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Dur1ng the per10d of the Grant - March 1, 1984 to February 28, 

1985 - theoret1ca1 research has been conducted on the tOP1CS as proposed 

and the obJectives of the proposal ach1eved. As a result, the fo11ow1ng 

two conference papers have been completed. 

Pr~~ -1158'5 
(a) "TranS1ent Mot1on of Hyperson1c Veh1c1es Inc1ud1ng T1me H1story 

Effects", AIAA-85-0201, presented at AIAA 23rd Aerospace SC1ences 

Meet1ng, January 14-17, 1985, Reno, Nevada; and 

q'fb-I, ~fJ ~ 
rl f G -::2 f) ::l. 5tJ 

(b) "B1furcat10n Theory App11ed to A1rcraft Motions", paper to be pre-

sented at NATO AGARD SymPOS1um on "Unsteady Aerodynaln1CS - Funda-

menta1s and App11cat10ns to A1rcraft Dynam1cs", May 6-9, 1985, 

Gott1ngen, West Germany. 

<copi¢d f _~€ are ~~sed herew1th . 
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1. 

ABSTP.AC"l' 

BiLlrC3tion theory in used to .lnllly:e the nonlincnr dynru:.ic atubi lity 

characteristics of .m n1tcrnft subject to lling1(:-dcgrl'e-of-frccd(.".'!l. 0.3., 

pitching-o:." rollin5~otion perturbations about itG trirr.cd ctl'.l,!dy flight. 

The requisite tD,ccent of the acrodynl1lllic forcall in the equation:> of cod"n 

i:l ohulJ':l to b~ represl!ntlblc in il fOn:! equivalent to the response to fillite-

~litude os'11l3lions. It is sho.~ how thiH infc~ction ca~ be dcd~~~d 

froe the case of infini tas iCl.ll-ilClpli tude asci l1~tions. ',£'hc bifurcoltLon theory 

annl>,t.is rc ... ~cll!1 that when the bifurcation p.!lrrunt?ter, c.z .• the angle of 

llttack, if> increased beyond 11 critical value at which th~ ,:t:rodY~1J.l'Ji<:: d;ll:'!,ing 

vanishes. nr.w bolution~ r~presenting finitc-~?lit~de pericdic ~oti~n3 

bi~urcutc froc t::c rl':("Jl.ou:;ly I.Itablc stC;::r..:1 r.:otlon. '!1u! Sif,-:l e)f .1 f.i.::?!c 

criterion. 1:.:1~t in teru:l of acrodyn3!:ic prC'pt'rtiec, detemin<]c wteth~'r thl.! 

bifurcating nolvcions a~e otablc <~upclcritical) O~ unutabl~ (zub~ritic~i). 

fot the pitching orJtion of flat-l,l"tc ftirfClil5 flyinr; at S\!pct':;::Jnic/ty~ct'::c:'i\: 

spe~d nnd fo~ oscil1~:iQn of flaps ~t tl~nsonic ip~ed. the bifurca~ior i& 

sub::critu ... l. icplyill>; (lithe!." that eT.d12o&es of btability between ::te,\cl~' 'l;'\:! 

perio1ic t.oti-on a::,~ acco!:.:p:mied by hystcre!.i!.l phcno::::ma. or that. potcf'riallv 

large ~?eriodic dep.lrtllres fro::1 ::tC<llty woden Cl;JY dC'Jelop, On the o::hcr tan.:!, 

for the rolling ::ot~on of d slender delta win~ 1D subsonic fl\ght (vin& :ccL) 

the bifu~cDtion is tound to be 5uperc:itic~l, 'rrb and the prcdiclecl. a~plit.udc 

uf the b:furcntion pc:iodic motion arc 10 sood a~rce~ent with expericc~[s. 

CJ.;,:::;:;"';;;t: '~':"~1:C'l!:. ;t..:...:cJ:l.:::::~';~~'7\.r>~~:1~t:.~~ ,-':;"':!.j;~~-,zrJt~~~;;.!~~\!..~b.~ :r: .. -=,~~r~-z_:n-..:;:..r=",~~;;-:::r!, .. ~{i ~~~-,~.:.:.t::~:::.!~y~~(.~ .. :=i.J 
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"I ... 

Problc::illl of acrodynr.:::..ic Gtllbilicj' of nircr3ft flyin3 at SCll111 angles 

of att~c~ have been ntudi~~ e~t~n~ivcly. ~iLh iccre&sing Lnglcn of Attack the 

problcns h~comc more CO~pllc~ted ~nJ typicnlly involve nonlinear phenoQcna such 

al couplinG between codcs. acplitude and !rcqu~ncy effcct~. and hysteres_s. 

Thc need for invcstig~:ing atubillty chnractr.ristics rot high ~ngles of llttack 

vas cic.uly d~ !lon6ttlltcd by Orlik-r.ucke:::ann [1) in ~ilJ 5ur.,,(·)o· pilpcr yhlCh 

largely u~als with experiQcnts. 

On the theoretical side, tha gre4t~r part of an extensive body of 

wor\.. is based on tile lincarized theory. in uhich the unGtclidy nou iG rCf,nrJed 

as 11 sClall perturbation of some kno'o.'t'l stc:ldy !lou (pct.r.ibly nonllT,!! ... r ln, ~.~., 

the angle of nttack) that prev~ils und~r certain fllSht conditions. TIl'! qu,- "l:iOI"l 

of lhe validity and licitations of such 4 lin~eri%ed p~rturtatio~ th~Ot) is of 

!undt.::l'!nta 1 itl!'a:-t~ncc <md )'et hi!; been inw:::. tiH.! tnci ol,ly rnr~ly" One. 1~ay .:!r~t·t: 

thnt in princip Ie. it tthould be pc:; s ib 1(' to n': ... ancc to hi [;h<:r ~!':! ~i~~)"'!· """\ ...... \ I 
t,.."~",-",, 

of .:!:":.lck (l by n sc=i~, of lin~ar perturb~tions, ~ince ~hc Gcl~tio~ ~~ e u(', 

step should inclurlc a s,'cacy-:;ttit·! part \.Ihieh, yhcn ~ddcd to t.he prINio"1 

Gtc.:d)-5tCltC E.olution. uould pn'vic1"! the :ltiJrt'.ng point f'r 

t~c n~~t pertur~~ticn. n if: may ll~ 11 be tr' .. .! pr.:'!\'·!.cec.! tha:: tl t c~c~. ~~t€;? thp. 

s::t'l;C1 :totion is stable both ;;tadcallj' ana dyn::tlically. nnd that the ,lct,loll 

c!isturbar.ces, c. g., the ~p1icud~ of osc.tll.:ricn. l""·:::;.in 51::.111. Ho\;e'l."(; .. ", '(.hen 

the ~nglc of attack exceeds a certain c~itical value 0. 
c: 

at ~hich t~t4 ~tr~j\, 

ll'otion is no lonb~r 4t.lbb, the linear tll~Ory prcJict~ un cxponcr:tlal Sl.'}k:'1 ,.,£ 

tlc perturbation vith ti~L and. thcr~fore. ~~st lt~clf cehie to be voi:J Jtcpr 

finite tll"le. The octicn of the ~ircr.1ft under th~;e cond-tionc t"~n only !J.~ 

stu1ied using a nonlinear theorJ. 

