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Abstract 
Numerical and empirical solutions were compared to experimental results for under-expanded 

supersonic jets penetrating normally into a subsonic crossflow. The injector jet trajectory was determined 
experimentally through Pitot probe surveys. Numerical solutions were obtained through FUN3D (a 3-D 
Unstructured Navier Stokes solver) for nine cases where the injector ‘jet Mach number’ ranged from 
1.38 to 3.29 while the crossflow was maintained at a constant Mach number of 0.275. Four different 
turbulence models were used in the numerical study: Spalart-Allmaras (SA), Shear-Stress-Transport 
(SST), ‘SA-Neg’, and ‘SST-V’. At a low supersonic jet Mach number, the four turbulence models 
produced similar results. At higher Mach numbers, only the SA produced a converged solution, however, 
the numerically determined jet trajectories deviated noticeably from the experimental data as the injector 
jet Mach number increased. The numerical and experimental results were compared to four empirical 
formulae found in the literature. All four were inadequate in predicting the jet trajectories for the 
operating conditions reported in this study. Two of the empirical formulae were modified to bring the 
predictions within reasonable agreement with the experimental data. 

Nomenclature 
d  diameter of the injector jet orifice 

J  Momentum Flux Ratio = 
2

2
ij ij

cf cf

U
U

ρ

ρ
 

ρij  injector jet density at orifice exit 
Uij  injector jet velocity 
ρcf  crossflow density 
Ucf  crossflow velocity 
r  effective velocity ratio = J1/2  
γ  ratio of specific heats 
h  vertical portion of the injector jet trajectory before bending 
Cm  proportionality constant 
δ  boundary layer thickness 
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dj  fully-expanded injector jet plume diameter 
Mij fully-expanded injector jet Mach number 
Mcf  Crossflow Mach number 
Me  Injector jet Mach number at exit 
Ps static pressure 
Po stagnation pressure 
A,B,α,β   constants 

1.0 Introduction 
A jet in cross flow (JICF) refers to an injector jet exhausting from an orifice into a transverse cross 

flow. The JICF configuration occurs in many engineering applications such as for air fuel mixing, 
boundary layer separation control, film-cooling, etc. An ability to predict the injector jet trajectory is 
critical in many of these applications. This study investigates the jet trajectory of a highly underexpanded 
supersonic JICF, covering a flow regime that received little attention in past studies. Experimental and 
numerical results are compared with empirical formulae available from the literature, in an effort to assess 
and improve the prediction capabilities of such JICF trajectories. 

As the injector jet penetrates the crossflow, it bends in the direction of the crossflow and various types 
of vortices are formed: counter-rotating vortex pair (CVP), horseshoe or necklace vortices, wake vortices, 
and shear layer vortices. These vortices are described in numerous previous studies (Refs. 1 to 7) and 
some of the features are shown in Figure 1, taken from Beresh et al. (Ref. 2). Detailed measurements of 
the CVP have been performed by Kamotani & Greber (Ref. 3) and Fearn & Weston (Ref. 4). Horseshoe 
vortices were investigated by Krothapalli, Lourenco and Buchlin (Ref. 5) and by Kelso and Smits 
(Ref. 6). The structure of the wake vortices was analyzed by Fric and Roshko (Ref. 7).  

Many other aspects of JICF have been studied in the past. Zaman (Ref. 1), for example, reviewed 
unsteady JICF with periodic perturbation. While the majority of past studies covered subsonic flow 
regimes, some covered high Mach number flows. Foster and Engblom (Ref. 8) investigated injection into 
supersonic crossflow with various orifice geometries. Papamoschou and Hubbard (Ref. 9) studied the 
interaction between supersonic injectors and supersonic crossflow. 
 
 

 
Figure 1.—Injector jet flow showing various vortex structures, from Reference 2. 
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Previous JICF studies developed formulae to estimate the injector jet plume trajectory. Abramovich 
(Ref. 10) defined the trajectory as, 

 

1
1.3

3
3

z x J
d d

 =  
   

(1) 

where z is the trajectory height, d is the orifice diameter, x is the distance downstream of the crossflow 
nozzle exit, and J is the momentum flux ratio. Karagozian (Ref. 11) explored the vortices associated with 
transverse jets and developed an analytical solution to predict the trajectory of the CVP as, 

 
( )z xr

d d

γ
β  = α  
   

(2) 

where α, β, γ are constants with values of 1.50, 0.27, and 0.37, respectively, and r J= . Broadwell and 
Breidenthal (Ref. 12) derived a formula to predict the jet trajectory by treating the injector exit as a point 
source of momentum. The resulting formula is given by, 

 

