also expresses the geometric angle of attack. It is not
easy to arrive in a systematic way at the solution of this problem.
It must be enough to describe in the next paragraph the sclutions
.and to demonstrate that they really conform to the condition.

Let the span of the wing have the length 2, and the chord be
¢ =G /1 - x* where C is a constant and x denotes the distance
of the chord from the center of the wing. V may denote the veloci-
ty of flight and p the density of the air. Ae abbreviation write
ein ¢ for x, that is, cos o= ,/ 1 - x°.

Then the distriﬁuxion of the 1lift is a solution of the problem
if the density of the 1if% per unit of the span is proportional to
sin n (o +—211\),,

To prove this, consider the two-dimensional flow in the trans-
verse plane through the wing, characteristic for all quantities con-
nected with the present problem, (references (4) and (5) ). This
flow is formed by the components of the actual flow at right angles
to the direction of flight, provided that the wing is imagined to be
concentrated into a straight line. The flow is a potential flow and
hence can be represented by a complex function F which in the

vresent case has the form

n
F=38V (,/1-x°-1ix)
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X dsavves here the complex independents varisble and B a consgtant;
n ie an inbteger, and by substituting all integexs for ng infioliv
oy solutions of the problem are obtained. The wing is rspresented
o7 the straight line between the two points x = #£1. The demsi’ -
1:ft corresponding to this function F is the difference of the wil-
uss the function assumes on opposite sides of the wing, multiplied by
2 Vv, and hence is

L' =8 BV? 2 cos n ¢ n odd

3

Tesp. = 8 BV? g sih n ¢, n even

This 1ift requires for its production the effective angle of attack

o, =L 4B cosno . 4B sinng
© 2 mog WC cos ¢ *1C cos @

The induced angle of attack, if n is odd, i 1
: ced ang; ; , , is the imaginary part of
aF/dx  divided by V, otherwise it is the real part.

o, = a n P sinn @
i =nB 555 @ Tesp. b B cos @

It is thus proven tbat the induced angle of attack and the effective
angle of atvack awve represented by the same funo%ion and have alweys
the same ratio,

This function can te described in a 1little simpler way by intro-
- Anging the angle (o + g) instead of ¢, that ie, by choosing the
vrile zero at one wing tip instead of at the center of one wing, If
n is -eve;1, sinn ¢ =* sinn (¢ + %) but if n is odd,
cosn ¢=sginn @+ 7_21)_ Hence, the following relations are valid

for n ©being any integer,
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Lt =8 BV? % sina (9+ 1)

sinn @+ X
(@ 2)

sin (<p+%)

From all these relations follows, as was to be expected, that
for each of these distributions of 1ift, less favorable than the el-
liptic distribution h = 1, the induced angle of attack is compara-
tively greater than for the most favorable distribution.

The entire 1ift is always zero with the exception of n = 1.

Then the 1lift is 4w B V° pfa.’

11,

The distributions of 1ift discussed in the first part.are dis-
tinguished by a constant ratio of the effective angle of attack to
the induced angle ofsattack. For other distriﬁutions thgse two have
by no means a constant ratio and that mekes it more difficult to de-
termine the effective angle of attack and hence the density of 1ifd,
if the geometrioc angle of attack is given at each point. The solu-
tion can be accomplished however by the use of these very particular
distributions discussed before, and this it is which makes thenm TS
use ful,

Within the assumptions of this investigation the three angles
of attack and the density of 1ift are connected with each other by
linear relatione and hence new solutions can be derived by means of
tha superposition of known ones, Two or more known solutions give a

new solution by simply superposing the distributions of the given
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Quantity, then the distribution of the vmknown quentities are the
swperoositions of the bbxree'r;cn'tng o3 ginal distli.bﬁtions,, The..nat-
ural way gf.attaaking' the gereril problem is therefore to a..t_teiu]ta";. 'h
eirress the given disiritusicn of, say, the geometric angle. 6f a{tapk
as tho sw of se.ve.ré,l or iﬁfinite many of the particular A3 8t b
Slens d.isc;.;éseﬁ ri-gjht no%, Tha sclubiens for each of the sinzls .
terms thus obtained are then on..y to he added. Now %thies expansion oI
the given angle of attack ie always pdssible and easy. The.'functipn.
expressing tke géome sric angle of attsck is to be ezpanded into lthe
series | | '

LR

in B ' in n
sin +a,81n2 +“-+ans B .

d? " % Gin B 2 ein B sin B

where B denotes .'(cp + 'Tz-r) ..

That is to say (dg sin é) is to be expanded into the Fourier series
ag_..'sin B=a s8in B+a_ sin3p + ... +a, sinn B+ ...

which, 88 is well known, is donz by determining the factors a by

means of

T
=2 . i i "
an ﬁ‘of ag Sin B sinn B 4B

TLen the effective angle of attack results -

: i . sin’ an Sin n
o _ .k <a.,_l sin Ba . 2 s:Ln2B2 . n B__‘_.__\}_
sin B M + 2 3/b 1+ 4 8/b 1 + 3n S/
anc the density of 1ift is accordingly
a, sin a, sin'3 - an sin n .
L' +8q s (22 B s + =2 52 +ooob B Ba )
b \j + 23 8/p 1+ 4 S/b . 1 + 2n 8/
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where 8 denotes the area of the wing, @ the dynamic pressure
and b the span.

The case that the distribution of the density of 1lift is given
'can be treated in a similar way by cypanding the density of 1lift
into a Fourier's series. Care has %o be taken however to choose the
diotribusion of 1if%t so as to be physically possible; The derived
srries are now less rapidly convergent than thé original series and.

if +he 1ift is not realizable they are not convergent at all.