t~~ ..... _ 
I~~. • 
~~~ 9 -. 

.. , 
r ~--... ~,~"" ~).'!: ,-f7" "',.IiJn'o~ "'~·"11"'''''''~_''''\' ... ~ ... .,..-........ 'l.,.... ..... or-'~ ,.,.""~ -f~ _ .... _~ ........ "'.,. ' __ ' u. ,e.." -"I ,...;r,o.~ -:t""Jo .................... .,.. ... -, ... -u-...- ~,..... ,.._._.1 \ ................ ~ ... -_ '""'~~. ~~ • t....:!;! ~~ _ ... _·~:.;:.IW ...... 1I ..... tI' ................................ ;; __ .-.._".,...-.I:or.i ... .<i .. _U._ .... 'Io..d~.\_ .. '""~~~.......:t.f'..",. • .t'...:<....~ .... J.~~ .. <:!'J:aaI;J .. ..j_"OO:O.,;&..._'\.-_' ......... ~.r __ f'_ .:~ ... o,.c.,. ............... "r ..... _ .... ~I:\Jir~, w~h"'~""'.,::...;r 
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In this pnpe~ we inve~tignte the Gtnbility chnrr.cteristics o! nn 

airrrllCt tnm::lcd to <l Lll.! .. n .. oBlc:: of attack a nel1r a 
cr 

Gt which the atel1~y 

ootion beccClc:l lin' t.tb le. Plldfie Id (21 studied Do :Jici.laI' problem, II:ling tho 

cethod of mUltiple 1cales, which is valid only for weakly non-linc~r oscilla-

tions. ~c shull scudy the problec by mcaoc of bifurcation theory. This will 

allow liS to draw on recent 08l:hct:!l1cictil develop.:cents (c.g., [3D thole are 

particularly well suited '0 investicating fund~mental qu~stions in linear and 

nonlinear stability theory, A numerical 9cheme b&sed on bifu~cllLion theory 

was propo!.cd earlicl: [4] for analyzing <lire:-:!.f:: dynamic stability in a ruther 

general framework. M~re recent work by Cuichetcnu [5) deconstrat~s tha cou-

siclerabl~ potential of bifurcation theory in flight dynaQic~ btu~iea. pnrticu-

lady to' ... .ard I.!st:l.bli~hing a cothed for tllo! de!lign of flight cont::ol (iy~t('.:riS ttJ 

ensure t:rotection £lgninst 10:>:: of control. On the ether hand. \lhilJ! ':.cim")'/lcug-

i~S the im?~rtcnce of the ~ercdyr.~ic model in deter~nina the ~ircrnft ~tdbjlit: 

charnctcrlGtic~. neither of these uorks contain9 nn edequntc n~5essornt oL Lh~ 

cod>:!l requir-ec{.tlts. Tht.> t.:catuwut of unsteady flvw effect'>. in p~,,:,:.iC\llll\,, 

receives no attention. In contrast, we shnU fOCUfl on jllst this asp!';.::: of the 

proble.!! at the c;::pensc of nOlrt'oving the sc:opu of th~ motion anJ.lyslt.. 

We shall restrict ounelves to the ::lmpler ca::e of singlc-deercc-of 

freadom c.,tions, c.f; •• pitchbg or rolline. of oUl ait'craft about its triCll:ed 

flight cond.i liOll. This \lill enable us to analyze cations for 1.Ihich .·oxpieLf.! 

aerodyn.:.mic infomation i& available, for certain sh3p,~s, in the form o( c',cct 

an,~lyt:'cal or nl.t::'crica.( colutions [6-12) of th.! l'nr,tcady inviscid flow equations, 

or cr:Jpincally free: I'Xl'Crments [13). In this t.Y:ly it wi 11 b'! pcssi b Ie tl) 

establish a forn '['even; ing n prcc-ise analytical rO'lad on ship b<!t;;.el!n the basi ~ 

aerodynan.ic coc!:flcicnt;l anG the ch~racteristics of tht, f.'!utlon. 

k~.; 

L~, ;) _ _, 
t~.... - V' _.# 

... .:;.=-.... r.~ .. ~'.1i::...,..,.,..r:s ....... :r.~H:".~.:it:-...,r . .-~!,,~;r=~~_,,~.,."+"'.c:.. ............. "'".""""""".,.,_ ........ -.....-.-..,..,.""\0'0.1!..,.~.,.,..U!'" ............ ~,..,." ... ~ ...... r ..... =~_~._ .. _. 
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4. 

Specl.fically t.'C :lhaU considel' tht' follo ... il'g throu lype~ nf oscillatory 

cotions: 

A. Pitching supersonic/hypersonic aerofoils in rectilinear flight (Fig. 1); 

B. Flap oscillations in transonic fliGht (Fig. 2); 

C. Wing rock of slencer delta wings in subaonic !light (Fig. 3). 

• 
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5. 

~~~~HATICAL FOr~JLA1ION 

Let the aircraft be in level, !It\!lldy flight up until time t· 0 

when it is pertLrbcd from its trim position. During the bubsequcnr Il'otion 

the center of gravity (.ontinu(,11 to f{)llo~ II r:!cti.lina~a" path at constant 

velocity v .., For a 8ingle-degrec-of-fre~doQ oscillatoLY cotion, the 

equation of cotion is 

d2~ 
12 • G(t:>.) 
dt 

where the angular displacement ~(t) is the instantaneous pitch ~:melE' in 

(1) 

example A. f!ap deflection ~mslc in ..!)".a.mple B .:md roll angl e in m:a~ple 

C. I it: the rC$pectivc c~e.,: of inertia, tihilc G(t) is ::h!! conczr..:mc;n;;; 

in~t~taneous mooen!: of tr.e ~e:odynsmic force~. 

In I:q. (1), ). in genet.!l rcprenents :l set: of p:lr::.tlCL~l:$ d~fip.i.:l;; 

the f:tf!ady ':light Dt tha tr!.r.l condition, c.g .. flir,ttt H.uch nt!!:oel' H"". r.1~:o 

of specific heats \" angle of 3ttack C1. etc, In ::hi.s pa?cr W~ s!l<lll 

con'lid~r " to be the .mgI\! of iltt.lC~:' \J: in eX~"t?lcs A :md C» and th.:-

menn fIn? defleLticn anglc ii in e;c:l.mp Ie B. 
:n 

In OC~1C~· llPtde. 1\11 t~e othtCr 

defining pdf<l:lleters 'Will be held fix~d 'Wilen considering th~ c()nsequ£!n(;c of. 

vdo:ying 
, 
1\ on the aircr2fc motion ch3ractcrictic5. ',J~ ansume th:!t Lile n::c:nent 

required to tri~ the airc:aft at ~ h35 b~en accounted for, so chat G(t;).) 

is a measure of thr. perturbation ~omcnt only. 