Bz xA
rd rd

 =  
   

(3) 

where A and B are constants. Margason (Ref. 13) defined the ranges of the constants as 1.2 < A < 2.6 and 
0.28 < B < 0.34. Muppidi and Mahesh (Ref. 14) investigated previously developed trajectory formulae 
and derived their own prediction by incorporating the portion of the jet that remains vertical before 
bending in the direction of the crossflow. Their formula is given by, 

 

0.15Bz x hA
rd rd d

   =    
     

(4) 

where h/d is the vertical portion of the jet which is defined by the piecewise functions, 
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d d
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 δ  = π ≤ δ   


δ π = + ≥ δ
  

(5) 

Here, Cm is the proportionality constant and dj is the effective jet plume diameter. For an underexpanded 
jet, the effective jet diameter is given by, 

 
( ) ( )

( )

1
14 12
2

2

11 1
2

11 1
2

ijj e

ij
e

Md M
d MM

γ+
γ−+ γ −  

=  
 + γ −

 (6) 

where Me is the Mach number at the exit of the injector and Mij is the fully expanded jet Mach number 
(Tam and Tanna (Ref. 15)). 
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In this study, experiments are conducted for underexpanded injector jets exhausting into a subsonic 
crossflow. This is accompanied by limited numerical simulations. Empirical formulae for the jet trajectory 
are compared with the experimental and numerical results. Two of the empirical formulae are modified to fit 
the current results. The Experimental Procedure is described in Section 2.0. Section 3.0 describes the 
Numerical Methods. Results are given in Section 4.0, followed by conclusion and summary in Section 5.0. 

2.0 Experimental Procedure 
An open jet facility (CW17) at the NASA Glenn Research Center was used for the experimental 

investigation. Compressed air passed through a 30 in. diameter plenum chamber before exhausting 
through the nozzle in quiescent air of the test chamber. An 8:1 aspect ratio rectangular nozzle, referred to 
as ‘NA8Z’ (Ref. 16), was used to produce the crossflow. The nozzle exit has dimensions of 5.34 by 
0.66 in. and thus an equivalent diameter of 2.12 in.; detailed coordinates for the nozzle, suitable for 
adaptation in numerical simulation, can be found in References 16 and 17. The flow from the nozzle 
exhausted over a 1/2 in.-thick 24 in.-wide aluminum plate that was 8 in. long in the streamwise direction 
(Figure 2). The plate was aligned with the nozzle’s long edge. 

The injector jet exhausted through a 0.02 in. diameter orifice in the plate, located centrally with 
respect to the nozzle’s major dimension and 0.46 in. downstream from the nozzle exit. The orifice had a 
depth of 0.125 in. and connected to a bigger diameter recess at the bottom of the plate that was supplied 
with compressed air from a K-bottle. Coordinates x, y and z denote streamwise, lateral (horizontal) and 
transverse (vertical) distances, respectively, with the origin at the center of the orifice exit. 

In all experiments, the crossflow jet Mach number was maintained at 0.275. The flow was unheated. 
The fully expanded Mach number of the injector jet, computed from the ratio of the jet stagnation pressure 
to the ambient pressure, ranged from 1.32 to 3.29. Flow field surveys by a Pitot probe were conducted. The 
probe (Figure 2) was used to determine the location of the maximum velocity along the center plane (y = 0). 
The probe was traversed along z-axis to locate the maximum velocity point (corresponding to maximum 
Pitot pressure) at a given downstream location (x). The probe traverser had a resolution of 0.001 in. The jet 
trajectory was defined as the curve connecting the points of maximum velocity.  
 

 
Figure 2.—A photograph of the experimental set-up showing the jet nozzle supplying the cross-flow along a flat 

plate. An orifice in the plate, supplied with compressed air from underneath, produces the JICF. A Pitot probe can 
be seen above the plate. 
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3.0 Numerical Methods  
The experimental set-up was recreated in the mesh generating software POINTWISE V17.3R4 as 

shown in Figure 3 and Figure 4. From the center of the injector orifice, the outer domain extended in the 
downstream direction 153d. The model for the rectangular jet nozzle was imported into POINTWISE 
from SolidWorks. The surface mesh was generated within Pointwise. The volume mesh was built by 
AFLR3, an unstructured volume mesh generator. NASA’s FUN3D code (Ref. 18), a fully unstructured 
Navier-Stokes 3-D flow solver, was used to obtain the flow solutions. FUN3D’s adjoint-based mesh 
adaptation tool was used to generate the volume grids. The adjoint mesh is capable of stretching and 
orienting the grid based on error estimations of pressure in the solution space (Ref. 18). Figure 5 shows a 
view of the symmetry plane with the mesh created by the adjoint-based mesh adaptation. The total 
volume cell counts for the lowest and highest jet Mach number cases were 4.8×107 and 5.3×107, 
respectively. Nine test cases were investigated using the Spalart-Allmaras (SA) turbulence model for 
injector jet Mach numbers from 1.38 to 3.29. The test cases were then investigated using FUN3D’s 
Negative Spalart-Allmaras (SA-Neg), Shear Stress Transport (SST), and Shear Stress Transport Vorticity 
(SST-V) turbulence models.   
 

  
Figure 3.—An orthogonal view of the computational 

domain created in POINTWISE. 
Figure 4.—A Side view of the computational domain 

created in POINTWISE. 

 
Figure 5.—The final grid obtained from FUN3D’s feature and adjoint-

based mesh adaptation. 

z

x
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4.0 Results 
4.1 Experimental Results 

The experimental results are presented here and compared with the empirical formulae. The formulae 
developed by Abramovich (Ref. 10), Karagozian (Ref. 11), Broadwell and Breidenthal (Ref. 12), and 
Muppidi and Mahesh (Ref. 14) are explored. Shown in Figure 6 are the comparisons between the 
experimental data and predictions from Abramovich. The predictions underestimate the penetration of the 
injector jet for Mij < 2 and overestimate the penetration for Mij > 2. The difference between the predicted 
and measured values increases with increasing Mach number. 

The comparisons between the experimental data and Karagozian’s correlation are shown in Figure 7. 
Relative to the predictions with Abromovich’s formula, Karogozian’s correlation produces a smaller 
initial (x/d < 4) jet penetration at higher values of Mij, and overall a better agreement with the data. 
However, it can be seen that the predictions underestimate the jet penetration for all injector Mach 
numbers when x/d is larger than 7.   

The empirical formula determined by Broadwell and Breidenthal (Ref. 12) included two constants 
(A and B) with ranges of A and B specified. When comparing the formula to the experimental results the 
predictions underestimated the initial injector trajectory. In order to bring the predictions within 
reasonable agreement of the experimental results the constants had to be extended beyond their specified 
ranges. New values for the constants were determined from the experimental data and best fit curves were 
generated to give the values for A and B as, 

 ( ) ( )20.0025 0.0677 1.7951A r r= − +  (7) 

and 

 ( ) ( )20.0006 0.0225 0.2639B r r= − + +  (8) 

The values for A and B which match the experimental data along with the best-fit curves (Eqs. (7) and (8)) 
are shown in Figure 8. These values of A and B accurately represent the jet trajectory having an error less 
than 5 percent for all values of z/d. Note that the fitted curves have sharp gradients at the ends and caution 
must be exercised in applying these values of A and B outside the parametric ranges covered in the 
experiment. The newly predicted jet trajectories along with the experimental data are shown in Figure 9. 

The empirical formula determined by Muppidi and Mahesh also required the constants A and B. The 
values for these constants were also determined from the experimental data and best fit curves were 
generated to yield,  

 ( ) ( )20.0036 0.1226 2.3292A r r= − +  (9) 

and 

 ( )0.0898ln 0.1971B r= +  (10) 

The values for A and B which match the experimental data along with the best-fit curves (Eqs. (9) and 
(10)) are shown in Figure 10. These equations accurately represent the jet trajectory and have an error less 
than 5 percent for all values of z/d. The newly predicted jet trajectories along with the experimental data 
are shown in Figure 11. 
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Figure 6.—Comparison of the predicted jet trajectory obtained from Abramovich (Ref. 10) (lines) and the 

experimental data (symbols). 
 
 

 
Figure 7.—Comparison of the predicted jet trajectory obtained from Karagozian (Ref. 11) (lines) and the 

experimental data (symbols). 
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Figure 8.—Values for the constants A and B in the formulation of Broadwell and Breidenthal (Ref. 12) (Eq. (3)) 

obtained from the experimental data and best fit curves are shown as a function of velocity ratio r. (In legend 
equations, y = A or B and x = r). 

 
 

 
Figure 9.—Prediction by empirical formula of Broadwell and Breidenthal (Ref. 12), with currently adjusted values for 

A and B, shown by the lines compared to the experimental data (symbols). 
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Figure 10.—Values for the constants A and B in the formulation of Muppidi and Mahesh (Ref. 14) obtained 

from the experimental data and best fit curves are shown as a function of velocity ratio r. (In legend 
equations, y = A or B and x = r). 