It is clear tt.,t the lnst ... ltllne.)\lS tll::>tlor. st3tC, I:(t) and ~(t) , 

and the instantaneous :no~cnL G(t) at time t ar~ a result of the interaction 

of aircraft cation and th<> ur,~ "c,idy r.lCrodynar:ic fOl:ceG fro'll time zero to li!':c t. 

!" .l~.:-_.:.:;.:;;;;; __ .;:;._-:--;....;;.--." - w ________ •• ''' __ 

-------------... _------- -'" 
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6. 

Consequently, the Instuntaneou& ~oment G(t) dep~nds not only cn the 

in5tuntanUC~G m~ticn 5tnte, ~(t) and ~(t) , but alGo on the pant motion 

history frcm time zero to t. This is to say that G(t) is n functional 

of ~(tl) , (0 S 1:1 :Ii t) 3S ::hown by Tobak e::. al. [14j. Thus 

G(t) fa G[~(~l)J 
tl"'O 

(2) 

Such II functional, which inc1ud~s ell title-history effects, is however rarely 

kno'l."I1. 

Now for motions for which <;(t1) ill andlytic, the funC'tiot1~l is 

cqu:'v.:lltr,t to a funct.ion of an infinic.·~ eel: CL \"al"iabler., i. c. 

Gtc) ~ 
C -, 

'" G F,(tl)1 
t -0 I 

1 J 

• G«((t), ;(C), ~(t\, . . . , dn~(t) •• ) 
-.~- I • 

" I. 
Ul: 

Fot Clost probl~~5 encountered in th~ ~tudy of the dynamic stability of an 

(3) 

aircrnft. the Cletion iz slow although it:: aIll,)litude may be finite Qr lu:."ge. 

-Under these conJirions ~(t) , t(t) •••• in Eq. (3) uay be neglected and, 

as a fir~t approxiwatio~. ~c get 

G(t) ~ G(~(t).e(t) (/.,) 
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7. 

He further ass~c that G is nn analytic function of ~ and ~ 

Expanding (4) :I,} Taylor :;eric5 and neglecting terms O(~2) and Hgher for 

slow motions we geL; after re-introducing thl! pc.rruneter " 

C(c)R. 
G(t;\) D GO(~(th).) + -V- Gl(~(t);~) (5) .., 

where V. is a characteristic length and 

GO<O;>') .. 0 (6) 

as required at the trim conditicn. We note that the fo=m of the insta~t~neous 

momrnt G(t;h) in Eq. (S) is co~si3tent with the exact analytic soluciou [or 

the pitching moment in exaople A [Ref. 10]. thp nur.ceric£ll colution f:H' tb' 

hlng/'! moment' in cxemple B [Ref. 12) and the el:perimer>t .. l1;.' rlerivcd c.!lrirL:,,~ 

fot'l:mla for the rolling MO'.rent in example C [Rcf. 13]. 

SW".ning up. the sin31c-degree-of-frecdom oot:onc concidcrcd in tl.~ .. 

paper will be based on thc following mathEcatical problc~ 

Id2~ u GO<C;A) + ~~ Gl<~;\) ; G(~;~;AI 
dt ~ 

Oa) 

~(O) .. ~O (Ill) 

~(O) .. E;l (7c) 

TIle [unctulUs GO(;;A) and G1 (E;;~.) Cl'CC gencrally ncnlincdr in t; and r.a\fC to 

be deter~ined fro,n the study of unsteady aerodynru:u('s. eitl'oer th~orcti('ally 

- • 7 
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8. 

or cxpcri~entally. Evidently GO i~ related to the r~storinr. woment nnd 

Gl to the d~~pin8 memento 

In many situations, il is known that whe~ the param~tcr A recchcG 

some critical value ;\ t the aerodyn3.Illic damping Gl vaninhc3 and the cr 

Gteady flight at the trim condition ). 
Ct 

loses it~ stability. TIle cain 

purpoec of this papLr is to lise lIopf bifurcation theo:,), to determine the motion 

characteristics of the aircr~ft whcse tri~ condition is near or beyond 

, 

A cr 
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n. Blrt1tCATlON THEORY 

We introducp thp diQcnsicnle&s time • u V t/~ , where £. ic ~ 
~ 

ehar~ctcdstic length, rqut.il to the chord lenGth of the aerofoi1 in example 

A, the chord length of the 1lap in example Il and the chord length of the willg 

in ey.~ple C. Hereafter we us~ (.) to denote dId.. We furtner let 

• • ., 2 
F(E;:E;;).) • G(~,f;;A)I(I Vo:;"l£. ) 

then ~q, (7a) Qdy be ~rittcn 

.. F
O

(;;;") .;. ~Fl(t;;") 

dE; • t 
dT 

I!t a F(E;,t;).) 
d. 

(8) 

(9.1) 

(9L) 

An er-panr.ion of F(E;,~;A) in a Taylor cerie~, in E; :mrl f «;"Ie! 

a change of not'i.tion u1 n C, 112 .. ~ ~'ield for Eq. (9) 

~, n A •• (X)u. + E. 'k(X)u.U. + C. 'I n O.)u.u.. u" 
1 1J J 1J J It 1J ~.. J K T. 

-I- O(I~I~) (i u 1,2) (10) 

where 
o 

-D:J 
(ll <1) 

A • [ 
-SO.) 

S(\) u -FO'(O;).) • D(A) ~ -FI(O;") (lIb) 

Etik .. a a2
F I 1 _~ __ 

B k" -:;r·au.aukl
l

-+- 0 2J • J u~ 
(Ue) 

.~ 
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10. 

CljkR. • 0 C
2jU 

1 a'r I 
D 3T aUja~auR.I~.o 

(llci) 

(Although Eq. (9) has been derived on the llssU!tption of slow oscilJal.ions, 

our subsequent bifurcation analysis of (9) \.'ili hold for general f(f;,€j).) , 

i.e., as if n~ restriction had been placed on the m3gnitude of ~ .) 

In Eq. (ll) the teno;ors 13 and C represent the effects of finite 

amplitude to the second and third order. l1e note that the: following sYuIJlet1.-Y 

properties hold: 

B, 'k • B,._, -J -~.J 
(12",) 

C2 'k' - Cr ,"!_ - C'l~' ~ C2"'k a C?~l'~ J.. "J" • ;.: '-"J .. J • .. ..... 
(1211) 

On the basis of Eq. (10), v'.! shall s::u~:r noy \ he linear ana nor,l:i.uc.l::-

stability of the motion. 

3.1 Ll!'<£AR STABILITY THEORY. 

The stability of the steady motion at the trim C011Ultioll i. to 

infinitesimal disturbances is determined by the nature of tho:! cigf.nv~lucs of 

the matrix A. They arc 

1 rZ------
n!(i.) • 2 [-D()') ± YO ().) - 4~(A) ] (13) 

Case I: S(A) < o. In this case nl > O. nZ < O. TIle st!!ac!~T 

motiofl at this r.onditlon " i'i ,<lways unstable. 

- - --- . ---'--j'-- -~< -_ ..... ". ---
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11. 

Case II: S(),) > 0 • 

lIa: D(),) < 0 In this case Re(n
1
) ~ 0 I\nu the. G Leady 

motion ~t ), is unstable. 

lIb: D(),) > 0 • In this case Re(n ) < 0 and the steady 
1 
2 

motion at ~ is stable. 

Thus, only in Case IIb. ~hen both stiffnc:!.c derivative S()') and 

d~ping derivative D(A) arc positive, ic th~ steady motion at the trim 

carlirion A stable to infinitesimal disturbances. In fact, stability theory 

[3] can be used to show that ~tubility of the steady motion in this case is 

assured if and only if thli.' distt.rb:mce is sufficiently !:call. 

In all cases 1n which tha line-lr theory preni:.tlJ grOWlth '.,r the> 

disturbance amplitude, tb: grOtltll predicted in of (!Alloneat.i.al Lot'Jl and 

hence the linear thf'ory mur.t ea.lsa to be '1T~,lid a.tter co:::c fini.t.e Litle .'hf 1: 

the ru:lp 15 tude is no longer small. 'l'hU:i •• h<!t eventually h:lppen~ to :>. ,'IOL ~:..:-: 

for which linear 5t~bility theory p=edicts d growth of dhturbanr:es car.r:ot 

be deternined from the linear theory itsc~f. Instead, t~.e full nonlilleai:' 

inertial equations of motion, or a suiLable ap~roximdLion of the~, s~ch as 

(10), must be adopted to detcluine tn~ 1l1timatc state of the ~otion. Or 

particular interest is the dynJuic fitability boundary AU), , wheT", 
er 

S(\ ) > 0 and, D(A ) D 0 
cr cr The stabill.ty charactcristi es neolr tl1i!> 

boundary will be btudied presently. 

3.2 HOPF BIFURCATION THEORY 

ht the dynamic stability bound~ry 

-- -- -,----'- -

), .. " ,u. have cr 
sc;. ) > ~ 

<..r 
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The. existence of purely imaginary eigenva:'lIcs of the mntrix A at A"'" cr 

12. 

(ll ' 

is the characteristic sign of n Hopf bifurcation [3,15], signaling n ~han8eovcr 

fro~ stable s~eady motion to periodic cot ion. On crossing AU' t the steac!y cr 

motion that had bcen stable for A < A will become unstable to didtLrbances, cr 

resulting (aft~r a trannicnt motio~ has died c~ay) in the existence of 3 new 

motion, whicn (if it is stable) will be periodic. In the vi-:ini tv of ~. = ~ , cr 

the c;rcular frequency of the periv1ic motion will be cearly equal to wo. 

We cdll the nm, solution of the equations of ~otion a bifurcation q01uti~n. 

In thia section we shall dctermi:lc itn character and a c;:-ir.crica for its 

otability. 

For A sli~htly larger tnan A , the cigenvtI:;'ucs of ~hc r-.1trix J. cr 

are 

where 

We shall assume that 

I'll • - i D(A) t inCA) 
2 

\I(A) .. /sO.) -' D2(A) /4 

DI(A 'i < 0 
cr' 

"'hich is t1.e usual cas€' it:. application!:!. (The case D 10. ), 0 ~:ln be 
cr 

..... 
created in c::acrly the ~,aor:: way.) Ih..! nor:nallzed (ngenvector 1; p.) 

(15) 

(16) 

(17) 
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13. 

Associated with the cigcnvnluc nn) i5 

['1(1)] . r 1 1 C(\) .. co 1 - 1 (18) 
C2(A) 2..'i':[\) lnO) 

whereAs the .'ldjoint eiecnvcctor 
... 
1; til ().) \lith cigcn ... :tlul! ;)0.) • which is 

the co:plcx conjugata of n(A) , is 

Ci().) 
os ...;:l~+...;:i:... [no.) + D()')] 

2t'n().) I 
(9) 

... 
c*().) ,. 

c2(),) 

A. Hopf Bifurcation. The bifurcntion 5vluLictl u{;-.),} t::.ly b.:-

1o:tittcn 8.S 

... 
U n .:l(t)C + :i(t)C (:'l) ) 

rollolJing looss and Joseph ([31, p. 125) t 'We get 

2. 3 II '1 
~ ~ cbl(s) + C 02(~) + C b3(~) T O(e )1 

2 4 s m [wO + C w2 + OCe )J~ (21) 

2 4 ), .), + C A? + O(e ) j cr .. 

where, for bt'cvity, we c!:lit Lhe lengthy solution for.::Js :or 1", bnt U z ' 
and ~2 (cf. [II}). The solution is perIodic in T WI h cjrc~lar frequency 

equnl to Wo + c2w2 + 0(c
4
). 
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B. St~bility oC the Bifurcation Periodic Solution. According to 

Floquct theury [3]. the stability of the bifurc~tion periodic ~olulicn (21) 

i, determined by the aibn of an indey. u • To 
4 

o(c >. \.I has thc forn 

2 4 
\.I • D'(~ )A 2c + OCr ) (22) cr 

and the bifurcation periodic solution ie st~ble if \.I < 0 • unstable if 

u > O. Since YC hbVC ass\~~d D'(A ) < 0 I ~tability thus depends on the 
cr 

sign of '2 I Yith '2'" 0 denoting st'lbility Ilnd ),2 < 0 instability. It 

rCCh~ins to cast ),2 in Qor~ recogni:able terms. Aft~r c~nsiderablc 

malli.puilltiol\, \Ie get 

c:! [[a2r 2 a2
F 
1 

(\2F 2 :: .. ~~' :lui + (.)0 au~J au
l

3u2 -I- Wo 
r a3r 2 a3F1l 2. .,. tJ

O -
3 l dIll 3u2 dU2J _! l7"O 

\ .. ). 
c:r 

(2::) 

in tern:; of F(1l1.u2;~) • rrc::! (8) we sec that the function : is direc::ly 

related to the monl£mt r'~.f.;).) acting on tttc aircraft wt.ich is perfor:.in!; 

n fini:c-~?litude oscillation C around th~ trim condLtioa A. Equ~ti~n 

(23) dt!r.:onstratcs th::lt the Sl~b~lity or the Feriodic Illotion r.C:lr the dynu:l:c 

stabili.ty bouncar-; ). 
cr 

if. d(~t·~rtl'in(!d 01 the bl'havior or the r.orod:rn:.Jl:li.! 

rcsponsp G(t.f;).) in that vi~inity. 

iHth the assU:!1pticn or ;;1"'<1 oscillations under which the form of 

(5) U:lS derived (ter~s of 

(8) intu (2~) to g~t 

-2 .• 
O(E; .t) neglectcd). ye cay sub·,titu::e 

2 c 2_ ". 
~ r:. - __ ) 

l.wO 

( !' "1:' , + Wo 1.1 )[. .. 0 ·0·1 " , ... 
cr 

.. 

(5) '.J1i..h 

(24) 

. -, 
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15. 