 

 
Figure 11.—Prediction by empirical formula of Muppidi and Mahesh (Ref. 14), with currently adjusted constants 

A and B, shown by the lines compared to the experimental data (symbols). 
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Results obtained from FUN3D using the SA turbulence model are shown in Figure 12 for four 
injector jet Mach numbers (Mij = 1.38, 2.25, 2.88, 3.29). As expected, when Mij increases the injector jet 
penetration increases. A ‘barrel shock’, noticeable in Figure 12, becomes more prominent as Mij 
increases. A bifurcation of the injector jet can also be observed. The reason for the bifurcation remains 
unclear. The convergence histories showed that the numerical solutions converged. 

From the numerical results, the JICF trajectories were obtained and compared to the experimental 
data and the empirical formula developed by Muppidi and Mahesh (Figure 13). The empirical results 
shown use the values for constants A and B, determined experimentally, from Equations (9) and (10). The 
differences between the numerical and experimental results in Figure 13 increase with increasing Mij. The 
numerical results are within 11 percent of the experimental values at Mij = 1.38 but the difference increase 
to 65 percent at Mij = 3.29. The jumps in the numerical data in the range x/d<2 are attributable to the 
‘barrel shock’ (Figure 12).  

The comparisons among the results for the four of FUN3D’s turbulence models (SA, SA-Neg, SST, 
SST-V) at the lowest Mach number case, Mij = 1.38, are shown in Figure 14. Attempts were made to 
acquire solutions from FUN3D’s turbulence models SST, SST-V, and SA-Neg at higher Mach numbers 
but failed due to residual errors. The reason for this is not clear but might trace to the more complex 
shock structures and inherently unsteady nature of the flows. The results in Figure 14 show that at  
Mij = 1.38 the four turbulence models produce similar results.  

 

(a)  (b)  

(c)  (d)  
Figure 12.—Contour plots of the Mach number obtained from FUN3D numerical solutions. 

(a) Mij = 1.38, (b) Mij = 2.25, (c) Mij = 2.88, (d) Mij = 3.29. 
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(a) (b) 

  
(c) (d) 
Figure 13.—Comparison of the trajectories obtained from FUN3D solution using the SA turbulence model (circles) 

and the empirical formula of Muppidi and Mahesh (Ref. 14) (line). Experimental data are indicated by triangles. 
The results are for Mij of (a) 1.38, (b) 2.25, (c) 2.88, and (d) 3.29.  
 

  
(a) (b) 

  
(c) (d) 
Figure 14.—Comparison of the trajectories obtained from the FUN3D solutions (circle’s) and the empirical formula 

of Muppidi and Mahesh (Ref. 14) (line). Experimental data are indicated by triangles. The results are for Mij = 
1.38 and the (a) SA, (b) SST, (c) SA-Neg, and (d) SST-V turbulence models. 
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5.0 Summary 
The comparisons between the experimental data and empirical formulae show that Abramovich’s 

(Ref. 10) and Karagozian’s (Ref. 11) formulae do not accurately predict the trajectories of highly 
underexpanded supersonic jets exhausting into subsonic crossflow. Broadwell and Breidenthal’s (Ref. 12) 
and Muppidi and Mahesh’s (Ref. 14) formulae also exhibit large deviations when the specified values for 
the constants A and B in their correlations are used. Probable reasons for these deviations are thought to 
be due to differences in flow conditions, the most significant effect being that of compressibility in the 
present study. Note that predictions from these previous studies, mostly conducted for incompressible 
flows, also differ from one another. Again, differences in flow conditions among those studies, namely, 
the injector nozzle geometry, mean velocity and turbulence characteristics at the nozzle exit, etc. might 
account for the differences. In this study, the values of A and B were determined from the experimental 
data. These values were curve fitted to express them as a function of the velocity ratio r. When these 
values are used, the difference between the experimental data and the predictions from the empirical 
formulae are less than 5 percent. The curve-fit equations for A and B are provided. It is emphasized that 
the fitted curves for A and B pertain to the parametric ranges covered in the experiment (Mij range of 1.38 
to 3.29 corresponding to r range of 5 to 20) and caution must be exercised in applying these values 
outside those ranges.    

Numerical solutions obtained from FUN3D were compared to the experimental results. With the SA 
turbulence model, FUN3D provided the trajectories within 11 percent of the measured values at the 
lowest Mach number, Mij = 1.38. The numerical results deviated significantly from the experimental 
results, up to 65 percent, at the highest Mach number, Mij = 3.29. Some of the turbulence models with 
FUN3D also failed to produce converged solutions at higher Mach numbers. It is speculated that the 
differences with the data and the failures at higher Mach numbers could be due to more complex shock 
structures and inherent unsteadiness in the flows.   
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