Since froQ (14) and (lIb) 

Wo a Is(~ ) 3 I-FOi(O;r--} cr cr (25) 

Eq. (24) becomes, after using (8) 

2 
c Wo 

U---r- rd { FI' (I;;;),cr)}] 
I~E;; F '(I;;'A ) L O· cr _ 1;"'0 

(26a) 

or, 

2 
c Wo U a __ 

4 [ iC'(E;;') )'l d 1 'cr 

d"f CO'(~;Acr)J..lE;;"O (:Z6b) 

Using (10) we get 

c2
WO C2112(\.) 

11 .. -2- 5(;0. ) 
cr 

(26~) 

We hnv~ thl s established the follo~ing crite=io~: th~ bifurcation pa~iuJic 

cotion is ~tablc or un~tabl~ according to 

U < 0 or U > 0 (27:1) 

or alt~rnatively. since SeA ) > 
cr o • according to 

CZll :! (Acr) < 0 or '2112(\1') > 0 (27b) 

The two possihilities are ",ell illu::rr.:ltf;d in the foc of bifulcaticn 

diagracs uS 9ho~~ in Fi~s. ~n ~nd 4b. 
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16. 

In ~ bifurcation diagram, th~ abscissA ie the bifurcation p.~rumcter 

A , vhilu the ordinate is 3 paramct~r charactcri&tic of the bifurcaticn solution 

alone. In our case it is t a ncalure of the a~?litude ot the bi£ur~~tion 

periodic solution. Stable solutionc arc indic~ted by solid lines, unstable 

solutions by da,9hed lines. Thus over the ranee of the bifurcation pllr<l . .'uetl'r 

A < A ~herc the steady-state motion is stable~ c is zero, and the st,bl~ cr 

stendy ~tion i~ rcprespnted along the ubsci£~a by a solid line. The scc&dy 

motion becomes unstable for ~ll v~lues of A > 1 as the dashed line along the 
cr 

abscissa indicates. Periodic solutions bifur~ate fro~ .. >. 
cr either sup"r·· 

cr~_ically or subcricically. 

tthen C211{\r) < 0 he:oce u < 0 {implying >.~ > O} • the . 
bifurcation is ':411.,d supercritic.'ll and itc ch<irnctcdstic forr.! is ohO"'''l in 

rir. 4.1. In :his case. atablc periodic solution., (::.olid curle,> in rig. ~n) 

e=ist for vnlu~8 of >. :> \r The <:.::Jplitl!ue of th..: pp.riodi.: solutl.u •• at " 

gh'en v4:luc of " - Acr is proportional to I: • hence i l> v1.minhingly un!all til1C 1 

A - A i:> small, vl\rvlng ess~ntiall" as (A - A )! cX" -.; • c::-

When C211 :Pcr) > 0 hence t. > 0 (implY1.ng h2 <. 0) , the 

bifurcation is called subc::itical .J!ld its chnracteristic fo::-..a is 51".0\,1",1 in 

Fig. 40. In this case, periodic solutions eXist for vdl~e! of ,,< Acr ~ 

but the)' :!re unstable (dashed curve in Fig. lb). l.ncthcr stahle periodic 

solutions do or do not exist for " > A d~pnnds prcdo~irautly on the cr 

behavior of the dacpirs Gl(~;") fDr >.:.} . 
.:r I~ no sur~ 3table prriodir 

soluticns exist for A > >. • then when cr 
\ is increased beyond A cr 

:lircraft :Jay \"dergo an aperiodic r:;otlC .. D \.I.c.se dep.1rtur" ft::o the slc:Jdy 

t: 

the 
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17. 

is potentially large. 

In the oore likely event that stable ~eriodic so1uticns do exist for 

>. > A 
cr their ~~p\iLUdcs rousr be finite, ~ud net infinite~imally 8Cl3l1, even 

for s~~ll positive values of >. - "­cr It is likely thst this branch of stable 

periudic solutions viII join Lhat of the unstable branch in the way illustr~ted 

in Fig. 4b. In this event, the fo~ of the bifurcation CUlVc for valuc~ of 

).. < , 
cr helps c~plaln the tituation where the steady-state elot.ion could bp ~tnblc 

to sufficiently s~all Jisturbances but become unstable to larger dlRturbances. 

Thus, Flg. 4b :iuggests that for "- < >. cr , so long as disturbarces arc of ~mall 

enough aruplitude to lie veIl below those of the unstable branch of period:c solutlon~ 

(cutve on in FiG. 4b), th{'y vi 1.1 die out \.lith title anu the steady Illotim: .. i 1J 

1'I!cIlin st,'>td~. HO'Jcvcr. dis tllrbnnr.ca wi th mop li tude!> s,;ffici€'ntly l~rge.r ~ rH:r-

those of the ~~nstabll:! b~~nch OdY cctunlly grow up to the ulti!n:ltc I!.uclc-n ,,'.: 

t • ~ , ~hic~ uill be that of the stable blanch of pe=iodic solutiun& (CU_"L 

:lA in t'l.g. 4b). Fin~11j', \H! note th3t if the motio'l dol.<s attain thi: 't""ab: .. -

branch of pet') cdic so lutioliS (s,J7, for 1 c 1 ) then hy»tcr~si~ effects qill 
cr 

;n:.mHest thl'lll:it:lves with further ch.:r.!;cs :.n 1 • "-'hen " is incrca'icc. 

beyond A • the l:lotiCln will continue to be periodic with fini.te a."'~\litl!dc cr 

(point A in Fig. 4b). If A is now decreased below A t th~ pertodic 
CL 

motion ~ill persist, even at value~ of ).. 

&tcady ::lotion Nhpn A \1..1 .. beinc, tncrea!>ed. 

where previously thcre had been 

Not until , 
" is dicini:;hed 

beycnd a celt3in point (potnt B in Fig. Ib) will the motion return to the 

'itp.adY-"l.lt£. ':iJnJitlcn (point C 1.', Fig. lb) thilt had b::!(.n 2xperienced \.n€'n 

\ was incr~as'ng. 

~.c'l 
b::~i/.I-.'~- . --~ ~ . -- '- ----_.- - ... '._- ." -- , 
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18. 

54. APPLICATIONS TO AIRCrV\FT !-:OrIONS 

In thi: section Wd shall apply the th~OlY developed in §§ 2 and 3 

to three different sinale-rle~lce-of-frcedD~ motions of the aircraft. 

4.1. PiTCHING MOTION OF SUPERSONIC/nYFERSmlIC AIRFOI.h§. 

In th~ case of pitching oscillation (fig. 1) of a supersonic! 

hypersonic aerofoil in rectiline~r flight, ~(t) in Eq. (1) is the instant~ncouJ 

pitch angle G(t) ccasured from its trim conditicin, >. is the mean angle of 

attack !1 ,nnd G is the pitching moment ,\bout the celltcr of gr,ndty. Th • .1S 

G(t;~) - qSt C (t; a, M ) y, h) (~8) m ", 

where q iG the dynrunic precsurc. and S and t are the refc-::'cncc 11t'f'~ 

and lor.eth. The ins tantnneous pi tc:hing cou:ent coefficient- C is in 1'!ner;;: I. 
o 

also ri iU~lction of the angle of &:l.tt~ck, the flight :'i;:ch nlCllber H",. the 

ratio of ~'lcific heats y. and th~ pivoc axis position h. 

For large amplitude SlO'l osci11atiouc exact an~1ytic colutions of 

C exist for sbplc 8hapes [10,11] and they arc in th(.. fOIT! cOllsi )tellt with 
III 

Eq. (!:). i.e. 

C (l;~) ~ C (e(Y)~u) T & C <6(T);a) - C (O;~) (29) 
In 0 0 Ill) 1:10 

Moreover. ~t is shown thot [10,111 

hccordifll;ly 

C (O;Cl)urC (13.,-0.) 
Ill. :'1. 

1. 1. 

cCIll. 
1 

an 
<lClt i 

'" ----aCt 

(irOtl) (0) 

(i"O,l) {31) 
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and Eq. (26b) reduces to 

u • 

2 
f: Wo 

-1+ 
[d D' (an 
[fcX 3Tci)] a II a c r 

where the atiffnc!'s derivative sea) and the damping-in-pitch derivative 

19. 

(32) 

D(a) Gt angle of attack a are related to the pitching moment coefficient 

C by 
D1 

and 

Sea) - - c' (~) 
IDo 

DCa) .. - C (a) 
[;11 

D(a ) '" 0 
Cl." 

(33) 

(34) 

A t}-pic .. l example 1.1[ the c!<:J.-:ping derivl!tive D(:1) ver:.us ;mslt! of ettack a 

is snovn In Fig. 5 [16}. 

We thereioi."!.! cone J ucle th.:lt \Jh~n the dnBle of <,!.l a. c!; u is i ncrcased 

beyond <l critical '·,lhe cz at \lhich the acrodynl:.:lric d~1!!pir'6 vanishes. ::.. c •• cr 

D(a ). 0 • the st2ady fli~ht at a loses its stability 3nd. after a cr cr 

tt'ansition. result'l in a finite c.mplitude periodic Modon. Furchct1JlN·r>. the 

stability of this bif~rcation periodic ruotion depends au ~hethpr D'(u)/S(a) 

incr~ases or decrp.~es on crossing the stability boundary a cr 

By utilising an approy.imate relation [171 

in (32), we get: 

- --. -- - - -

D(a) u b[S(o ) - Sea)] cr 

2 , 
C Wo'J 

1.1 .. --4- 1j22 ttl 

Go 
.., 

S(c) I 
Jc:tIOO:cr 

!l > G 
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For the cos~ cf a flat plate aerofoil in Bupcrsonic/hy~~r~onic flou 

the stiffness and damping-in-piLch derivative, SeCt) and D(Il) , arc knotln 

exactly in analytical form £7J for the nngle: of &ttack up to the shock delachmcnt 

angle. It is shown in Table I that u > 0 for all ~orobination~ of M~ and h, 

tlO the bi(urcation is aubcntical and lhe bifurcatlCln pcriIJclic cotion in uns:-nb:c, 

implying that exchange of stabil~ty between steady Jnd p~ri~dlc ~oticn are 

accompanied by hysteresis phenomena, or that potentially large areriodic 

departures from steady flight cny develop. 
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4.2 FLAP OSCILLATION IN T~JU~SONIC FLOW 

The case of a flap oucillating nbo~t the hirge is ccnceptu~lly simi13r 

to that of ~n aeratoil pitching about a pivot axis. Thus, the oscillatin~ flap 

may be regarded as an ac.ofoil pitching in Il non-uniform inco::ling stterun that 

re9ults fr~~ a uniform free streno pa~9ing the fore-body fixed aer~roil. (Fin. 2) 

In the present cae~ f; (t) in Eq. (1) is the instantanecua fl~p 

deflection angle oCt) >. is the mean deflection ~nglc 6 , clr.d G 
m 

i3 the 

hinge COOllcnt. Thus 

G(t;>') ~ q S~ Ch(t;6Q,M~,y) (35) 

where Ch 15 the instant .. neouG hinU.l tlo:ncnt co~ffid ent. In the W~Lh~t3~ic~1 

modeling of (12J, the eh us~d is of I.he form 

~ (\;0 ) w C
h 

(6(,);0 ) + 0 e
h 

(6(c);c ) - eh (0;0,) 
-h mOe 1 m 0 ~ 

(36) 

Eq. (36) is ~"m.istent: \lith (5) ilnd was validated in ~ 121 by cc:tpadsons wiU: 

results of l ... rgc fl< .. <l1C llU!:lcrical intt"sr~ticn of tht! coupled inertial/flo-lfj.dd 

equatillns • 

It should be pointed out that tile forn (5) cr (36) for the r;;orllcnt 

coefficient ensblt". one to c~lculat:e eh (6(,);~) by lin~~risiug. for cmdll 
1 trl 

ru:lplitudE' ar:d frequency, the flouficJd equaticns abo\.\t the stc:.J.dy flo;7 

corresponding to l'i and 
m 

6 (T) • Such calculations of e
h 

(O(T);O ) 
1 m 

f!'C';r. 

thl' lincarised eqUations requirc ncgH,;jbl(' at!l')lInt of comput'ing tiil:t! C()lllpar.e~ 

with rhe nOnllnC:lr method uscd in [!2J, yet, they arc consistent with th~ lev~l 

of ap?roxim~tion leadtng to (36) or (5). Yith lhia icpro7~~ent on th~ cctl'od 
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22. 

of calculating C
1 

(5(1);5 ) • the main conclucion of [12] i~ further 
11 m 

strensthene~ in that it costs very littl~ in dll casea, to calculate the cotion 

of the flap using the roathematicnl modelling appronch of Tobak at • .!. [14] than 

to solve the coupled inertial/flowfield equations. 

It \las further established [11] that 

C
h 

(5;15 ) .. C
h 

(15+15 ) 
. m . m 

(ia:O,l) (37) 
L 1 

\lhich in turn reduces Eq. (26b) to 

,2wO ~d D'('oj 
\l .. - 4- dl5m Slam) IS .. ,s 

Iil cr 

(38) 

\:herc 
... 

S(c ) r. -C
h

' (6 ) 
III 0:II 

D(6 ) OIl -Cit (6 ) D(& '\ .. 0 
cr" 

(39) 
m 1 III 

\ole thcrefore reach a sirJilar conclusion regarding the motion characteristics 

of th~ flap oscillation in the neighborhood of a cr 35 t' at in ~4.1 regarrli 'g 

the ~Dtion charc.cteristiL5 of the Rdrofoil pltching motio~ in the ncighbo=hood 

of acr 

Nurncri~al results of Ref. 12 fer S I 6 ) , m .md D(o) 
m 

are re.prout.C'ed, 

us inc spline fitting, in Fig. 6 for N~CA 64AOIO ~erofoil at ~e~o cean angie or 
attdck in a tran'ionic stre.L"<l \lith Me<> '" 0.8 • .md )' n l.~. It i .. found tLlt 

~
d Df(Olllj 

d6 -Sto ) '" -59.20 
... t:: (, =6 m cr 

end hence the bifurcdtion :s subcritical and th~ 

bifurcation periodiL solution iq therefcre u~stable. T11:5 implies that, ~i"';lildr 
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to the (lat plate at !.lUpC.tfloric/hypersonic £10,1, axhange of :It:lbility bet'Ween 

stendy and periodic motion of the flap of the transonic .:If::Nfoil are accocp.:mied 

by hysteresi& ph{'nomcna, or that pot.entilllvj larg~ apet:iodic departures fro:ri the 

steady potion may develop. 

4.2. HING n.oCK OF 5LiWDr:R DELTA WINGS In SUBSONIC FLIGHT 

The phenomenon known as '''wing rock" of a slender c!elta wine in 

subsonic flight has been a subject for intensive inveGtigatio~s by many =esenrcher~ 

[13, 18"211 and is nO'"l well documented. It is known that the 5tcady flO"~ r.:lst 

a slender delta vinb at small enough angle of attack a is sYQm~tric and 

r~ains steady. However, as the angle of attack a is incrca~ed ~ast ~ ~ritir.~l 

value a cr the nycm~tri~ confisuration of the le~din~ edge vortices bec07o£t 

llsyr.:=etric p caus:ng a loss of roll drunpillg at small anglen of 1:0:!.1 [21 J. 

Con'3cquantly, at a ;: a 
cr small disturbances introduced into th<. flot/field c.-mGl: 

the tolling :::otion of th~ \ling to develop, resultine ir. wing rock. 

For rolling cotion of the cing, Ht) in Eq. (1) is the> itlBtar.tatlCOU£: 

roll angle Ht) ,:\ the steady angle of o:ttack a ~ and G rho.: rolling mO':l(!nt. 

Thus 

G(t;\) c qSt Ci(t;a,A) (lIO) 

where, for incompressible flow, the instantaneous rollins ~C':l£~t coefficient 

C
t 

depends on the angle of attack tt and the l>W~Cp b:1ck angle II of t~e 

cielt~ wing. It in .ou~d from ~xperiment~ [13,18) and numer~ccl calculations 

[191 that for a gi'.1'.!n II a good approxim:ltion to the bs::ant.3.neous rolling 
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moment Cg, is of the fom 

C
1 

" C
t 

(o(.);a) + ~ C! (~(~);a) 
CJ 1 

(l.l) 

'''hich is consistent with Eq. (5). 

An an example, for the case of an 80 0 sweep-back flat deltu wing 

used in Ref. 18, C1 
is well approAimated by a powe~ series (19] wh~ch lea~s 

to the following equation of the rolling motion. 

4' .. F(9,~;a) 

3 • 2 
_ [bl(a). + bJ(a). ] + O[LO + bz(a) + b4(a). 1 

. 
• ~ FO(¢;o) + ¢ F1(9;a) 

where, with different scalin~a in [19J accounted 

2 b.(a) = K Cl a.(a) 
1. 1. 

b. (a) 
J 

.. l'.. C
1 

D.
j 

(a) 

for, 

(i. .. l,3) 

(j"Z,4) 

(42) 

(lI3a) 

(43b) 

In (43), K 
is a factor arising from the differe~t rcalings uaed for the time 

variable in Ref. 19 and in the pre~ent paper. Thus, fron [191 

K .. 2c/L 2 x 0.429/0.107 .:. 8 • C
l 

= O.CJB ~nd ai(a) 

Table 5 of Ref. 19 Which yi~ld the following ~abl~ for 

~re tabulated in 

b. (::1) 
1. 
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a 10° 15° 20 c 25° 

hI -0.0265 -0.0721 -0.1977 -0.3320 

b2 -0.0101 0.0090 0.0596 0.0959 

-~. 

~C"222 -0.2714 -0.0501 I 0.2894 

I 

I b4 0.1491 0.1159 -0.1799 I -0.9977 
----- - ---- -- -----_ .. - ,- ,-, 

From Eq. (lIb). the line~r damping in roll is 

D(a) n ~Fl(O;a) E -bO - ~2 (a) (4[,) 

where -bO > 0 is proportional to thE' rlru::pir.g coc.friciE'nt for t:he bcariu&s 

in sting :n the experiments of [18]. In ord~r to ccrop~re our thcor~tic~l 

prediction vi th the cYpcrl.::lCnt3 0:: [18] WC ChOOo;2 t.he V,\1nc of -uO 
, uch 

that Eq. (44) yiE'lds zero di:!J:lping ;'n roll at the saLW aurle u .;. 18.6° cr 

as that 1n [18]. The function D(a) is t.hen plottcd in figul'c 7 using spiinl. 

fitting. 

From Eq. (2uc) the indcA for stability of the bifurcatjon pe~icdic 

rolling motion is 

II • 

2 
cwO b,(C! ) 

'+ c.r 
- -2- b

1
Ta} 

cr 

At a .. 18.6° • we knou frcf.1 th," above table that 
cr 

(45) 

b
i 

(a ) = - 0.1591 " 0 , ...,,, 
\ r 

also find from the spline~fit curve for b
4

(a) (Fig. 8) tput b4 (a _) u - 0.05473 < 0 
Co. 

hence 11 < 0 • and the bifurcation is supe':critical, jmpl·,'ing ll,at Lhe 
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bifurcation periodic rolling motion is stablp. in agrc~ment with (18]. 

We now further compare the supercritical bifurcation diagra:n 

pr~dicted by the present theory with experimental rc~ults of Ret. 18. 

(21c) llith (22) to eliminate 

a-a cr 

"2 

. -

and then use Lq. (45) tc Bet 

2 to h.fd c T'I.)1b 
1 

a-a cr 

a-(1 
cr 

26 • 

Co:nbilling 

(46j 

The l~ct equation ~as obtained by uoine Eq. (25) and (42). From Fir;. 7 H.d 

,netine; that 1° - w/180 , ue get D'(a ) = -0.61J1. cr 
Hence 'Cq. (45) !.'(!,' 'C', 

to 

where c 

a-a cr 
? 

.. O.ILW e;-

io the ~pli~JCC of the bifurcation periodic solut~on (11). 

(47) 

Eq. (47) is plotted in Fig. 9 [or the 80° Sl."eep h<lck delta \'ling ,mn co!!.paced 

with experimental results of Levin :lnd Y.atz [18]. Tht' agrceml.!nt is f.p.cn to 

be excellent in the n~ighborhood of !l ~herc the bif1;l. cp.tion tl.eory app lic~. cr 

It <;hel11d be noted that although u < 0 ~nd hence the bif~rcatlon 

is supcr~ritical, the ,ulue of lui is sna11 in the e:~a:n~'le. This bolle::: 

that the blfurcation it) close to the boun,tary cet'.Jcen subclitical :.nd :,uIJcr-

critical. ConJe~uent~y. on _ncreasing the angle of lLtack ~ cr by i! sr::all 

amount the amplitude 0: the r.::<;ultinr, periodic It-:Jt:.on ~::i 11 be quite1:1"g'2. 
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This theoretical plcdiction i~ confirmed by experiments a~ se~n rroo Fib· 9; 

for instcncc, incr~~uing the angle o£ Dttack by 1° pn~L a (R\S.6°) rc&~lt8 cr 

in a .. table! periodic Illotion yh05C :.lr.'plitude is 22.(,°. 

- -- ... ----';:' ..... --~ 
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ss. CO:-;CLUSIO:-lS AND D1SCt'SSlO'~S 

We have llhown how bifurcation theory can be ur-ed 1.0 study the 

.,.­.. d. 

n~nlinc~r dyr~ic stability chnrnctcristic3 of nn nircraft suhject to sinsle-

degree-of freedom motion about it~ trim=ed a:eady flight near the 8t~Lilit? 

boundary. In uost cases of slow Dotion~ the ~equired moment of the aQr~dynnmic 

forcer. i:1 in the form of Eq. (5). 'l'he theOl1' uho1.lS th .. t when tho bifurc4tion 

p~raQetcr ~ , c.g., the nnBle of attack, is increa~cd p~st the stability 

boundary ). where the aerodynllllllc druuping vanishes, tho st'!ady flight lo::es cr 

ita stability, rcsulting(after th~ transient motion has died ou~ in a finitc-

runplltudc periodic motion. We hal/e also established a ::implc critenon (Eq. (27», 

for the st"abi1.ity of the bifurcation periodic Illation in terms of the aero:l.ynar!lit. 

cCClHici~n:s. The theory predicts that. the bifurc.ltion solutions .Ira ,msta~lc 

{subcritiC:ll) in mtB.:llplc~ A and il and stable (supercritical) in cXIl..":l~le C. thr' 

llltter prediction beiu:; also in good <lgrcE':llcnt with ;.;.vail.lbl(· <:!Apcri:::r'nt~l dati.'. 

in tbe cnse the theory predicts subcritic~l bifLrcatian. tho :h=u~t 

change resultin8 frco increasing ). past A could cause an ajrupt Sl:-uct11'C',31 
cr 

chance of the flow fie' 1 yhich Qlly in turn r,' ,der \.nvi'l'iid the forz. oi ell .. 

l'llOClent of the .:lCrodynamic forces, Eq. (5). t;llder tC.f'~e I~onrlitions J:'.c'(odyn.'Wlic 

information in a different form L:ay be needed. lloil~\·er. the thcor; as dc-.rcloped 

in this paper is valid up to X ~nd can be ~scd ~o prcJict th~ on~eL af 
cr 

subcritical bifurcation. 

In the case ~he theory pn~dlcts supe'C'c'itical bi,;:urc'ltion, the 

bifurcation periodic ~olution i~ stabl~ to scali ~nouG~ dl5tu,b~nc~s fer \ 

in the nei.ghborhood 01 X cr HowcvE!r. tli th fl.rther i"crcas~: in ,. t thl. 

periodlc eloeio •• eight lose its seabilit~. c3.u-;ing I'notlvcr bifurcnciot' o,t 

"\ 
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~ • ~2 > ~ • Day. which can be eit~ler subcritic~l or aup~rcritical. The cr 

resulting bifurcation solucion cay 41£0 ba nl~ost periodic ~nd tlli~ sequence 

of bifurcation ~ny contlnue. 

rinnlly, the theory in principle may he generalized to the cotions 

of the aircraft involving ~ore th~n one-dcgrec-of-frec~o~ by the method of 

projection (3). In that case one should be ~ullre of the possibility of ch~otic 

motior. (strange attractor) occuring after a finite number of successivp 

bifurcati ons. 

~ 
l 
\ 
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Table 1 Valuc~ ~f Gtnbility criterio~ v(H~. h) for f1nt-plnte airfoil: 

c D 1. Y ~ 1.4; ~ > 0 Buhcritical bifurcation, ).! < 0 tlupc:'criticlll 

bifurcntion 

- . 

:~:-:To 
__ ~;.2:o:au .. .......,~ ....... 

~o 0.1 0.2 0.1 O.~ 0.3 0.4 

1.5 36.5 19.0 2 39.5 25.8 17.2 13.0 lll.7 

1.6 39.6 23.1, 13.6 8.8 10.7 3 57.2 38.6 26.8 20.9 2:3.3 

1.7 40.0 24.S 15.5 11.0 12.8 4 84.7 58.4 41.4 32.8 36.1, 

1.8 39.7 25.3 16.3 12.0 13.7 5 107.3 74.S 53.7 42.9 47.5 

1.9 39.4 15.5 16.8 12.6 14.3 6 123.6 86.7 62.6 50.3 55.6 

2.0 39.5 25.8 17.2 13.0 I ft.7 

~25 0.26 0.27 0.2& 0.29 0.30 O.Jl 0.32 O.ll 0.3!\ 0.35 
Hoo --------

1.6 )0.6 10.1 9.7 9.3 9.0 8.8 8.6 B.S 8.1, 6 . .4 S.'> 

1.7 12.6 12.2 11.8 11.5 11.2 11.0 10.8 10.7 10.6 10.6- 10.7 

1.8 13.6 13.2 12.8 12.5 12.2 12.0 11.6 11.i !l.6 11.7 11.7 

1.9 14.1 .13.7 13.4 13.0 12.8 12.5 12.4 J.:> • 3 1" ') ..... 12.2 12.) 

7.0 14.5 14.1 13.8 13.5 13.2- 13.0 12.3 12.7 12.6 12.7 12. i 
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FIGURE CAPTIONS 

Pitching .lerofoil in supersonic/hypersonic flight 

Flap o~cillaticn in transonic flight 

\1ing roclc of slender delta \Jing in Eubsonic flight. 

Typical foms of bifurcation diagrams near the dynn!uic stability 

boundary A \Jhere D(A ):11 0 
cr cr 

(a) supercritical, It < 0 • 

(b) subcritical, lJ > 0 • 

Dnmping-in-pitch derivative D versus angle of attack a for a 

bi-convex circular arc aerofoil. (Ref. 16) h '2 0.5, y n 1.4 J 

.... 0.075 • 

Stj Hnese derivative S versus .:nean deflecticn anglc <5 of a. 
m 

tl.-anso .. ic flap on NASA 6411.010 aerofcil (Ref. 12). Mca'"O. 8 • )'"1.!, • 

a .. O • 

Dampiug cierivativo? D versus mean deflt'ccion angle /) of a 
;') 

transonic fl.lp on NASA 64AOIO at rofoil (Ref. 12). MIn·O.S, y"'1.4 J 

awO <5 ~2 7 0 
• 

J cr 

Ds:nping in roll D of n ClO° sweep 1,ack flat d(!lta wing versus 

angle of attack a in incompressible floor (Refs. 10,19), Eq. (41.). 

t\ "18.6". cr 

Rolling aerCldyna:;lic coetficLcnt b
4 

(a.) of Ol 80" llweep ~ack flnt 

delta winr, versus angle of at-tack a in incomprcs'liole flow 

(ReIs. 18,1~1). Observe b,(a ) a -0.054i3 ~ 0 • 
I CX: 

Amp li tildE. of bi[urcntion periodic motion of Ol RO Q sweep bac~ 

delta .... ing I!CU.llID .mgle of attack a. ---r.q. (47); ¢ 

expe~imcnts (Ref. 18). n ... 113 6: cr • 
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